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Abstract

Restriction categories provide a convenient abstract formulation of partial functions.
However, restriction categories can have a variety of structures such as finite partial
products (cartesianess), joins, meets, and ranges which are of interest in computability
theory, semigroup theory, topology, and algebraic geometry. This thesis studies these
structures.

For finite partial products (cartesianess), a construction to add finite partial products
to an arbitrary restriction category freely is provided.

For joins, we introduce the notion of join restriction categories, describe a construction
for the join completion of a restriction category, and show the completeness of join
restriction categories in partial map categories using M-adhesive categories and M-
gaps. As the join completion for inverse semigroups is well-known in semigroup theory,
we show the relationships between the join completion for restriction categories and
the join completion for inverse semigroups by providing adjunctions among restriction
categories, join restriction categories, inverse categories, and join inverse categories.

For meets, we introduce the notion of meet restriction categories, show the complete-
ness of meet restriction categories in partial map categories whose M-maps include the
regular monics, and provide a meet completion for restriction categories and discuss its
connections with the meet completion for inverse semigroups.

Finally, for ranges, Schein’s representation theorem for a certain class of semigroups
(called type 3 function systems) is generalized to range categories and when a partial
map category satisfies Schein’s condition ([RR.6]) that guarantees each map is an epi-

morphism onto its range is studied.
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Chapter 1

Introduction

1.1 Background

In 1987, Di Paolo and Heller [I7] introduced dominical categories as an abstract setting
in which to study recursion theory. They used zero morphisms and near products to
abstract the notion of partiality of partial functions and showed that the basic results of
recursion theory could be obtained from these simple assumptions and the presence of a
Turing object.

In 1988, Robinson and Rosolini [37] noticed that the zero structure was not necessary
for obtaining a notion of partiality and introduced the notion of P-categories (categories
with a near product structure) as the basis for a more general theory of partiality. All
P-categories are essentially the same as Cockett’s copy categories [5].

In 2002, Cockett and Lack [14] introduced restriction categories as an even more
general and more convenient framework for working with abstract categories of partial
maps. In a restriction category, the notion of partiality is captured abstractly by a single
combinator () and four restriction axioms ([R.1], [R.2], [R.3], and [R.4] in Section m
below). As claimed in [14], “the intuition for the combinator f is provided by thinking
of the maps as programs: the restriction combinator modifies a program so that, rather
than returning its output, it returns its input unchanged when it terminates.” Dominical
categories, P-categories, and copy categories are all restriction categories.

In 2006, Blute, Cockett, and Seely [I] introduced the notion of a differential category
to provide a basic axiomatization for differential operators in monoidal categories. In

2009, they [2] introduced the notion of a cartesian differential category to directly ax-



iomatize differentiable maps and thus to move the emphasis from the linear notion to
the cartesian and classical notion. In [§], Cockett, Cruttwell, and Gallagher introduced
differential restriction categories that combined restriction categories and cartesian differ-
ential categories to axiomatize categories like the smooth maps defined on open subsets
of R™ in a way that is completely algebraic.

In [35], Moggi studied formal systems for reasoning about partial functions in the
setting of first order logic and the lambda calculus with the particular emphasis on the
partial lambda calculus. In 2005, Cockett and Hofstra [I1] studied the theory of partial
combinatory algebras, models of the partial lambda calculus in restriction categories, and
proved the Scott-Koymans Theorem [27] linking reflexive objects to lambda algebras.

In [12], Cockett and Hofstra developed a convenient setting for the categorical study
of abstract notions of computability. The key concept is Turing categories: cartesian
restriction categories with a universal object, called a Turing object. They illustrated
how a Turing category is a meeting point for various other areas in logic and computation
and gave a detailed exposition of the connection between Turing categories and partial
combinatory algebras (PCA). Furthermore, Cockett and Hofstra [I3] investigated the
notion of simulations between restriction functors over a fixed base restriction category
and showed that the category of Turing categories over a fixed base and simulations
between them is 2-equivalent to the category of relative PCAs in the base. A recursion
category [6] is a Turing category which has both joins and meets.

In [10], Cockett, Guo, and Hofstra introduced range categories to begin a systematic
study of partial map categories in which both the domain and the range of each map are
axiomatized. A range category is a restriction category in which, in addition, there is a
range combinator which satisfies four axioms.

Restriction categories not only provide a convenient setting for abstract computabil-

ity but also have applications in other mathematical areas, such as semigroup theory,



topology, algebraic geometry. See, for example, [34], [1, 2], [8], [31, B2], and [24, 43].
Structures in restriction categories, such as partial (restriction) products, joins, meets,

and ranges frequently occur in these areas: this thesis is a study of these structures.

1.2 Objectives

In [16], Cockett and Lack observed that cartesian objects in the 2-category rCat of re-
striction categories, restriction functors, and restriction natural transformations are not
the right notion of partial (restriction) products for restriction categories. Instead, the
cartesian objects in the 2-category rCatl of restriction categories, restriction functors,
and laz restriction natural transformations give the appropriate notion. Cockett-Hofstra’s
Turing categories are, for example, based on cartesian restriction categories (restriction
categories that have finite partial products). Thus partial products are an important
structural feature of restriction categories. In this thesis, we start by giving a free con-
struction for adding partial products to an arbitrary restriction category.

Restriction categories are poset enriched: the natural partial order enrichment is
given by f < g < f = gf (see Lemma below). With the enrichment in posets one
may wonder about the least upper bound (join) and the greatest lower bound (meet)
for each pair of objects. A join restriction category is essentially a restriction category
which is enriched in sup-lattices rather than a partial order. We describe the free join
completion for restriction categories. The join completion of inverse semigroups is well
known: as each inverse semigroup can be viewed as a restriction category with one
object, we compare the two constructions by providing adjunctions between restriction
categories, join restriction categories, inverse categories, and join inverse categories.

Since the partial map category Par(C, M) of an M-category is a restriction category

(Proposition [1.6.17 below), it is natural to ask when a partial map category Par(C, M)



is a join restriction category. We answer this question completely using M-adhesive
categories and M-gaps. It is somewhat surprising that the notion of joins in partial map
categories is related to adhesivity: Lack and Sobocinsk [28, 29] introduced adhesivity
in order to provide a general setting in which double-pushout (DPO) rewriting could be
performed. M-adhesivity is, however, weaker than the adhesivity of Lack and Sobocinsk.

After discussing joins in restriction categories, we turn to meets and define meet
restriction categories. We provide a completeness theorem for meet restriction categories
in partial map categories and a construction of the free meet completion of a restriction
category.

In [10], we examined categories of partial maps in which not only is the domain of
the partial map abstractly defined but also the image of the partial map. This occurs
frequently in practice: for example, in partial recursive functions, enumerable sets can
be described not only as the domains of partial recursive functions but also as their
images. We call restriction categories in which images are defined range categories and
they require, in addition to the restriction combinator, another combinator called the
range combinator which satisfies just four axioms: [RR.1], [RR.2], [RR.3], and [RR.4]
(see Chapter |5 below). Range categories with split restrictions are essentially partial
map categories of a category with a system of monics which are the M-maps of an M-
stable factorization system (Theorem 4.5 [10]). In [43] (see also [24]), Schein embedded
a certain class of semigroups (which he called type 3 function systems) faithfully in the
partial function category. Every type 3 function system is an example of a range category
with only one object. In Chapter[5]we generalize Schein’s representation theorem to range

categories.



1.3 Contributions

The main contributions of this thesis include:

1. The partial product completion for restriction categories so that a partial product can

be added to a given restriction category freely.

2. The join completion for inverse categories using compatibility is described and its

relationship to the join completion for restriction categories is provided.

3. The completeness of join restriction categories in partial map categories is proved

using M-adhesive categories and M-gaps.

4. The completeness of meet restriction categories in partial map categories using equal-

izers and the meet completion for restriction categories using parallel map pairs.

5. The generalization of Schein’s representation theorem to range categories and reasons

for the condition [RR..6] to be required.

1.4 Outline

Before actually presenting the results of this thesis, we first review in Chapter [1| some
categorical notions (Section and restriction category basics (Section that are
used in the thesis.

In Chapter [2] we first observe some basic properties of cartesian objects in restriction
categories (Section . Then we construct a free cartesian restriction category over a
given restriction category (Section .

We start Chapter [3| by introducing the notions of ~—-compatibility and join restric-
tion categories and showing the basic relation to partial map categories by describing the

very elegant construction of the free join restriction category of a restriction category,



called the join completion for restriction categories (Section . The join completion
for inverse semigroups is well known, where \—-compatibility (that is ~-compatibility
in semigroup theory) is used. We show relationships between the join completion for
restriction categories and the join completion for inverse semigroups by providing ad-
junctions among restriction categories, join restriction categories, inverse categories, and
join inverse categories.

Next we discuss, starting with Van Kampen squares, some general properties of Van
Kampen colimits. This facilitates the definition of an M-adhesive category and M-
gaps and allows us to establish the completeness theorem for join restriction categories
(Section [3.2)).

Then, for the completeness of join restriction categories, we show the main result of
this chapter that states Par(C, M) is a join restriction category if and only if C is an
Me-adhesive category and Mg,, € M (Subsection .

In any M-adhesive category the M-gaps themselves form a stable system of monics
which, furthermore, always contains its gaps. Thus, with respect to these monics the
partial map category is a join restriction category. This suggests an alternative technique
for forming a join completion of a restriction category: namely, use the gap completion
of the standard sheaf embedding of the restriction category. We show that the two
constructions coincide, a fact that underlies the construction of schemes in algebraic
geometry (Subsection [3.3.2)).

We begin Chapter {4 by defining meet restriction categories and showing some basic
properties (Section . Then we characterize when a partial map category is a meet
restriction category. The completeness of meet restriction categories in partial map cat-
egories using equalizers follows by showing that a category is a meet restriction category
if and only if it is a full subcategory of Par(X, M) for some M-category (X, M) in which

X has equalizers and every regular monic of X is in M (Section . We close Chapter



[ by providing a free meet structure over a given restriction category, called a meet com-
pletion, and discuss the relationship of this construction to the meet completion already
known for inverse semigroups.

In Chapter |5, we first review basic properties of range categories and their com-
pleteness in the partial map categories with M-stable factorization systems (Section
. Then we generalize Schein’s representation theorem for certain class of semigroups
(type 3 function systems) to range categories (Section . Finally, we study when cer-
tain range categories, specially partial map categories, satisfy Schein’s condition [RR.6]
which guarantees each map is an epimorphism onto its range (Section .

We end this thesis by listing the main results and discussing some possible directions

for further work in Chapter [0

1.5 Category Preliminaries

In this section, we review some basic notions that we shall use from category theory.

1.5.1 Categories and Some Special Maps

A category is a directed graph with composition. More precisely, a category C consists

of the following data:

e A class of objects, , whose members are called C-objects;

e For each pair (A, B) of C-objects, a set mapg(A, B), whose members are called C-
maps from A to B. We also write mapg(A, B) by C(A, B). The class of all C-maps

(denoted by) map(C) is defined to be the union of all the sets mapa(A, B);

e Two operations assigning to each map f € map(C) its domain dom(f) which is an
object of C and its codomain cod(f) also an object of C. We indicate that f has

domain A and codomain B by writing f : A — B;



e Maps f and g are composable if cod(f) = dom(g). There is an operation assigning
to each pair of composable maps f and ¢ their composition which is a map denoted
by gf such that dom(gf) = dom(f) and cod(gf) = cod(g). There is also an
operation assigning to each object A € ob(C) an identity map 14 : A — A. These

operations are required to satisfy the following axioms:

[C.1] (identity law) if f: A — Bis a map in C then fl, = f =15f,
[C.2] (association law) if f: A — B, g: B— C, and h: C — D are maps in C

then (hg)f = h(gf).

In a category C, a map f : A — B is monic if fg1 = fgo implies g3 = g2 and a
map [ : A — B is a section if there is a map ¢g in C such that gf = 14. Dually, a map
f:A— Bis epicif g1f = ¢gof implies g1 = ¢g» and a map f : A — B is a retraction if
there is a map g in C such that fg = 1. A map is called an isomorphism if it is both a
section and a retraction. The collection of special maps, for instance, monics, in C, can

be denoted by the following notation:

Monicsg = {monics in C}.

A subcategory C' of a category C is given by any subcollections of the objects and
maps of C which is a category under the domain, codomain, composition, and identity
operations of C.

Given a category C, if we flip the directions of all maps in C then we obtain its dual
category, denoted by C°P. Clearly, (C°P)°? = C.

A category C is said to be small if tts class of objects, ob(C), is a set.

1.5.2  Functors, Natural Transformations, and Adjunctions

A functor F' from a category C to a category D, written as F': C — D, is specified by



e an operation taking each object A in C to an object F'(A) in D,

e an operation sending each map f: A — B in C to a map F(f) : F(A) — F(B) in
D

Y

such that

F(14) = 1pay and F(gf) = F(9)F(f)

for any maps f: A — Band g: B — C'in C. So, functors are structure preserving maps
between categories.

Let F,G : C — D be two functors. A natural transformation o from F to GG, written
as a : ' — @, is specified by an operation which assigns each object C' of C a map

ac : F(C) — G(C), called a component of «, such that for each map f: A — B in C

commutes in D, which means that G(f)aa = apF(f). Natural transformations are maps
between functors. A natural transformation « is called a natural isomorphism, denoted

by a: ' = G, if each component a¢ is an isomorphism.

An equivalence between categories C and D is defined to be a pair of functors S :
C - Dand T : D — C together with natural isomorphisms 1¢ = TS and 1p = ST.
Two categories C, D are equivalent, written C ~ D, if there is an equivalence between

them.

An adjunction from C to D is a triple (F, G, ¢) : C — D, where F and G are functors:

F
C—/—D
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and ¢ is a function which assigns to each pair of objects C' € C, D € D a bijection of

sets

v = vcp : D(F(C), D) = C(C,G(D))

which is natural in C and D:

F(C)— D
C — G(D)

If F: C — D is a functor and D € ob(D), a universal arrow from D to F is a
pair (C,u) with C' € ob(C) and u : D — F(C) being in map(D) such that for each
pair (€', f) with C" € ob(C) and f : D — F(C’) € map(D) there is a unique C-map

f*:C — C' such that

D—"% F(C) C
; lF(f*) J:/*
F(Cy

commutes. Equivalently, u : D — F(D) is universal from D to F' provided that the pair
(C,u) is an initial object (see Subsection below) in the comma category (D | F)
that has maps D — F(C) as its objects.

If G: D — Cis a functor and C' € ob(C), dually, a universal arrow from G to C'is a
pair (D, v) with D € ob(D) and v : G(D) — C € map(C) such that for each pair (D', f)

with D’ € ob(D) and f : G(D') — C € map(C) there is a unique D-map f*: D’ — D

making

D’ G(D)

fti (f”)i !

D GD)r2c
commute.

By [[33], p-83, Theorem 2], each adjunction (F,G,¢) : C — D is completely deter-
mined by one of five conditions. Here we only record some of them, which we shall use

in this thesis:
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(ii) The functor G : D — C and for each C € ob(C) a Fy(C) € ob(C) and a universal
arrow ne : C — GFy(C) from C to G. Then the functor F' has object function Fy

and is given by sending f : C — C" to GF(f)nc =ner f.

(iv) The functor F': C — D and for each D € ob(D) a Go(D) € ob(C) and a universal

arrow ep : FGo(D) — D from F to D.

(v) Functors F, G and natural transformations n : ¢ — GF and ¢ : FG — 1p such

that Ge -nG = 1g and €F - Fn = 1p.

Hence we often denote the adjunction (F,G,¢) : C — D by (n,e) : F 4G : C — D or
by (F,G,n,e) : C — D. In this case, we say that F'is a left adjoint to G or G is a right
adjoint to F' and that F' has a right adjoint G and G has a left adjoint F'. We also say

that F' 4 G is an adjoint pair.

1.5.3 Limits and Colimits

Limits and colimits are an example of universals. Given a category C, an I-indexed
diagram in C is a functor D : I — C, where the category I is thought of as index category.
A D-cone is a natural transformation ¢ : L — D, where L : I — C is a constant functor
that sends each I-map f : I — J to a constant C-map 1, : L — L. FEach D-cone can be

specified by a C-object L together with a family of C-maps (¢; : L — D(I))reob(r) such

that D(f)¢[ = ¢J:

for each T-map f : I — J. A limit of the diagram D : I — C is a D-cone (L, ¢) such that

for each other D-cone (J, 1) there is a unique C-map v : J — L making the following
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diagram

commute for each I-object I. If I is specified by the following graphs

|

then the limit of D : I — C is called a terminal object, an equalizer, a pullback (square)

o, O —=< o, o —>
in C, respectively.

Explicitly, a C-object 1 is a terminal object provided for each C-object X there is a
unique C-map !x : X — 1.

A commutative square

PQY

P
o
in C is called a pullback (square) provided given any C-maps w; : W — X and w, :

W — Y with fw; = gw, there is a unique C-map w : W — P such that

prw = wy and pow = wy :

For two parallel C-maps f,g : X — Y, the equalizer of f and gisa C-mape: F — X

such that fe = ge and e is unique with this property: if a C-map z : Z — X is such that
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fz = gz then there is a unique C-map d : Z — FE such that ed = z:

A

dX
v f

F—=-X —= Y
If maps between D-cones are defined properly, then limits can be characterized as
terminal objects in the category of all D-cones.
The dual notions of cone, limit, terminal object, pullback (square), equalizer are
cocone, colimit, initial object, pushout (square), and coequalizer, respectively.

An initial object 0 is call strict provided any map X — 0 must be an isomorphism.

1.5.4 2-Categories, 2-Functors, and 2-Natural Transformations

A 2-category K consists of

e A class of objects or O-cells: A, B, - - -

A class of maps or 1-cells: f: A— B,---

A class of 2-cells: a: f = ¢g,---
e The objects and maps form a category Ky, called the underlying category of K.

e For any objects A and B, the maps f : A — B and the 2-cells between them form a
map-category K(A, B) under vertical composition, denoted by 3 o a. The identity

2-cellon f: A — B is denoted by 1;.
e There is an operation of horizontal composition of 2-cells:
Bra:uf -vg)=(L:u—v)*x(a:f—g)

as displayed by

Fu _uf
A Vo B U8 C = A B C

g v vg



Under this operation the 2-cells form a category with identities:

1a

A UllA A

—_—
1a

e In the situation:
f u
o Iy
A—sB——=C

48 46
—_— —_—
g v

)

the interchange law
(0xy)o(fra)=(00f)*(yoa)

holds true and for any pair of composable 1-cells f and g,

19*1f = 1gf-

category Cat/C is again a 2-category.

14

A basic example of a 2-category is Cat, whose objects are small categories, 1-cells are

functors and 2-cells are natural transformations. Also, for any small category C, the slice

A 2-functor F' : K — L between 2-categories K and L is a triple of functions sending

codomains, compositions, and identities.

objects, 1-cells, and 2-cells of K to items of the same types in L preserving domains,

A 2-natural transformation o : F' = G between 2-functors F,G : K — L assigns to

apl(f) = G(f)aa

and for each 2-cell 0 : f = g in K,

F(f) G(f)
F(A) vF©6) F(B) 22~ G(B) = F(A) 2~ G(A) v60) G(B).

each object A of K a map a4 : F'(A) — G(A) in L such that for each map f: A — B in
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In a 2-category, transposing the classical definitions for adjoints in Cat one has the
notion of adjoint pairs in a 2-category using 2-cells. Clearly, each 2-functor preserves
such adjoint pairs.

Many categorical notions/constructions are defined up to isomorphism. A pseudo-
functor is defined in such a way: if we require that those equalities in the definition of a

functor hold only up to isomorphism, then we get a pseudo-functor.

1.5.5 Factorization Systems and Fibrations

In Set, each function f : X — Y can be factored through its image, i.e.,
xLty = XS5rx)3vy,

where e : X — f(X) is the codomain restriction of f and m : f(X) < Y is the inclusion.
This says that Set admits an (Epicsge, Monicsget)-factorization system. We shall use
factorization systems in range categories.

A factorization system on a category C consists of two classes £, M of maps in C

such that
(1) every isomorphism is both in € and in M;
(i7) € and M are closed under composition;
(i1i) every map f of C factors as f = myes with ey € £ and my € M;

(iv) for each commutative square where e € € and m € M, there exists a unique

diagonal map making both triangles commutative:
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Given a category C, if (£, M) is a factorization system on C, then there is a special

codomain functor 0 : M — C, called a fibration. Formally, we have:

Definition 1.5.1 Let P : E — C be a functor and p : E — B a map of C. The fibre
of P at B is the non-full subcategory E(B) of E whose objects are in P™Y(B) (i.e., those
objects A of E with P(A) = B) and whose maps f : A — A’ are E-maps such that
P(f)=1p. If X € E(B), then a map V,X : p*X — X of C is a cartesian lifting over p
at X if

[F.1] P(0,X) = p;

[F.2] For any map v : Y — X of E and any map h : P(Y) — E in C satisfying

ph = P(v), there is a unique w : Y — p*X in E such that

VX -w=v and P(w)=h.

P(Y)
2
E P B in C

A functor P : E — C is called a fibration if for any map p : E — B in C and every object

X in E(B) there is a cartesian lifting (p*X, 9,X) over p at X. A functor P : E — C
1s called an opfibration if P°P is a fibration. A functor P is a bifibration if both P and

P°? are fibrations.
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1.6 Restriction Category Basics

In this section, we review the fundamentals of Cockett-Lack’s restriction theory.

1.6.1 Definitions and Basic Properties of Cockett-Lack’s Restrictions

First, we recall the definition of Cockett-Lack’s restriction.

A restriction structure on a category C is an assignment of a map T : X — X to each

map f: X — Y such that the following four restriction axioms are satisfied:
[R.1] ff = f for each map f,

R.2] Fg = 7 whenever dom(f) = dom(g),

R.3] ﬁ = gf whenever dom(f) = dom(g),

[R.4] §f = fgf whenever cod(f) = dom(g),

A category with a restriction structure is called a restriction category. A category X

is called a co-restriction category if X°P is a restriction category.

Now, we record some basic properties of restriction categories in Lemmas 1.6.2),

and which are Lemmas 2.1, 2.2, and 2.3 in [14], respectively.

Lemma 1.6.1 In a restriction category,

(i) f is an idempotent for each map f;
(i7) f gf = gf if codom(f) = dom(g);
(i3i) gf
(iv)
(v)

= gf if codom(f) = dom(g);

Ql

= f for each map f;

~l|

= gf if dom(f) = dom(g);

Ql
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(vi) if f: A — B is monic then f = 1y4;
(vii) fg= f implies f = fg.
In a given restriction category, a map f such that f = f is called a restriction idempotent.

Restriction idempotents are precisely the maps of the form f by Lemma m (iv). A

map f: A — B is called total if f = 14.

Lemma 1.6.2 In a restriction category,

(7) if f is monic, then f is total;

(13) if f and g are total and codom(f) = dom(g) then so is gf;

(23i) if gf is total then so is f;

(iv) the total maps form a subcategory.

The subcategory of total maps of a restriction category C is denoted by Total(C).

A restriction category is a partial order enriched category as shown in the following

Lemma.

Lemma 1.6.3 Let C be a restriction category. For any A, B € ob(C),
(1) maps(A, B) is a poset with the order given by
f<ge f=9f;
(i) f < g in mapg(A, B) implies f <G in mapg(A, A).
0

PROOF: Lemma 3.2 [9].

A restriction idempotent f is called split if f = mr for some maps m and r with
rm = 1. In such a case, m and r are called the monic part and the epic part of the split

restriction idempotent f, respectively. The monic part of a split restriction idempotent
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is also called a restriction monic. Note that if f splits by m and r then f = 7 as

f = mr = mr = 7 since m is monic. A restriction structure on a category is said
to be split if all of its restriction idempotents split. Split idempotents are determined

completely by their monic parts or epic parts as shown by the following lemma:

Lemma 1.6.4 In any restriction category:

(7) ifrm =1 and sm =1 with mr =7 and ms =3 then r = s;

(73) if rm =1 and rn =1 with mr =7 and nr =T then m = n.

In a given restriction category, a map f is a restricted isomorphism (or partial iso-
morphism) if there is a map ¢ such that gf = f and fg = g. A restriction category is
called an inverse category provided each map is a restricted isomorphism. As shown in
Theorem 2.20 of [14], for a given category X, X is an inverse category if and only if each
X-map f has a unique map ¢, denoted by f(=1, such that fgf = f and gfg = ¢ in X.

The opposite category of an inverse category is also an inverse category.
Lemma 1.6.5 If1 is an inverse category, then so is I°P.

Proor: Each I°°map f: X — Y is an I-map f : Y — X so that there is an I-map

1 such that
FFOVF = fand fOOFFOD < O,
that is

fop f(—l) P f = f and f(—l) 0P f 0P f(—l) — f<_1).

Hence I°P is an inverse category. 0]

1.6.2 Examples of Restriction Categories

Some examples of restriction categories are as follows:
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Example 1.6.6 1. Par(Set, Monicsget) is a restriction category if for any partial map

f: X — Y, one defines the partial map f : X — X given by

x whenever f(x) is defined,

undefined otherwise.
to be the restriction of f.

2. Every category is a restriction category with the restriction given by f = 1x for any
map f : X — Y. The restriction is called the trivial restriction structure. So a

restriction structure is not a property of a category but an extra structure.

3. If C is an object of a given restriction category C, then the slice category C/C
with objects all pairs (f, X), where f : X — C is a map of C, and with maps
h:(f,X)—(g,Y) those maps h : X — Y of C for which gh = f, is also a restriction

category with the same restriction as C.

4. Every inverse category is a restriction and co-restriction category with f = £V f and
7 = ff&Y. Every inverse semigroup with an identity can be regarded as the one
object restriction and co-restriction category with 7 = z(-Yx and 7°° = z2(~") (See

Proposition below).

We recall some definitions and properties of inverse semigroups. A semigroup (S, -)
is a nonempty set S with an associative binary operation -. An identity 1 is an element
1 € Ssuchthat 1-s=s-1=sforall s €S. Let S be a semigroup. An element a € S
is called regular if there is x € S, called a reqular-inverse of a, such that ara = a. A
semigroup S is called regular if all of its elements are regular. An inverse of an element
a is x € S such that axa = a and rax = x. A regular semigroup can be characterized by
the inverse defined above: a semigroup S is regular if and only if each a € S has at least

one inverse x.
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An inverse semigroup is a semigroup in which each element a has a unique inverse,
denoted by a(~V. Let z,y, z be elements of an inverse semigroup S. Then one has the
following equalities:

x(yz) = (zy)z,
(zCNHED = g
()Y = YD),
zxDyyD = yyD gD,
For example, any group is an inverse semigroup. But the inverse semigroup {0, a, b, 1},
defined by

ab=ba=0,a>=a, and b* = b,

is not a group.

The following can be used to test when a semigroup is an inverse semigroup.

Proposition 1.6.7 A semigroup is an inverse semigroup if and only if it is reqular and

any two idempotents commute.

PROOF: See [36], p.78. O

Clearly, a one-object inverse category is precisely an inverse semigroup with identity.
Each inverse category can be viewed as a restriction and co-restriction category that as

shown in the following proposition.

Proposition 1.6.8 FEvery inverse category is a restriction and co-restriction category

with the restriction and the co-restriction category given by f = fCUf and - = ffCY.

Proor: By the definition of inverse categories, each inverse category is a restriction

category with f = f(=U f. It suffices to check the four co-restriction axioms.

[R.A]®P ff = ffEVf = f.
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[R.2]0p TOPgOP — ff(—l)gg(—l) - gg(—l)ff(—l) - gOP?OP.

R.3]°P
7P = (g9 f)(ggtn Y
= (99" VN (fTVgg)
= ggt VY
= 77",
(R.4]P

9f g = (9N g
= gffVg Vg
= gg"Vgffcy

= gf".

1.6.3 Category of Restriction Categories

A functor F': C — D between two restriction categories is said to be a restriction functor
if F(f) = F(f) for any map f in C. Restriction categories and restriction functors form
a category, denoted by rCaty. Clearly, there is a forgetful functor U, : rCaty, — Cat,

which forgets restriction structures by sending any restriction functor F': C — D to the

functor F': C — D.

A natural transformation between restriction functors is called a restriction natural
transformation if all of its components are total. Restriction categories, restriction func-

tors, and restriction transformations form a 2-category, called rCat. The category rCat
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has an important full 2-subcategory, comprising those objects with split restriction struc-
tures, denoted by rCat,. The category rCat has also an important full sub-2-category
invCat consisting of the inverse categories. As observed in [I4], any functor between
inverse categories is a restriction functor, since the structure of a restricted inverse is

algebraic. Cockett and Lack proved:

Proposition 1.6.9 ([14], Proposition 2.24) The 2-category invCat is a full coreflec-
tive sub-2-category of rCat with the right adjoint inv sending each restriction category to

the subcategory of restricted isomorphisms.

Given two restriction functors F, G : X — Y, a lax restriction natural transformation
from F' to G consists of a total map ax : F(X) — G(X) in Y for each X € map(X)

such that for each map f: X - Y in X

(X)L pox) 25 qrx)
F(f)l lG(f)
F(Y) o G(Y)

commutes. The commutativity of the last diagram is equivalent to inequality of

F(X) 2 G(X)
F(f)l < iG(f)
F(Y)—=>G(Y)
That is: ay F(f) < G(f)ax. The 2-category rCatl has the same objects and maps as
rCat but with lax restriction natural transformations as the larger class of 2-cells.
Given a restriction category X, one has a category Total(X) and conversely each
category X can be viewed as a restriction category with the trivial restriction, denoted
by Triv(X). This leads to a 2-adjunction ([14], Proposition 2.17): Triv 4 Total : Cat —

rCat.
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Let Total : rCatl — Cat be given by sending each restriction functor /' : X — Y
to its restriction to Total(X), Total(F') : Total(X) — Total(Y), where Total(F)(f) =
F(f), and sending each lax restriction natural transformation o : ' — G to Total(«) :
Total(F') — Total(G) with Total(a)x = ax for each X € ob(Total(X)). Since Total(X)
has only total maps, the last lax commutative square turns to a usual commutative

square. Hence Total : rCatl — Cat is a 2-functor.

1.6.4 Splitting Restriction Idempotents

Given a restriction category C, Split(C) is defined as follows:
objects: restriction idempotents of C;

maps: a map f from (e; : A — A) to (es: B — B)is given by amap f: A— Bin C
such that both triangles in the diagram
A-1-pB
elfix\f\ l
— B
are commutative;
composition: as in C;

identities: 1. = e for any object e of Split(C).

If f:e; — egand g: ey — e3 are maps in Split(C), then

es(gf) = (esg)f = gf and (gf)er = g(fe1) = gf,

and so ¢gf is a map from e; to ez in Split(C). Hence the composition is well-defined.

Obviously, the composition is associative. Since ee = e = ee, clearly e is a map from e
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to e so that identities are well-defined. For any map f : e; — ey in Split(C), since all

triangles of the diagram

are commutative,
fle =fea=f=ef=1.,f

Therefore, Split(C) is indeed a category. Furthermore, Split(C) is a restriction category
when we define its restriction structure by the restriction structure in C. To show this,

it suffices to show that f : e; — e; is a map of Split(C).
Lemma 1.6.10 If f : e; — ey is a map of Split(C), then so is f : e} — e1.

PROOF: Since

and
enf =fe =17,

all triangles in

Atoa

N
l N
A —_— A
f

are commutative. Hence f : e; — e; is a map in Split(C), as desired. O

Proposition 1.6.11 [If C is a restriction category, then so is Split(C) with a split re-
striction structure given by the restriction in the category C, and there is a restriction

preserving inclusion C — Split(C) sending f: X — Y to f:1x — 1y.
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PROOF: It remains to prove that the restriction structure of Split(C) is split. For any
restriction idempotent f given by C-map f : (e; : A — A) — (e : B — B), since all
triangles in

H

AN

A
\l
A

s < s
[y

{7

A
A

are commutative, f : e, — f and f : f — e, are maps of Split(C). Note that

< // l&ﬁ

f=7r=

|
I

“ \

is in Split(C). Hence f is a split restriction.
Obviously, C — Split(C) sending f : X — Y to f : 1x — 1y is a full and faithful

restriction functor so that Split(C) contains C as a full sub-restriction category. 0

Specially, each inverse category I is a restriction category so that one can form Split(I)

which is an inverse category too, as proved in the following lemma.

Lemma 1.6.12 If I is an inverse category, then so is Split(I) with a full and faithful

functor ny : I — Split(I) given by sending f: X — Y to f:1x — ly.

PrOOF: Each Split(I)-map s : (fCVf: X — X) — (¢"Vg: Y — Y) is given by an

I-map s : X — Y such that

X —Y
N
(=1) s, (=1)
f fl S\ g9t g
X —Y

commutes. Then

and so
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That is, fCV fs(-1) = 51 and s(-Vg(-Vg = sV Hence sV : (Vg Y = V) =
(fEVf: X — X) is a Split(I)-map and therefore Split(I) is an inverse category too.
Now, it is routine to verify that ny : I — Split(I) is a full and faithful functor between

inverse categories. 0

Proposition 1.6.13 There is an adjunction with a full and faithful unit nc : C —
E(Split(C)) given by sending f: X =Y to f:1x — ly:
Split
rCat, 1 _ rCatg
CEEE——

E

where E s the inclusion.

PROOF: For each restriction category C and each split restriction category D, clearly
nec is a full and faithful restriction functor and each restriction functor F : Split(C) — D
gives rise to a restriction functor Fnc : C — D. Conversely, each restriction functor
G : C — E(D) leads to a restriction functor Split(C) — D that is given by sending
f:e1— eg to f:dom(e;) — dom(ey). Clearly, we have

Split(C) — D

C—ED)

O

Clearly, Split : rCat — rCat, given by sending each restriction functor F': X — Y
to Split(F) : Split(X) — Split(Y) with Split(F)(f : e; = e2) = (F(f) : F(e1) = F(e2)),
and sending each restriction natural transformation o : F' — G to Split(«) : Split(F) —
Split(G), where Split(ar)e, = Qdom(er), is @ 2-functor since the naturality of o implies that
of Split(«) clearly.

Similarly, there is a 2-functor Split : rCatl — rCatl, having the same assignments
on 0-cells, 1-cells, and 2-cells as Split : rCat — rCat since the lax naturality of Split(«)

follows from the lax naturality of o immediately.
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Remark 1.6.14 Given a category C and a set E of idempotents in C, one may formally
split £ to form Split;(C). The restriction category Split(C) defined above is the special
case, where C is a restriction category and E = {restriction idempotents in C}. See [14]

or [6] for details.

1.6.5 Partial Map Categories

We first recall the notions of system of monics, M-categories, the category Par(C, M)

given in [14].

System of Monics and M-Categories

In a category, a collection M of monics that includes all isomorphisms and is closed
under composition is called a system of monics. A system of monics M is said to be
stable if for any m : C' — B € M and any f : A — B the pullback m’ of m along f
exists and belongs to M.

A stable system of monics M has the following useful property:

Lemma 1.6.15 (Left-cancellable) For a stable system of monics M, if mn € M and

m s a monic, then n € M.

PrOOF: If m is a monic, then

is a pullback diagram. So n € M. O

An M-category is a pair (C, M), where C is a category and M is a stable system of

monics in C.

Example 1.6.16 Let Setg;, be the subcategory of Set with functions f : A — B such
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that | f~1(b)| < +oc for each b € B as maps. Consider
M = {injections i : A — B | |B\ i(A)| < +o0}.
Then (Setgy,, M) is an M-category.

An M-functor F : (C, M) — (D, N) between two M-categories (C, M) and (D, N)
is defined to be a functor F' : C — D such that F(M) C N and F preserves M-pullbacks.
A natural transformation o : F' — G between two M-functors F,G : (C, M) — (D, N)

is M-cartesian if for each m : A — B in M the naturality square

F(lA) Gm) G(i;

is a pullback diagram in D. M-categories, M-functors, and M-cartesian natural trans-
formations form a 2-category MCat. The 2-category MCatl has the same 0-cells and
1-cells as MCat but has natural transformations as its 2-cells.

Category Par(C, M)

Given an M-category (C, M), one may form the category of partial maps Par(C, M) as
in [14] with:

objects: A € C;

maps: a map from A to B is a pair (m, f), where m: A’ - Aisin M and f: A’ — B

A/
N
A B

factored out by the equivalence relation: (m, f) =~ (m/, f') whenever there exists

is a map in C:

an isomorphism « in C such that m'a = m and f'a = f;
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identities: (14,14): A — A;

composition: (m/, g)(m, f) = (mm”,gf’"), where f" and m” are given by the pullback

diagram (x):

/\
NN

The original maps in C can be embedded into Par(C, M) by f +— (1, f) and are called
total partial maps. In [14], Cockett and Lack proved that each partial map category
Par(C, M) is a restriction category with a split restriction and Par is not only a 2-functor

but also a part of 2-equivalence by Proposition [1.6.17| and Theorem [1.6.22] below.

Proposition 1.6.17 ([14], Proposition 3.1) Let (C, M) be an M-category. Then the
category Par(C, M) has a split restriction given by (m, f) = (m,m). Furthermore, a map
is total in Par(C, M) with respect to this restriction if and only if it is total as a partial

map.

Proposition 1.6.18 ([14], Proposition 3.2) There is a 2-functor Par : MCat —

rCat; taking F : (C,M) — (C', M) to Par(F) : Par(C, M) — Par(C’, M’).

To provide the “inverse” of Par : MCat — rCat,, let D be a restriction category

with split restriction. Consider
Mp={m:X =>YinTotal(D)|3r:Y =X inD, rm=1x and T = mr}

and

MTotal(D) = (Total(D), Mp).

Cockett and Lack proved:
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Proposition 1.6.19 ([14], Proposition 3.3) If D is a split restriction category, then
MTotal(D) is an M-category.

As Par(C, M) is a restriction category, it is poset-enriched. Now, let us look at the

partial order < in a partial map category.

Lemma 1.6.20 In a partial map category Par(C, M), let (m, f),(n,g) : X =Y be two

partial maps and let (7, 7,) be the pullback of (m,n):

Then the following are equivalent:

(a) (m, [f) < (n,g);
(b) 7, is an isomorphism and gr, 7, = f;

(¢) m, is an isomorphism and (m, f)(n,qg) = (n,g)(m, f).

PRrooF: Note that

(m, f) <(n,g) < (n,g)(m, f)=(m,[)
< (n,g)(m,m) = (m, f)
& (mmp, gmm) = (m, f)

< d isomorphism « such that mm,a = m and gm,a = f.

But mm,a = m gives m,a = 1. Hence 7, = a~! and therefore (m, f) < (n, g) if and only
if 7, is an isomorphism and gm,, 7, ! = f. Hence (a) < (b). By (a), (b) < (c) is obvious.

O

A crucial observation is that the pullback of a total map along a restriction monic in

a split restriction category can be characterized as follows:
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Lemma 1.6.21 In a split restriction category X, a commutative diagram

!
. B

A
A
C—"=D
in which m and m’ are restriction monics and f is total, is a pullback diagram in Total(X)

if and only if e, f = ey, where e, = mr and rm = 1.

PROOF: “<” Suppose that rm = 1 and m’ = 1 and suppose that z : X — C and

y : X — B are total maps such that max = fy. Note that

m'r'y = ey = enfy =mrfy=ymrfy=ymrmz = ymz =yfy= fy=y

and
mf'r'y = fm'r’'y = fy = ma.

Then there is a unique map 'y : X — A such that m/r'y = y and f'r'y = x:

and so

m/

A-—"=DB
f’l f

C—"=D
is a pullback diagram in Total(X).

“=" For each restriction monic m : C'— D and each total map f: B — D,

/

A" B
g f
C—=2-~D
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is a pullback diagram, where r : D — (' is a map such that rm = 1 and mr = mr,
mrf =m/r" with r’'m’ =1, and g = rfm’. Then, by the uniqueness of the pullback of m

and f, enf = mrf =m'r’ = e, as desired. O

A partial map category can be characterized as a restriction category with a split

restriction by the following theorem proved by Cockett and Lack.

Theorem 1.6.22 ([14], Theorem 3.4) The 2-functors MTotal and Par give an equiv-

alence of 2-categories between rCaty and MCat.

By Proposition [1.6.13] and Theorem [1.6.22] immediately one has:

Theorem 1.6.23 (Completeness of Restriction Categories [14]) Fach restriction

category embeds via a full and faithful restriction preserving functor into a restriction

category of the form Par(C, M).

As another corollary of Theorem [1.6.22] we can see when two partial map categories

Par(C, M) and Par(D, N), as restriction categories, are equivalent.

Corollary 1.6.24 For given M-categories (C, M) and (D, N), the following are equiv-
alent:

(i) Par(C, M) = Par(D,N) in rCat;

(it) (C,M) = (D, N) in MCat;
(ii7) there are category equivalences F : C — D and G : D — C such that F(M) C N

and G(N') C M.

PRrROOF: “(i) < (i1):” As Par and MTotal are part of equivalences between rCat, and

MCat, it is clear.
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“(i1) = (i44):” Assume that F : (C,M) — (D,N) and G : (D,N) — (C, M) are
such that GF' ~ 1(c m) and F'G = 1(p ary. Then, obviously, GF' =~ 1¢ and F'G =~ 1p and
F(M)CN and G(N) C M as F and G are also M-functors

“(79) = (4i):” Clearly, F' and G give rise to M-functors such that GF' ~ 1c ) and

FG =~ 1p y) as each equivalence of categories preserves pullbacks. 0]

By the same process used in Proposition [1.6.18| and paying attention to the 2-cells,

we have:

Proposition 1.6.25 There is a 2-functor Par : MCatl — rCatl, taking F = G :
(C, M) — (C', M) to Par(F) "%: Par(C, M) — Par(C!, M), where Par(F)(m, f) =

(F(m), F(f)) and Par(a)x = (1px), ax).

PROOF: Given a 2-cell F % G : (C,M) — (C', M), since F(M) C M’, Par(F) is
well-defined. Since F' preserves pullbacks along M-maps, it is easy to see that Par(F)) :
Par(C, M) — Par(C’, M’) is a restriction functor.

We must check the lax naturality of Par(«), that is, for each Par(C, M)-map (m, f) :

X =Y,
1 ,Q
F(X) (Ip(x),ax) G(Y)
(F(m)vF(f))l < i(G(m%G(f))
1 ,
F(Y) (1pyy,ov) G(Y).

But it is clear as the following composites of partial maps are the same:

(X")
/ <,

X’)
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F(X")
1F(X’)
F(X/) OLX/
Lpxr F(m)
F(X') F(X) G(X')
F(m) &m) 1y K G(m) G(f)
F(X) F(X) G(Y) G(Y)
as
F(X') o G(X')

is a pullback diagram.
Now, it is straightforward to verify the functoriality conditions for Par to be a 2-

functor. ]

Define MTotal : rCatl, — MCatl by sending each restriction functor F' : X — 'Y
between restriction categories with split restrictions to MTotal(F) : (Total(X), Mx) —
Total(Y, My), where MTotal(F') = F|yotaix)- By Lemma , pullbacks along Mx-
maps in Total(X) is completely determined algebraically, MTotal(F") preserves such pull-
backs. Hence MTotal(F') is an M-functor.

For each lax restriction natural transformation F = G : X — Y, define
MTOtB'(Oé)X = x

for each X € ob(Total(X)). The naturality of MTotal(«) is given by the following
commutative square
F(X) 2% G(X)
F(f)l iG(f)
F(Y)-25%G(Y)
as F(f) =1 in Total(X). These data form a 2-functor MTotal : rCatl, — MCatl.
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Using the same proof process as in Theorem [1.6.22] we have:

Theorem 1.6.26 The 2-functors MTotal and Par give an equivalence of 2-categories

between rCatl, and MCatl.

PROOF: In order to prove Paro MTotal = 1,cat,, for each restriction category with split

restriction structure D, we define ®p : D — Par(Total(D), Ep, Mp) by

A A
oo K
B A B

where m is determined by the conditions f = mr =7 and rm = 1. Since

fm=fm=mrm=m=1,

®p is well-defined. Clearly ®p(14) = (14, 14) for each object A. For any maps f : A — B

and g : B — C in D, assume that f = mr =7,rm =1 and § = ns = 5,sn = 1. Write

sfm =n's' = s’ with 'n’ = 1 and let f’ = sfmn/. Then, by Lemma [1.6.21} (n/, f') is a

pullback of (n, fm) and so ®p(g)Pp(f) = (mn’, f'gn) since (x) is a pullback:

/\
s

mn's'r = msfmr =mrnsfmr = fgf = gf

But

and (s'r)(mn’) = 1, so mn/ is the monic part of gf. Notice that gnf’ = gnsfmn’' =
ggfmn' = gfmn'. Then ®p(gf) = (mn',gfmn’) = dp(g)Pp(f). Hence ®p is a functor.
Since ®p is the identity on objects, to prove Par o MTotal = 1,¢at., it suffices to show

that ®p is full and faithful. If (m, f) is a map in Par(Total(D), Mp), then there exists a
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unique map r such that rm = 1 and mr = mr and so ®p(fr) = (m, frm) = (m, f) which
means that ®p is full. On the other hand, ®p(g) = (m, f) yields gm = f and mr =g
so that fr = gmr = gg = g. Faithfulness of ®p follows, as desired.

For an M-category (C, M), since the total maps in Par(C, M) are the same as C
and the monic parts of restriction idempotent in Par(C, M) are just M, we clearly have
an isomorphism MTotal o Par = 1 cat1. Thus, Total and Par are part of an equivalence

of 2-categories between rCatl, and MCatl. O

1.6.6 Cockett-Lack’s Free Restriction Categories

Cockett and Lack [14] gave a large class of examples of restriction categories by providing

a left adjoint to the forgetful functor U, : rCaty — Caty. They proved:

Proposition 1.6.27 ([14], Subsection 2.2.1) There is a left adjoint F, to the forgetful

functor U, : rCaty — Cat,.

Explicitly, Cockett-Lack’s free restriction categories over categories are described as
follows.

Let C be a category, K = {f; : X — Z; | i € I} a set of maps with domain X, and
g:Y — X amap. Then we write Kg for the set {fig | i € I}, and |} (K) for the set
{f: X = Z | uf = f; forsome i€ [ and some u: Z — Z;}. Suppose that K and L
are sets of maps with domain X. Clearly, if K C L then |(K) C J(L). One has the

following lemma.

Lemma 1.6.28 For any category, () is a Kuratowski closure operator on the maps

with domain X. Namely, if K, K1, and Ky are sets of maps with domain X, then

U(0) =0, J(Ky U Ky) = J(K1) U(K), K CH(EK), LK) = J(K).
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So, {(.) endows X/C with a topology: the closed sets of this topology are the sets
J(K) while the open sets (the complements of the closed sets) are sieves that are sets O
such that f € O implies uf € O. A map f: X — Y of C induces a map {(f) in the

reverse direction between these topological spaces Y/C and X/C:
J(f):Y/C — X/C;h — hf.

Moreover, {}(f) : Y/C — X/C is a continuous map.

Now, we can form |} : C°® — Top by

Y - Y/C

fl — J/U(f)

X =  X/C

Now, it is routine to verify that |} : C°* — Top is a functor. So we have:
Proposition 1.6.29 |} : C°® — Top is a functor.

The Cockett-Lack’s free restriction category can be generated by certain free fibrations
as in [9]. Explicitly, given a category C, Cockett-Lack’s free restriction category F,.(C)

has:
e the same objects as C;

e a map from C to D being a pair of (f, |(K)), where f: C' — D is a map of C and

K is a finite set of maps in C with domain C' such that
f e UK);
e the composition given by

(g, U (L)L UK)) = (g, $UE) U (L))
= (9f; K ULS));



e the identities given by

lo = (1c, H{1c});

39
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Chapter 2

Cartesian Restriction Categories

Recall that a cartesian object in a 2-category with finite products is an object X such
that both the diagonal A : X — X x X sending f: X — Y to (f, f) : (X, X) = (YY),
and the unique functor ! : X — 1, sending each f : X — Y to 1; : 1 — 1, have right
adjoints. In Section 4 of [16], Cockett and Lack pointed out that cartesian objects in
rCat do not give the right notion of products in restriction categories since a cartesian
object X in rCat must have a trivial restriction. To get the correct notion, Cockett
and Lack studied cartesian objects in rCatl which does give the right notion of partial
(restriction) products in restriction categories. In this chapter, we shall first investigate
cartesian objects in a number of 2-categories and then construct a free structure that can

provide finite partial products to restriction categories.

2.1 Cartesian Objects

In this section, we shall study cartesian objects in 2-categories related to restriction
categories, such as, rCat, rCatl, MCat, MCatl and when a partial map category is a

cartesian object.

2.1.1 Cartesian Objects in Cat, rCat, and rCatl

As is well-known, a cartesian object in Cat can be characterized by finite products as

explained in the following proposition.
Proposition 2.1.1 (Propositions 3.17 and 3.22 [6]) Given a category X,

(1) !: X — 1 has a right adjoint in Cat if and only if X has a terminal object;
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(i) A: X — X x X has a right adjoint in Cat if and only if X has binary products;

(131) X is a cartesian object in Cat if and only if X has finite products.
In [16], Cockett and Lack observed:
Lemma 2.1.2 Given a restriction category X,
(1) the unique restriction functor!: X — 1 has a right adjoint in rCat if and only if

X has a terminal object as a category and X has the trivial restriction;

(7i) the diagonal A : X — X x X has a right adjoint in rCat if and only if X has

binary products as a category and X has the trivial restriction;
(13i) X is a cartesian object in rCat if and only if X is a cartesian object in Cat and
X has the trivial restriction.

PROOF:

(¢) If the unique restriction functor ! : X — 1 has a right adjoint U with the unit
t: 1 — U!in rCat, then for each X-object X and any X-map f : X — U(1) there

is a unique 1-map f* :!(X) — 1 such that

X—SU0X)  (X)
f iU(f*) H'f
U(1) 1

commutes and so X has a terminal object U(1) and for each X-object X the unique
map ty : X — U(1), as a component of the unit ¢ : 1 — U!, is total. Furthermore,

for each X-map f: X =Y tyf=tx:
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and so f =ty f =ty f =tx = lx. Hence each X-map f must be total.

Conversely, if X has a terminal object T as a category and has the trivial restriction,
then | : X — 1 has a right adjoint in Cat by Proposition 2.1.1)(¢) and so Triv(!) :
Triv(X) — Triv(1) has a right adjoint in rCat applying 2-functor Triv : Cat —
rCal. But Triv(!) : Triv(X) — Triv(1) is the same as ! : X — 1 as X has the trivial

restriction. So ! : X — 1 has a right adjoint in rCat.

Suppose now that A : X — X x X has a right adjoint U with the unit n: 1 — UA
and counit € : AU — 1 in rCat. Then for any X-object X, any X x X-object
(Y,Z), and any X x X-map (f,g) : A(X) — (Y. Z), there is a unique X-map

(f,9)F: X — U(Y, Z) such that

X A(X)

(1) A((f,g)”)i w
\

U(Y.Z) AU, Z)—— (V. 2)

£(v.2)
commutes. Hence X has binary products U(Y, Z) as Y x Z for all objects Y, Z and

the projections, as the components of ¢, are total and f x g = f X 3.

For each X-map f : X — Y, since 1x x f = (m, fms), we have the following

commutative diagram:

X

1x ‘ 1x
x=(lx,1x

X<~ XxX2sX
1Xl <7T17f7r2\>leXf lf
X< XxYZ2sy
Then

Ix x f=m(lx x f)=m(lx x f) =71 = lxxx

and so

f=fmAx = mfmAx = mm(lx X f)Ax = mlx x fAx = mAx = ly.
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Thus, f must be total again.

Conversely, if X has binary products as a category and has the trivial restriction
then A : X — X x X has a right adjoint in Cat by Proposition 2.1.1](ii). As
we did in (7), A : X — X x X has also a right adjoint in rCat by applying

Triv : Cat — rCat.
(i73) By (i) and (i7) above and Proposition [2.1.1}
U

By the last proposition, if a restriction category X is a cartesian object in rCat, then
X must have the trivial restriction. To give a proper notion of partial (restriction) prod-
ucts in a given restriction category, Cockett and Lack [16] studied cartesian objects in the
category rCatl instead of rCat. Recall that 2-category rCatl has restriction categories
as 0-cells, restriction functors as 1-cells, and lax natural transformations between 1-cells
as 2-cells.

Cockett and Lack [16] defined a partial (restriction) terminal object in a restriction
category X to be an object T' for which for each X-object X there is a unique total map

lx : X — T such that l7 = 17 and !y f =!x f for each X-map f: X — Y

'x
<
—_—

ly

X

-

Y T

As well, in [16], a binary partial (restriction) product of two objects X, Y in a restric-
tion category X is a X-object X x Y equipped with two total X-maps 7x : X XY — X
and my : X XY — Y called projections, such that for each pair of X-maps f: Z — X

and g : Z — Y there is a unique map (f,g) : Z — X x Y satisfying nx(f,q) < f,
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mv(f,9) < g, and (f,g) = fg:
Z
L7 g N
> v <
X=~——XxY_—Y
TX Ty
Similarly, one can define a partial product of any finite objects Xy, --- , X,,.

A restriction category is called cartesian if it has all binary partial (restriction) prod-
ucts and a partial (restriction) terminal object.

A restriction functor F' : X — Y between two cartesian restriction categories is
called cartesian if it preserves both partial (restriction) terminal objects and binary
partial (restriction) products. All cartesian restriction categories and cartesian restriction
functors between them form a category, denoted by crCat.

For partial terminal objects, we have:
Lemma 2.1.3 For a restriction category X, the following are equivalent:

(1) X has a partial terminal object T';

(17) there is a X-object T such that for each X-object X, there is a unique total map

'x : X = T such that for each X-map f: X — T,

(17i) there is a X-object T such that for each X-object X, there is a total map !x : X — T

such that for each X-map f: X — T
f :!X7;

(1v) there is a X-object T' such that for each X-object X, mapx(X,T) has a top element

I'x that is total;

(v) '+ X — 1 has a right adjoint U : 1 — X in rCatl.
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PROOF: = : Consider the following diagram:

X
5%
TN
Then, by ,
f=1f=Lf=Ix]

= : For each X-map f: X — Y, consider the X-map !y f: X - Y — 1. We
have

v f =Ix F =Wkl f =IxT.

For the X-map 1, : 1 — 1, by ,

1, =h1l =
Hence, the unique total map !y : X — 1 satisfies |; = 1; and !y f =!x f for each X-map
f: X =Y
X
5%
1N
Y —~1
ly

:: Define U : 1 —+ X by sending 1 : 1 -+ 1to 1p: T —T.
For each X-object X, let nx =!x : X — U!(X). Then, for each X-map f: X — Y,
by (i), we have ly f =!x f and so
X X7
f 1

y o

commutes in rCatl. Hence n: 1 — Ul is a lax restriction natural transformation. For

each X-map f : X — U(1), by . . we have f =!xf, which gives rise to the
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following commutative diagram

X" Ux X
U(f*) f*=
X l v
U(1) 1

in rCatl. Hence each nx : X — U!(X) is a universal arrow from X to U and therefore
'4U in rCatl.
= ([iid): Suppose that ! : X — 1 has a right adjoint U : 1 — X. Let 7' = U(1).

Then there is a total X-map !x = nx : X — U!(X) such that for each X-maps f: X —

U(1),
X" uUx X
X iU(f*) f*711
U(1) 1

commutes in rCatl. That is, f = 1xf. Hence (i1 follows.
= : Clear.
= : Iftx : X — T is a total map such that for each X-map f : X — T,
f =txf, then
Ix =tx!x =txly =tx

and so the uniqueness of !y follows.

111)) < ([iv]): Clear. O

If the diagonal A : X — X x X has a right adjoint U : X x X — X in rCatl, then,
as Cockett and Lack did in [16], we denote U(Y,Z) by Y x Z and U(f,g) by f x g.
Since A - U, for each X x X-map (f,g) : A(X) — (Y, Z) there is a unique X-map

(f,9)F: X =Y x Z such that

X A(X)
3(/,g)* A((f,g)ﬁ)i

\
Y x Z A(Y x Z) —= (Y, Z)

YTZ

(f.9)
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commutes in rCatl. Adjunction A 4 U has some properties as proved in the following

lemma.

Lemma 2.1.4 ([16], Proposition 4.3) If the diagonal A : X — X x X has a right

adjoint U : X x X — X in rCatl, then

(1) for each X-object X, there is a total X-map Ax : X — X x X such that

commutes in X;
(id) (f x 9)Ax = (f,9)* if dom(f) = dom(g) = X
(i) (fh,gh)* = (f,9)*h if cod(h) = dom(f) = dom(g);
(iv) (f x 9)Ax = fg if dom(f) = dom(g) = X

(v) Ax : X — X x X is natural in X.

PROOF:

(7) Since

AX 2 AUAX 25 AX = AX 125 AX

for each X-object X by the adjunction A - U, there is a unique total X-map
(1ax)* = nx such that
AX

\
A(gx) lax

AUAX 22X AX
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commutes in rCatl. But eaxA((1ax)?) < 1ax implies eaxA((1ax)?) = 1ax. It

follows that there is a total X-map Ax = nx : X — X x X such that

X

1x Ay 1x
v
X=—XxX—X
Px ax

commutes, where (py,qx) = eax is total in X x X.

(77) Since € : AU — 1 is a lax natural transformation in rCatl, for each X x X-map

(f,9) - (X,Y) = (X", Y),

AU, Y) 22 A (x, ) 2% (X, Y)
um% Wm
AU(X',Y") e (X", Y")

commutes. That is

XxV<"9 xuy P xxy

-

-

X fxg Y
ls
y!

|

X' xYV X Y

Tyt

If dom(f) = dom(g) = X, then

mo(fx 9)Ax = frx(f x9)Ax
= frx(fx 9)Ax
= frxA(f x 9)Ax
= [/ x9)Ax

= frx(f xg)Ax
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and so mx/(f X g)Ax < f. Similarly, my/(f X g)Ax < g. Hence

A(X)
A((fxg)Ax)l L
AX' % Y') —— (X, Y")
(7rX’77rY’)

anf therefore (f x g)A = (£, g)*.

(23i) If cod(h) = dom(f) = dom(g), then we have the commutative diagram

114 A(W)
L
Z A(Z) (fh’gh)
~
A(f9)l8 A(f, “J/ (f.9)
g (f>9) g\

in rCatl and so

e A((f 9 h) = ey A(f, 9))AR) < (£, 9)A(R) = (fh, gh).
Hence (fh, gh)* = (f, g)*h.
(iv) Proposition 4.3(7) in [16].

(v) Proposition 4.3(i7) in [16].

For the binary partial products, we have:
Lemma 2.1.5 Given a restriction category X, the following are equivalent:

(1) X has binary partial products;
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(ii) for each pair of X-objects X and Y, there is a pair of total maps 7x : X XY — X
and my : X XY —'Y such that for each pair of X-maps f : Z — X and g: Z —'Y

there exists a unique X-map (f,qg) : Z — X XY such that

mx{(f,g) = fg and 7y (f,g) = gf;

(131) for each pair of X-objects X and Y, there is a pair of total maps mx : X XY — X
and my : X XY — 'Y such that for each pair of X-maps f : Z — X and g: Z —'Y

there exists a unique X-map (f,qg) : Z — X XY such that

Z
(£.9)
> v <

X5 XxYy—-V
TX Ty

f g

(iv) A: X — X x X has a right adjoint U : X x X — X in rCatl.

PROOF: (i) = (ii): By (i), there is a unique (f,g) : Z — X x Y such that

7TX<f7g> Sfa 7TY<f79> Sga and <f7g> :Tg

Hence

Similarly, we have 7y (f, g) = gf.
(17) = (i7i): Clear.
(i4i) = (iv): Define U : X x X — X by sending (f,¢g) : (X,Y) — (X", Y’) to the
unique X-map f X g = (fryx,gmy) : X XY — X’ X Y’ satisfying
X2 XxY sy
\

fl > fig < J{g

)'d X' 'x Y’ Y’
X! Ty !
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Let e(xy) = (mx,7my) : AU(X,Y) — (X,Y). Clearly, the diagram in (ii7) gives rise
to the following commutative diagram

E(X,Y)

AU(X,Y) —22 (X, Y)
AU(f.9) (J.9)

E(x’Y")

AUX, Y)Y 222X vy
in rCatl. Hence € : AU — 1 is a lax restriction natural transformation. Obviously, by
the diagram in (ii7), e(xyy = (7x,7y) : AU(X,Y) = (X,Y) is a universal arrow from
A to (X,Y). Thus, A 4 U in rCatl.
(1v) = (i): The diagonal A : X — X x X has a right adjoint if and only if there is a
universal arrow from A to each given (X, Y), namely, for each X x X-map AZ — (X,Y)

there is a unique X-map (f,g) : Z — X x Y such that

Z A(Z)
31(#,9) A((f.9)

v (X,Y)

XxY  AXxY)E(X)Y)

(f.9)

commutes in rCatl. This is equivalent to the diagram (i) above with ¢x,y) = (7x, 7y).

On the other hand, by Lemma [2.1.4]

(f.9) = (f,9) =3
Thus, (iv) = (7). O

By Lemmas |[2.1.3| and [2.1.5] obviously we have:

Proposition 2.1.6 Let X be a restriction category. Then X has finite partial products

if and only if X is a cartesian object in rCatl.
By Lemma |2.1.2| and Proposition [2.1.6] immediately one has:

Proposition 2.1.7 If a restriction category X is a cartesian object in rCat, then X is

a cartesian object in rCatl and X has the trivial restriction.
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PrROOF: By Lemma [2.1.2] X has finite products and has the trivial restriction. By
Proposition [2.1.6] it suffices to prove that X has a partial terminal object and binary
partial products.

Let 1 be a terminal object in X. Then there is a unique map !y : X — 1 that is total

since X has the trivial restriction. For any X-map f : X — Y, since f = 1y, we have
lyf=Ix =Ix[.

Hence 1 is a partial terminal object in X.
For each pair of X-objects X and Y, assume that (X x Y, wx, my) is a binary product
of X and Y. Then, for each pair of X-maps f:Z — X and g: Z — Y there is a unique

map (f,g) : Z — X x Y such that

commutes. Since X has the trivial restriction, we have 77 = T = lxxy and (f,g) =

1z = fg. Hence (X x Y, 7, ) is a binary partial product of X and Y in X. O

Recall that there are 2-functors Total : rCatl — Cat, Total : rCat — Cat, Split :
rCat — rCat, and Split : rCatl — rCatl and each 2-functor preserves adjunctions. So

immediately one has:

Proposition 2.1.8 Let X be a restriction category.

(i) If X is a cartesian object in rCat, then Split(X) is a cartesian object in rCat and

both Total(Split(X)) and Total(X) are cartesian objects in Cat;

(17) If X is a cartesian object in rCatl, then Split(X) is a cartesian object in rCatl

and both Total(Split(X)) and Total(X) are cartesian objects in Cat.
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ProoF: Clearly, Total(1) = 1, Split(1) = 1, Total(X x X) = Total(X) x Total(X),
Split(Xx X) == Split(X) xSplit(X), Total(!) = !, and Split(!) = !I. The lemma immediately
follows as 2-functors Total : rCatl — Cat, Total : rCat — Cat, Split : rCat — rCat,

and Split : rCatl — rCatl preserve adjoints. 0

2.1.2 Partial Map Categories as Cartesian Objects

Given an M-category (C, M), we have a restriction category Par(C, M) that is a object
of Cat, rCat, and rCatl. This subsection is intended to study when a partial map
category Par(C, M) is a cartesian object in Cat, rCat, and rCatl, respectively.

First, let’s study when a partial map category is a cartesian object in Cat. Given
an M-category (C, M), by Proposition , Par(C, M) is a cartesian object in Cat if
and only if Par(C, M) has finite products. The following lemma considers when a partial

map category has terminal objects.

Lemma 2.1.9 Given an M-category (C, M), if 0 is a C-object such that for each C-
object X

0 # mapg (0, X) € M,

then 0 is a terminal object in Par(C, M) if and only if 0 is a strict initial object in C.

ProoOF: If 0 is a terminal object in Par(C, M), then for each C-object X we have
m € mapg(0, X) € M and so the partial map (m, 1p) : X — 0 must be the unique map
from X to 0 in Par(C, M). Clearly, 0 is initial in C. For each map tx : X — 0, the
partial map (1x,tx): X — 0 must be (m, 1p). Hence tx : X — 0 is an isomorphism and
therefore 0 is strict.

Conversely, If 0 is a strict initial object in C, then for each C-object X we have a

partial map (my, 1g) : X — 0, where my : 0 — X € maps(0,X) C M. For any partial
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map (n, f): X — 0,

X/
X i 0
mx V%
0

since 0 is strict, f is an isomorphism and X' is a strict initial object. It follows that

mx f =n. Hence (n, f) = (mx, 1) and so 0 is a terminal object in Par(C, M). O

Now we consider when a partial map category can have binary products by provid-
ing an example that Par(Set, Monicsget) has binary products as shown in the following

lemma.
Lemma 2.1.10 Par(Set, Monicsget) has binary products,

PRrROOF: Given two sets X and Y, we claim that
(X +X XY + Y7 (l’b <1X|7TX>>7 ([’27 <7TY|1Y>))

is a product of X and Y in Par(Set, Monicsget), where ¢; : X + X XY < X+ X xY +Y
and t2: X XY 4+Y = X+ X XY +Y are the coproduct injections.
For partial maps (m, f) : Z — X and (n,g) : Z — Y, without loss of generality, we

assume that both m and n are set-inclusions. Define the partial function (¢, fUg) : Z —

X+XxY+Y by

tx(f(x)) ifxe X'\Y;
(fUg)(x) = txxy (f(z),g(x)) ifze X' NY
ty (g(x)) ifreY' \ X"

Here

x X 5> X+ X xY 1Y,

bxxy (X XY S X+ X xY +Y,
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and

ty ;Y == X+ X xY+Y

are the coproduct injections. Now it is easy to show that

Z
m, ‘ n,
(m..f) @ vag) (1,9)

X+XxY+Y

(t1,{1x|mx)) (t2,(my [1y))

commutes in Par(Set, Monicsget) by looking at the following diagrams

X!
/ W

XUy’ X+ X xY
/ fUg / Wj
Z X+XxY+Y X
and
Y/
/ W\
XUy’ XxY+Y
/ fUg / Wﬁ
Z X+XxY+Y Y

To prove the uniqueness of (i, fUg) : Z - X+ X xY +Y let (j,t) : Z - X+ X xY+Y

be a partial function such that

A

(m,f) | (n.9)
!,
(Jv )

X+XxY+Y

(t1,{1x|mx)) (t2,{my [1y))

commutes in Par(Set, Monicsget ), with a set-inclusion j. Clearly, t 1 (11 (X +X xY)) = X’
and t (X xY +Y)) =Y imply ¢(X’NY’') C X xY as t(a) € X or Y for some

a€ X' NY’ gives rise to t 111 (X + X xY)) # X' or t 1(15(X x Y +Y)) # Y. Hence
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t(X'\Y') C X. Similarly, t(Y"\ X’) CY. Therefore, in order to have

/X\

XUy’ X+XxY

SN e e N

X+XxY+Y

and

/Y\

XUy’ X><Y+Y

X+ XxY+Y
t = fUg and the uniqueness of (i, fUg): Z - X + X x Y +Y follows. O

By Lemmas [2.1.9] and [2.1.10, we have immediately

Corollary 2.1.11 Par(Set, Monicsget) has finite products so that it is a cartesian object

in Cat.

But Par(Setgp,, M), given in Example [1.6.16] is not cartesian as it does not have
partial terminal objects, where M = {injections i : A < B | |B \ i(A)| < +o0}.

Now we turn to study when a partial map category is a cartesian object in rCat.
Given an M-category (C, M), by Proposition and Lemma [2.1.2] Par(C, M) is a
cartesian object in rCat if and only if Par(C, M) has finite products and Par(C, M)
has the trivial restriction. But Par(C, M) has the trivial restriction if and only if M =

{isomorphisms in C}. We have:
Proposition 2.1.12 Par(C, M) is a cartesian object in rCat if and only if
M = {isomorphisms in C}

and C has finite products.
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ProoF: If M = {isomorphisms in C}, then Par(C, M) = C. By Proposition [2.1.7,
Par(C, M) is a cartesian object in rCat if and only if Par(C, M) has finite products
and Par(C, M) has the trivial restriction if and only if M = {isomorphisms in C}
and C has finite products as Par(C, M) has the trivial restriction if and only if M =

{isomorphisms in C} clearly. O
Finally, we study when a partial map category is a cartesian object in rCatl.

Proposition 2.1.13 For a given M-category (C, M), C is a cartesian object in Cat if

and only if Par(C, M) is a cartesian object in rCatl.

ProoF: If 1 is a terminal object of C, then, for each C-object X, there is a unique
map !y : X — 1. Consider the total Par(C, M)-map tx = (1x,!x) : X — 1. For each

Par(C, M)-map (m, f) : X — 1, we have

tX(ma ) = (1X7 'X)(m7m) = (mv 'Xm) = (mv f)

since !xm =!x» = f and (%) is a pullback in the following diagram

/

/\
/\/\@

Hence 1 is a partial terminal object in Par(C, M) with tx = (1x,!x) : X — 1.

For each pair of (C, M)-objects X and Y, assume that (X x Y, 7x,my) is a product
of X and Y in C. We claim that (X XY, (1xxy,7x), (1xxy,Ty)) is a partial product of
X and Y in Par(C, M).

In fact, for each pair of (C, M)-maps (m, f) : Z — X and (n,g) : Z — Y, assume
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the square (2) is a pullback in the following diagram:

X/

e

A

\
/\

Since (1) is a pullback square, we have

(m, f)(nm',mn’) = (mn', fn').

Hence
(Ixxy,mx)(mn', {fn',gm’)) = (mn',7x{(fn',gm’))
= (mn', fn')
= (m, f)(n'm,mn’)
= (m, f)(mn', fn')
< (m,f).
Symmetrically,

(1X><Y77TY)(mn/a (fn’,gm’)) < (n,g).
So we have

Z

Do g L
> v <

X xY

(Ixxy,mx) (Ixxy,my)

X Y

Clearly, both (1xxy,m) and (1xxy, ) are total and

(mn, (fn', gm')) = (mn',mn’) = (m,m)(n,n) = (m, f) (n,g)-
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If (k,h): Z — X x Y is a partial map such that

(Ixxy, mx)(k, h) = (m, f)(n,g) and (Ixxy,7y)(k, h) = (n,g)(m, f) :

(m,f) (ko) (n,g)
> v <
X (Ixxy,mx) (Ixxy,my) Y
then
(k7k) = (ka h) = (ma f) (nag) = (mn’,mn’),
(mn',7xh) = (mn’, fn'),
and

(mn', 7y h) = (mn', gm’)

and so (k,h) = (mn/,(fn’,gm’)), namely, the uniqueness of (mn', (fn’,gm’)) follows.
Thus, (X XY, (1xxy,m), (lxxy,m)) is a partial product of X and Y in Par(C, M).

Conversely, suppose now that Par(C, M) has partial terminal object 1 and partial
binary product (X x Y, (m,p1), (n,ps)) for objects X and Y.

For each C-object X, there is unique total map (1x,tx) : X — 1 such that

(Ix,tx)(m, f) = (1x,tx)(m,m) = (m,txm) = (m, f)

for any map (m, f) : X — 1 in Par(C, M). In particular, for each C-map f : X — Y,
(1x,f) : X = Y is a Par(C, M)-map. Then (1x,tx)(1x, f) = (1x, f) and so f = tx.
Thus, 1 is a terminal object with the unique map !y =ty : X — 1 in C.

If (X xY,(m,p1),(n,ps)) is a binary partial product of X and Y in Par(C, M), then

m = lxxy and n = lxyy since projections must be total. For each pair of C-maps

f:Z—=Y and g: Z — Y, there is a unique {((1z, f), (1z,9)) = (i, h) such that

(12, f),(1z,9)) = (i,h) = (i,9) = (12, f) (12,9) = (12, 1z)
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and
YA
y w)m
> v <
X X X Y
(Ixxy,p1) (Ixxy,p2)

It follows that

Ly, p1)(6h) = (Lxsy, 1)1z, )
= (1z,ph)
= (12, /)(1z,ph)
= (1z, )1z, 1z)

= (1Z7 f)
Then p1h = f. Similarly, poh = g and so

Z

%@—N
v

commutes. If b’ : Z — X x Y is such that

commutes, then

(12.]) (1thw
> v <

(I1xxvy,p1) (Ixxy,p2)

and so b’ = h. Thus, (X X Y,pi,pe) is a product of X and Y in C. O

X
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2.2 Cartesian Completion for Restriction Categories

Recall that the product completion [[X of a category X has small-indexed X-objects
families (X;);er as objects and a map f : (X;)ier — (Y;)jes of [[X is specified by a
function ¢ : J — I and a family (f; : X4¢;) = Bj)jes of X-maps [I8]. Asin [4], [[X =
(Fam(X°P))°P. To form free cartesian restriction categories over restriction categories,

we need to keep restrictions working with free products.

2.2.1 The Construction m(—)

Given a restriction category X, define the following construction m(X) with
objects: functions F' : I — X, where [ is a finite set;

maps: a map from object F': I — X, to object G : J — X is a triple (e, 7, g) such

that
I J J
S
F X1 G
v
Xo Xo
and

I g J
NS
F X1
V4
o1

Xo

commute, where e : F' — F satisfies e(i) = e(i) for each i € I.

Obviously, e : F'— F and 7 : Fig — G in (e, 7, g) can be characterized as

(cti): FGi) » F() _and (10) : F(9(i)) = G())

i€l jeJ



in which e(i) = e(i) and v(j) = e(g(j)) for each i € I and j € J;
identities: For each object F': I — X, 1(p.15x,) = (F1,F1,1):

I L I

vl
F X4 F
v\
Xo Xo

where (Fl(z) =1pu : F(i) = F(z)) :

iel

composition: For maps (e,v,9) : (F : I — Xo) = (G : J = Xy) and (f,p,h) :

J — Xo) = (H : K — X), define

(f. o h)(e,v,9) = (d, 9, gh)

where d : [ — X and ¢ : K — X, are given by

a=(et) TT TG0 : FG) = F@))

el
g(j)=i

and

v = (20 () d(g(h(k)) : Flg(h(k)) — H(B))

keK

- <90(k)fy(h(k)) 1T f(j)w(j):F(g(h(k»HH(’“))

9(7)=g(h(k))

I g J h K
F X1 G X1 H
2NN
X, X, X,

restriction: (e,7,g) = (e, e, 1).

keK
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(G :



2.2.2 7(X) is a Cartesian Restriction Category
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First, we verify that composition is well-defined and identity and associative laws hold

true.

(1) Obviously, each d(i) = e(i) I [, ;)= f(4)7(j) is a restriction idempotent. Since y(j) =

e(9(j)) and (k) = f(h(k)), we have

o(k) = okyy(a®) - J[  fO)G)
)
= oky®) - TI  FO)G)

9(7)=g(h(k))

= fh®N®E) - [T FGrG)

9()=g(h(k))
y(h(R)) FRF)y(RK)) - TT 7O E)
90)=g(h(k))

e(g(h(k))) J(h(k)y(RK) - TT 7))

9(7)=g(h(k))

So the composition is well-defined.

(2) Identity Law: For any map (e,v,q): (F: I — Xg) — (G : J — X;), assume

(G1,G1,1)(e,v,9) = (f, ¢, 9).

Then, for each ¢ € I and each j € J,
f@)=e() [ G1GNG) = e@)
g(j)=i

and

v(i) = G1(G)y(1)f(9()) =
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Hence (G1,G1,1)(e, 7, 9) = (e,7, g). Assume now that (e, v, g)(F'L, F'1,1) = (f, 4, g).

Then for each i € I and j € J,
1) = F1) T «OF1G) = [] ) = el

and
V(i) =1 EFLG) =v0)f(9() = v(Ge(g(h) = v()v(F) = ()

Hence (e,v,9)(F1,F1,1) = (e,7,9).

(3) Association Law: For maps (e,v,9) : (F: I — Xg) — (G : J — Xy), (d, ¢, h) :
(G:J —Xy) = (H: K— Xp), and (¢,p,m) : (H: K = Xo) > (M : L — Xy),

we have

an >(< h)(e,7,9))
= Coom((e) IT @NG),,,

g(j)=

(w(k)v(h(k))- [1 Wro), . o)

9(7)=g(h(k))

S (CCR ) KERIOE | R CEGRED) aGN0),
9(j)=i g(h(k))=i 9(7)=g(h(k))
(¢(l)¢(m(l))7(h(m(l))) [I On0-
9(7)=g(r(m(1)))
[I  cetntmw) I dGnG),_.ghm)
g(h(k))= (h( (l))) 9(7)=g(h(k))
- ((e (c®en®®) T dhG)).
9(j)=i g(h(k))=i 9(3")=g(h(k))
(w @) I d6nG)
9(7)=g(h(m(1)))
[T (cWe®EnGm) AGN()),_, ohm)



_ (( [T donG) - ] ck)ek)yy(hik)) - d(j’)v(j’))

g(5)=i g(h(k))=i g(5")=i

(w(l)w(m(l))’v(h(m(l))) | RZEIRIAR

9(7)=g(h(m(1)))

I1 (c<k>so<k>v<h<k>> [I o))

g(h(k))= g( (m (l))) 9(7)=g(h(m(1)))

(e I @)
9(j)=i g(h(k))=i
(v ) II OG-
9(7)=g(h(m(1)))

I1 C(/f)w(/f)v(h(/f))>l@,ghm>

9(h(k))=g(h ( ))

(et [I @enmm))
]Eg ke(gh)~1(4)
(

w(l) )) d()v(j) -

I1 C(k)w(k)v(h(k)))leL,ghm)

ke(gh)~!(g(h(m(1))))

and

(.. m)(d, o 1)) (e,7,9)
at) [ e®e®) .

h(k)=j

h(k)=h(m(1))

(e 11 dG h(kl_)[_c 90<k)7<j)>¢e1’

g(j)=i

(
(
(v0em@)- TI  c®e®) . hm)(er.9)
(
(

ve(m@) ] e®e®r(h(m(D)) -

h(k)=h(m(1))

[T o) IT c®e®nG), . ohm)

9(7)=g(h(m(1))) h(k)=j

65
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[T (W0nG) I1 «®et®n()), . ohm)
9()=g(h(m(1))) h(k)=j
= ((e«r TT (@G II ®emnG®n)).

j€g~1 (@) keh=1(j)

(w(lw(m(l))v(h(m(l))) II  c®)ek)(ak)-

h(k)=h(m(1))

[T (WGnG) [T c®e®n®E))) . ghm)
9(7)=g(h(m(0))) h(k)=j
= ((e) TT @G I ®emnGin) .

J€g=1 (@) keh=1(g=1 (7))

(w(l)sO(m(l))v(h(m(l))) I[I e (nkE)-

keh—1(h(m(l)))

I[I (@G- I ®e®nt))

j€gHg(h(m(1)))) keh=1(4)

= ((etr TI @G [I  e®etnm)
(%)

j€g~1(i keh=1(g=1(i))

ghm)

)
leL

)
i€l

(Lot - TI Ao -

j€gHg(h(m(1))))

[1  @e®nt®)),, ohm)

keh=1 (g~ (g(h(m(1)))))

= ((ct) TI donG)- TI ey hk))
(@)

! ke(gh)~1(3)

(e@etmOn e T aGnG)-

)
il

I1 (R (R(R)) . ghm)

ke(gh) = (g(h(m(1))))

= (ev.m)((d e h)(e7.9))-

Hence 7(X) is a category. Now we verify four restriction axioms as follows.
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[R.1] For any 7(X)-map (e,v,9): (F: I — Xy) = (G : J — Xo),

(e,7,.9)(e7,9) = (e7,9)(e, e 1)

[R.2] For any 7(X)-maps (e,7,9) : (F: I — Xo) = (G : G — Xy) and (d, ¢, h) : (F :

I —Xy) = (H: K—Xy),

[R.3] For any n(X)-maps (e,7,9) : (F: 1 — Xo) — (G : J — Xy) and (d,¢,h) : (F:

I - Xy) = (H: K— X)),

(d’SOah)(@»%g) = (d790ah)(e>671)
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/N / /N
9]
—~
~.
SN—
2
e
QU
S
.
N—
2
P
SN—
N— N—— N——
S
~
/N RS VRS
2
)
<
N~—
QU
~
<
N—
2
S
<
N—
oW
/
<
—
—
N——
<
m
<
——

g9(j)=i 9(3")=9(5)
= (e7.9((c) T d70) . (e [T d6n@),_ 1)
9(j)=i 9(j)=i

Hence 7(X) is a restriction category.

To prove that m(X) is cartesian, it suffices to show that 7(X) has both a partial
terminal object and binary partial products.

First, the partial terminal object in 7(X) is given by () : ) — Xj. In fact, for a given
object F': I — X, in 7(X), there is a (unique) total map !(p.roxy) = (1pn),0,0) from

(F: 1 — Xg) to(0:0— Xo):
I ? 0
e
F X1 0
X Xy

where 1p(;) is given by 1p()(i) = 1pg) @ FI(7) = F(i). We verify the following:

(i) Obviously, (1pp),0,0) is a map in 7(X).

(73) Since (1F(I)7®7@> = (1F(I); Lrr), 1) = L(F:1—Xo)> (1F([),(Z), 0) is total.
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(i7) For any map (e,v,9) : (F: 1 —Xg) > (0:0 = Xg),9:0 — Tand v: 0 — X,

must be the unique maps since () is initial in Sets. Note that

(1F(I)a®a®)<e7%g) = (1F(1)7®7®><€7671)
= (6,@,@)

= (e,7,9)

Thus, 0 : 0 — X is the partial final object in 7(X).
Given two objects F' : [ — X and G : J — Xy in w(X), their binary partial
product is given by (F|G) : I + J — X, with two total projections m = (e,7,¢1) and

o = (f, @, t2):
I a I+J 2 J

\\ %
F X4 (F|GY X4 G
2NN
Xo Xo Xo

where, for each [ € T + J,

e(l) = f() = Lipiay) : (FIG)(1) — (F|G)(D),

v : I — X; is given by

Now we check the following:
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(1) (e,7v,t1) and (f,p,t2) are total maps in m(X).

Since v(i) = 1pu) = lpe) = e(u(i)), (e,7,01) is a map in m(X). Similarly, one

can easily check that (f,,t2) is a map in 7(X) too. Since (e,7,t1) = (e,e,1) =

Lyriay:1+7-X0) and (f,¢,02) = (f, [, 1) = LyriG):1+7-%0)s (e,7,01) and (f, p,12) are

total.

(73) For any m(X)-maps (c1,¢1,my) : (X : T — Xo) = (F : I = Xg) and (co, 19, ms) :

(X :T —Xo) = (G:J— Xp):

T m I T e J
> 2
X X F X X4 G
N e
Xo Xo Xo Xo

there is a m(X)-map

<(cl,w1,m1), (CQ,¢2,m2)> = (c,h,m) (X T = Xo) = ((FIGY: T+ J — Xo) :

T n I+J
%
X X1
2N
Xo X

(FlG)

0

where

m=(mymg) : [ +J — T,
c(t) = ar(t)ealt) - X(t) — X (1)

for each t € T', and

= (1 - comalhy - cymy) < T+ J — (F|G).
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Recalling that coproducts are given by disjoint unions in Set, we have

() =

@Dl(l)cz(ml(l)) lf l € I,
Vo(l)er(ma(l)) ifl € J.

Since, for each t € T, both both ¢1(¢) and cy(t) are restriction idempotents, c(t) is

a restriction idempotent too. For each ¢ € [ and j € J, we have

Y1(i) = c1(ma(7)) and ¥(j) = ca(ma(j)).

Then, for each [ € I + J,

() =

V2 (Der(ma(l)) = tha(l)er(ma(l)) = cr(ma(l))c2(me(l) il e J
= c(m(l)).

{ Yi(Dea(ma(l)) = i(Dea(ma(l)) = ci(ma(l))ea(ma(l)) il el

Hence (c,1,m) : (F|G) — X is a well-defined map in 7(X).

ey m)etm) = () T «@e®),qr

m(l)=m(u1(7))

= <(cl(t)02(t) H C(m(l)))teT’

m(l)=t

(@) T clm@)),em)

m(l)=m(u1(i))
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(tes(t) TT e®)er
m(l)=

t

(¢ () c(ms(i))) o )

m(l)=m(1(7))

= ((a®e®)) ez (1D (m1 ) eam1 () g1
((cg(t) I a@®)e),.,

].T(t/):t

Wiem@) [ a@al).m)

Lr(t)=1r(m1 (7))

= (c1,¢1,m1)(ca, 02,1)

= (c1,91,m1)(C2, 2, m2).

(f; ¢, 02) (e, 90, m)

(e TT 709D
m(l)=t
(eGl()  TI  FO0D),,m)

m(l)=m(:2(j))

((®e TT 90),e

m(l)=t

(Ww6) I 90)m)

m(l)=m(e2(j))

((x®est) TT ) er

m(l)=t

(W0) ]I d%@maWJ

m(l)=m(e2(4))
(&) e (2)er (mali))es(ma(s) o
((cl(t) H Ca(t)er(t) g (Va(d)er(ma(y))

1T(t/)=t

H CQ(t)Cl(t))jGJ,TnQ)

17 (t)=11(m2(5))

(ca, 12, ma)(c1, 1, 1)

(027 o, m2>(cla (B ml)'
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Then there is a 7(X)-map (c,v,m) : (X : T — Xo) = ((F|G) : [ + J — X;) such that

(67 Y5 Ll)(ca ¢> m) = (Ch 77017 ml)(c2> ¢27 m?)

and
(f, 5 02) (e, 0,m) = (€2, 802, ma)(cr, Y1, )
(X : T — Xo)
/ iy
(F: I = Xo)~— | gF\G ]+J—>XPJ)H (G T — X,)
To prove the uniqueness of ( m), we consider a 7(X)-map (¢,¢',m') : (X : T —

Xo) = ((F|G) : I +J — Xy) such that

(6’ Y L1)<C/7 ¢/7 m/) = (Cla wlv ml)(C% @Z)% m2)
and
(f>90a L2)(CI>¢I>m/) = (02,¢27m2)(01,¢17m1)-

Since

() = (@@ T] cOD),ep

Wwe) I o)) um)

m/ (H)=m/(v1(d))

(O)yep W@ T dOV@ED) o)

! (1)=m’ (11 (i)

(
= (@) e (W (@) M (1)), 2m)
((@®)ex®))sep (r()er(ma@eams () o
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and

(fe)( v m) = (@@ T FOUD) e

= (€O TI 70p W) [T 70),cp00m)
m!(l)=t m/ ([)=m/(12(5))

— ((c’(t) H c’(m'(l)))teT,
m/ ()=t

we have
d(t) =c1(t)ea(t) for all t € T,
P'(01(9))c (M (01(4))) = P1(i)er(ma(i))ea(ma (i) for all i € 1,
P (t2(5))c (M (12(5))) = Ya(4)er(ma(d))ca(ma(y)) for all j € J,
Then

m' = (my|mg) = m,

() = crt)ea(t) = c(t),
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V(@) = Y (@)(u@)
= (@) (m' (i)
= P(u(@)e(m(u(i))
= r(@)er(ma(i))ea(ma(i))
= (7))

for each 7 € I and

V' (2() = ¥ (0)P (L)
= ¥ (12(d)d (M (e2(5)))
= ¥ ((j))c(m(e(4)))
= P2(j)cr(ma(j))ea(ma(y))
= ¢(u(9))

for each j € J and so (¢,¢',m’) = (¢,%, m). The uniqueness of (¢, 1), m) follows. Hence

7(X) has binary partial products and therefore w(X) is cartesian.

223 7(X) is Free

There is a forgetful functor

U:7(X)® — Sets

sending (e,7,9) : (F: I — Xo) = (G : J = Xp) in 7(X) to g : J — I and a forgetful
functor

U, : crCaty — rCat,

which forgets finite partial products. Obviously,

7w : rCaty — crCaty,
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sending each restriction functor F : X — Y in rCatj to a cartesian restriction functor
7(F) in crCaty, is a functor, where (F) is defined by sending (e, v, g) : (F : I — X4) —
(G : J — Xp) in 7(X) to (F(e), F(7),9) : (F(F):1I = Yoy) — (F(G):J — Yy) in

7(Y) by noting

= Fle(g(h))
= Fle)g(d))
There is also an canonical embedding
J X = 7(X)

which identities objects of X with singleton families:

T X=Y)=(fv,[Y = X)) : (X {X} = Xo) = (YV:{V} = Xp):

[Y—X]

v
X X, Y
2N
Xo Xo

where v¢(Y) = (f : X — Y). Obviously, (f,7,[Y = X]) : (X : {X} = Xo) = (Y :

{X} Y}

{Y} = Xj) is a well-defined map in 7(X).
Note that in the cartesian restriction category m(X) each object F': I — Xq can be
written as the finite partial product of singleton families:
(F:1—Xo)=]]F@): {i} = Xo).
iel
For each map (e,7,9) : (F : 1 — Xy) — (G : J — Xy) and each i € I, if i = g(j) for

some j € J, we can construct a map S; = (e(%), V(). [J = 9(4)]) : (F(i) : {i} = Xo) =



7

(G(5) : {j} = Xo) between singleton families:

o)y 220 gy

%(]/
F(i) X,
>N
Xo X

where v,y = 7(J) : F(9(4)) = G(j) and v(j) = e(i). Otherwise, when i ¢ g(.J), we have

G()

0

the following map between singleton families S; = (e(7),0,0) : (F(i) : {i} — Xo) — (0 :
@ — Xo)I

(i} ’ 0
y
X4 0
e &X

It is easy to see that (e,7y,g) : (F: [ — Xg) — (G : J — X;) can be written as the finite

(i)

X

partial product of maps between singleton families:

(67’%9) = Hsz

el

To summarize, we have

Lemma 2.2.1 (i) Fach object can be written as a finite partial product of singleton

families in m(X);

(17) Each map between singleton families in w(X) is the form of
(Forp [V = X)) 0 (X {X} = Xo) = (Y {Y} = Xo);

(17) Each map can be written as a finite partial product of maps between singleton fam-

ilies in w(X).
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For each Cartesian restriction category Y, every restriction functor F : X — U.(Y)
has a finite partial product-preserving restriction functor extension F* : 7(X) — Y in
crCaty:

X LU (r(X) 7w(X)

where F* : m(X) — Y is constructed by
F ((ex, v, [Y — X]): (X :{X} = Xgo) = (V :{YV} = Xy)) = F(y),

and

Fle,v,9): (F:1—Xo)— (G:J— X)) = ]—"*(H S;) = H]—“*(S)

Obviously, U.(F*)J = F. If G is a finite partial product-preserving restriction functor
such that U.(G)J = F, then for each map (ex,yy,[Y — X]) between singleton families
in 7(X) we have

Glex,vw, Y = X]) = F(ex,mw, Y — X])

and so for each map (e,7,g) = [[, S; with maps S; between singleton families in 7(X)

we have

G(e,7,9) Hs =[1gts0 =117 (s) f*HS F*(e,7,9)-

That is, G = F*. Hence such a finite partial product-preserving restriction functor F* is

unique up to natural isomorphism. Therefore 7(X) is free to U, : crCaty — rCaty.

Theorem 2.2.2 7 4 U, : crCaty — rCatq is an adjoint pair so that w(X) is the free

cartesian restriction category over a restriction category X.
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Chapter 3

Join Restriction Categories

As each inverse semigroup has a natural partial order given by s < t < s = te for
some idempotent e, join (least upper bound) and meet (greatest lower bound) operations
can be introduced to inverse semigroups so that join completion and meet completion
theorems can be shown (see [31] or [32] for details). Similarly, as each restriction category
is poset enriched with f < g & f = gf by Lemma , join and meet operations may
exist in restriction categories. In particular, a join restriction category is a restriction
category with a join operation that works well with the restriction and is distributive
with respect to composition, introduced to each hom set (see Definition below).
This chapter is devoted to studying join restriction categories.

Not every restriction category is a join restriction category. To form a class of join
restriction categories, naturally we ask how a join can be added to a given restriction
category freely. After introducing —-compatible relation, shared by elements having a
join, and join restriction categories, we immediately answer this question by providing a
construction, called the join completion for restriction categories, using down closed and
—-compatible sets.

Since join completion for inverse semigroups, given by down closed and ~-compatible
sets, is well known in inverse semigroup theory, one may wonder how join completion
for restriction categories is related to join completion for inverse semigroups. First,
as each inverse semigroup is a both restriction and corestriction category, we can talk
about —-compatibility, —°P-compatibility, and —-compatibility, where fw—g if f — ¢
and f —°P g. The «—-compatibility is the same as the ~-compatibility in semigroup

theory so that the join completion for restriction categories coincides with the —-join



80

completion for inverse semigroups in the setting of inverse categories. Then we provide
adjunctions among restriction categories, inverse categories, join restriction categories,
and join inverse categories.

Since the partial map category of a given M-category is a restriction category by
Proposition [1.6.17] it is very natural to wonder precisely which partial map categories
correspond to join restriction categories. The answer, given that join restriction cate-
gories are a very natural concept, is much more involved than one might have suspected.
It involves the existence of certain colimits which must be stable, and, in addition a
significant side-condition on the monics used for the partiality.

Lack and Sobocirisk [28] 29] introduced adhesive categories which provide a general
setting in which double-pushout (DPO) rewriting (see [19]) could be performed. To our
surprise and delight the basic diagrammatic conditions involved in that development
matched the diagrammatic conditions needed for our completeness result. In hindsight,
of course, this should have been expected. One of the most more significant properties
of a join restriction category is that one can formally glue together objects in a join
restriction category to form new objects. This, of course, is directly related to the
operations required in double pushout rewriting.

The relationship between the join restriction categories and adhesive categories is,
unfortunately, not so straightforward. An adhesive category requires all pushouts along
monics exist, all pullbacks exist, and all pushouts along monics are “well-behaved” in the
sense that they are van Kampen squares (see [28] 29] by Lack and Sobocirisk). However,
to form a join for a set of partial maps {(m;, f;)}, which is ~—-compatible, in Par(C, M),
we need to have a special colimits for M-maps {m;} that is pullback stable and all
“gaps” between such colimits and M-maps must be in M. To express these precisely,
we introduce the notions of van colimits, M-adhesive categories, and M-gaps. It turns

out that Par(C, M) is a join restriction category if and only if for each —-compatible
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set of partial maps {(m;, fi)}, {m;} has a stable colimit and all M-maps between such
stable colimits and M-maps are in M, or equivalently, C is an M-adhesive category and
all M-gaps are in M. The second main goal of this chapter is to provide a proof of the

completeness of join restriction categories in partial map categories.

3.1 Join Restriction Categories

In this section, we shall introduce join restriction categories and provide a construction
that can add a join to eah given restriction category freely, called join completion for
restriction category. Then we shall compare join completion for restriction categories
with join completion for inverse semigroups by providing adjunctions among restriction

categories, inverse categories, join restriction categories, and join inverse categories.

3.1.1 Compatibility and Join

We start with the following lemma.

Lemma 3.1.1 In a restriction category X, let ) # S C mapx(X,Y). If Vegs exists

with respect to f < g < f = gf, then 5155 = 5957 for all $1,5, € S.
PROOF: If V cgs exists, then s1, 59 < Vegs and so
51 = (Vsess)s1 and sy = (Vsess)5s.

Hence

5152 = (Vses5)51(Vsess)s2 = (Vsess)52 51 = 5251
O
In a restriction category, by Lemma above, if V,cgs exists, then elements in

S must have the relationship, described by s155 = s957, which will be —-compatible

relation defined below.
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Definition 3.1.2 In a restriction category, two maps f and g is called —-compatible,
denoted by f — g, if fg=gf. A set S of maps is called —-compatible if sy — so for all

S1,80 € 5.
Some properties of ~—-compatibility are summarized in the following lemma.

Lemma 3.1.3 In any restriction category,
(@) f—f;
(ii) f— g implies g — f;
(14i) any two restriction idempotents with the same domain are —-compatible;
(i) f < g implies f — g;
(v) if f— f" and g — g',then gf — ¢'f';
(vi) suppose that f' < f and ¢’ < g. If f — g, then ' — ¢';
(vii) f— g and f =7 imply f = g.
PROOF:

(i) Obvious.

(17) Clear.

(43i) If maps f and g have the same domain, then fg = fg=gf =gf andso f — 3.

(iv) f<g=[f=9f=fa=9fg=9g5f =9f = [ —g.



afgf = gff gfF
= 9f'fgrf
= gf'df f
= g9'f'f
= gaf '
= gfof F'
= g ffgf
= gffof
= g fgf.

(vi) Since f' < f, ¢’ < g, and f — g, we have
ffr=1r,99=g¢ and gf = fg.
Hence
g = g9dff
= g9 fF
= gfgf
= fg9f
= fFgg
= fq
and therefore ' — ¢'.
(vii) f — g implies fg = gf and so, f = g gives

f=ff=fg=9f=9g5=09

~~
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Now, let us look at the compatibility — in a partial map category.

Lemma 3.1.4 In a partial map category Par(C, M), {(my, f;) }ier is compatible if and
only if for any i,j € I, fim; = fym;, where (m;, ;) is the pullback of (m;,m;):

Ux
s

° °
m;
° °

_—

PRrROOF: Note that

(mi, fi) — (my, f;) (my, f3)(ma, fi) = (ma, fi)(my, f;)

(my, f3)(mi, mg) = (my, fi)(my, m;)

(mqmj, fimi) = (mym, fimj)

r ¢ ¢ 2

there is an isomorphism « such that

m;T Q0 = My and fjma = fﬂTj.

Since m;m; = m;m; and m;, m; are monics, m;m;a = m;m; implies ma = m; and 700 = ;.

Hence a = 1. Therefore (mi, fz) ~— (mj, fj) = fiﬂ-j = fj’ﬂ'i. O
For any subset S of a poset (X, <), write
1S ={z e X |3se€S such that = < s}.

We say a subset S of a poset (X, <) is down closed if .S = S. The operator |( ) is a

closure operator that is for any subsets S, T of a poset (X, <),
W=10, L1S) =4S, SCIS, USUT)=(LS)U{T).
Lemma 3.1.5 In a restriction category C, if S C C(B,C) and T C C(A, B), then

(1) J(IST) =L(ST) =L(SUT)) =L((LS)UT)) = (LHT);
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(ii) L(S) = (1.S). In particular, if S is down closed then so is S.

ProoF: () Clearly, | (ST) CL((}S)T) since S CLS. For any z €| ((}5)T), z < yt for
some y €[S and t € T and so y < s for some s € S. Hence x < yt < st and therefore
z €l (ST). Tt follows that | (S(} T)) Cl (ST). Then | (ST) =, (({ S)T). Similarly,
L(ST) =L(S(IT)). Now, applying | (ST) =L (1 (5)T) to L(S({(T))), clearly we have
HST) =L(S(L(T))) =L UT)).

For each f €l ((1S)UT)), f < uv for some u €[5 and v €T so that u < s and
v <t for some s € S and t € T. Hence f < uv < st and therefore f = s-tf € (J.9)({T)

as s €1S and ¢f €T, Thus, L(LS)(IT)) = LSET) as (LSAT) CLUS)WT))

obviously.

For any x €/(S), v < 5 for some s € S and so v =357 = sz € (}.5) since sT < s.

Hence | (S) C (1.9). Conversely, for any z €S, z < s for some s € S and so sT = .
x

€S since 57 < 5. Hence (1.S) C|S. Therefore [(S) = (1.9). O

Then T =st =73

A set S of maps is —-compatible if for any s,s" € S, s — §'. Clearly, each subset of a

—-compatible set is also —-compatible.

Lemma 3.1.6 Let F': C — D be a restriction functor. Then, for any —-compatible set
S C C(A, B),
(1) both LS and F(S) are also a —-compatible set;
(13) for any map f: X — A, Sf={sf|s € S} is —-compatible;
(iid) LP(LS) =LF(S).
PROOF: By Lemma , 4§ is ~—-compatible.

For any si,s0 € S, if s1 — s9, then $155 = $557 and so F(s1)F(s2) = F(s2)F(s1).

Hence F'(s1) — F\(s2) and therefore F'(S) is ~—-compatible.
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For any sf,s'f € Sf, since s — s, ss' = s'5. Then ss'f = s'5f and so sfs'f =
s'fsf. Hence sf — §'f.

Clearly, | F'(S) CLF(]S) since S C|S. Conversely, for any = €/ F(|.S), there is
y €S such that x < F(y). But y < s for some s € S. Then 2 < F(y) < F(s). Hence

x €L F(5) and therefore L F/([.S) CLF(S). So LF(]S) =lF(9). O

Definition 3.1.7 A restriction category C is called a (finite) join restriction category
if for each pair of objects A and B and each (finite) —-compatible subset S C C(A, B)
there is Vgsegs € C(A, B) such that

[J.1] Vsess is the join with respect to the partial order < on C(A, B),

[J.2] Viess = Vgsess, and for any f € C(B,Y) and g € C(X, A),

[J.3] (Vsess)g = Vses(sg),

[J.4] f(Vsess) = Vies(fs).

The last condition [JJ4] is, in fact, implied by the other conditions as shown in the

following lemma:

Lemma 3.1.8 In a join restriction category C,

(1) for each (finite) —-compatible subset S C C(A, B) and each s € S, s — VesS;
(1) for each (finite) —-compatible subset S C C(A, B) witht € S, (Vsess)t = t;
(i3) the condition [JH] is redundant in Definition [3.1.7;
(1v) for any —-compatible sets S C C(B,C) and T C C(A, B), (vses s)( Vier t) =
Vseser(st);
(v) for any —-compatible set T C C(A, B), Vaeyrx = Viert. In particular, for any

map f, Veeypyr = f.



PROOF:

(i) Since s < Vgegs, by Lemma we have s — Vgegs.

(77) Since S is ~—-compatible, for each s € S\ {t} we have

Hence

(\/SESS)f

(i41) We observe first that f(Vcss) =

f(\/sess)

st=1ts <t.

— ((\/SIES\{S}SI) V t)l_f
= ( 565\{3}8 t\/t J.
= (\/s’eS\{s}Slf) Vi

= .

Vses(fs) since

= (Vees )T

— Vies(s/(Voess)) (9B))

= Vaes(57(Vacs)5)

= Vies(s/5)
(75).

- stS

87
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It follows that

(\/SGSS>

|

f(\/SGSS) =

== \/56575
= Vesfs ([J2))
- \/SGSF

= Viesfs ((J2)).

Since, for each t € S, t < Vg5, we have
ft S f \/SES S.

Hence

\/SGSfS S f \/SES S
and therefore

Viesfs — f Vses s
Thus, by Lemma ,
f(Vses s) = Vies(fs).
That is, the condition [JJ4] is redundant.
(iv) By [J[3] and [J[4].

(v) Since T'C| T, we have Viert < Ve 7.

For each = €] T, there is t € T such that x < ¢t. Then z <t < Vet and so

vx6¢T$ S \/tETt~ ThU.S, \/:ceiTx = \/teTt'
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3.1.2  Join Completion for Restriction Categories

A restriction functor F' : C — D between two join restriction categories C and D is called
a join restriction functor if for any ~—-compatible subset S, F'(VscsS) = VsesF(s). Join
restriction categories and join restriction functors form a category, denoted by jrCat,,
which is a subcategory of rCat,. Clearly, we have the inclusion functor Z; : jrCat;, —
rCat,.

Given any restriction category X, we construct a join restriction category j(X), called

the join completion of X, with

objects: X € X

maps: amap S : A — B is given by a down closed and —-compatible set S C X (A, B);
identities: 14 =}{14} ={ele=¢€¢: A — A in X};

composition: for any maps S: A — Band T: B — C in j(X), TS ={ts|]s € S, t €
T}

restriction: S = {3|s € S};

join: VcrS; = UiEF S;, where each S; is a down closed and —-compatible set in X and

{S;}ier is a —-compatible set in j(X).

By Lemma it is easy to see that j(X) is a restriction category as shown in the

following lemma.
Lemma 3.1.9 j(X) is a restriction category.

Proor: By Lemma [3.1.5] clearly, identities, composition, and restriction are well-

defined. For all j(X)-maps S: A— B, T:B — C,and U : C' — D, since

155 =1 {15}S = § = S L {14} = SL4
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and

U(Ts)=UTS)=(UT)S,
J(X) is a category. Now the four restriction axioms are verified as follows.
[R.1] SS = {s153]s1,5, € S} = S as S is down closed and each s15; < 51 € S.
[R.2] S1 Sy = {31 53|51 € 51,80 € So} = {53 51|51 € 51,8 € S} =5, 5.
[R.3] 5,5, = {5251]s1 € S1, 80 € Sa} = {53 51|51 € Sy, 80 € Sy} = 55 5.

[R.4] Clearly, TS = {ts|s € S,t € T} = {sts|s € S,t € T} C STS. On the other hand,
for all s;,sp € S and t € T, since S is —-compatible, s1tsy = 5152t59 = 525159 <

Sotsy = tsy. Hence STS C T'S. Thus, TS = STS.

The relations — and < in j(X) are characterized in the following lemma.

Lemma 3.1.10 For any map S, T : A — B in j(X):

(1) S—T in j(X) if and only if s —t in X for anys€ S andt €T,

(6) If S — T, then S < SUT and T < SUT.
(131) S <T in j(X) if and only if S CT.
PROOF: If S — T in j(X), then ST = T'S. For any s € S and t € T, since
st € ST = TS, there are s’ € S,t' € T such that st < 's’. Hence, by noticing ¢t — t'
implies tt/ = t't,

st =t's'st =t's'st =t't s's =tt' s's = t5(t' s') < t5.

Symmetrically, we have t5 < st. Then ts = st and so s — t.
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Conversely, if for any s € S,t € T', s — t, then st = 5t and so
ST ={st|s€SteT}={ts|s€S,teT}=TS.

Thus, S — T in j(X), as desired.

Clearly, S C (SUT)S since S € SUT. For any x € (SUT)S, z < ws for
some w € SUT and s € S. If w € S, then x < ws < w € S implies x € S since S is
down closed. If w € T, then ws = sw < s € S since S — T and so x € S too. Hence
(SUT)S C S and therefore (SUT)S = S. Then S < SUT. Similarly, T < SUT.

IfS:@,thenng(D:SandsoSST. If ) #S C T, then, for any t € T and
s € S, ts = st < ssince s,t € T and T is —-compatible. Hence t5 € S and therefore
TS C S. Clearly, for any s € S, s = s5 € T'S. Thus, S C T'S. Then S = TS and so
S<T.

Conversely, if S < T, then S = T'S. For any s € S, we have s < ts’ < t for some

se S, teT and sose€T. Hence S C T, as desired. O
Now we are ready to show that j(X) is a join restriction category.
Lemma 3.1.11 j(X) is a join restriction category.

ProOF: By Lemma , U,er Si is down closed and —-compatible and so the join
VierS; = U;er Si is well-defined.

For any —-compatible set {S;}ier C j(X)(A, B), each S; < VerS;. On the other
hand, if each S; < X, then XS; = S; and so X (U, Si) = U,er Si- Hence Xm =
Uier Si and therefore VierS; = ;o Si < X. Thus, VierS; = U, Si is the join with
respect to the partial order < on the hom-set of j(X)(A, B). Clearly, for any map
M € j(X)(B,Y) and N € j(X)(X,A) we have

(VierSi) = M({ 8i) = | J(MSi) = Vier(MS)),

el el
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(VierS;) N US U N) = Vier(SiN),

el i€l
and
VierS; = U Si = ng = VierS;.
i€l i€l
Hence j(X) is indeed a join restriction category. |

Join completion j is indeed a left adjoint of the inclusion functor jrCat, — rCat,.
Theorem 3.1.12 Z; : jrCat, — rCatg has a left adjoint given by the join completion
j
PROOF: For any restriction category X, we have a faithful restriction functor

nx 1 X = Z;j(X)

given by taking f: X — Y to [{f} : X — Y, which serves as the unit of j 4Z;. In fact,
for any join restriction category and restriction functor F': X — Z,(Y), there is a join
restriction functor F# : j(X) — C given by sending S : A — B to V [(F(S)) : F(4) —

F(B) such that

commutes. Suppose that G : j(X) — C is a join restriction functor such that Z;(G)nx =
F. For any map S : A — B in j(X), since S is down closed and —-compatible, S =

{s}ses = Vses({{s}), where each s : A — B is a map in X. Clearly, for each s € 5,
G{s}) = F(s) = F*(1{s}). Hence

G(S) = G(\/SGS \L{S}) = stSG(i{S}) = vsGSF#(J/{S}) = F#(\/SGS \L{S}> = F#(S>

and therefore the uniqueness of F# follows. Thus, j 4 Z;. 0
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3.1.3 Join Completion for Inverse Categories

Join completion for inverse semigroups is well-known (See [31]). In this subsection, we
shall describe the join completion for inverse categories and compare it with the join
completion given in the last subsection. Throughout this subsection, I is an inverse
category.
For a given X € ob(I), we write
EX)={f:X=>X|f=fLED= |J BX)
X €ob(I)

and

OX)={f:X=X|f=fLoMm= ] OX)

X €ob(I)

Some basic properties of inverse categories are summarized in the following lemma.
Lemma 3.1.13 In an inverse category I,

(1) for each f € E(I), fY = f;

(2) for each X € ob(I), E(X) = O(X). In particular, two idempotents with the same

domain commute;

(3) for each idempotent e and each map f, both fVef and fef™Y are idempotents
whenever they are defined. In particular, for each f € map(I), both fCUf and
FfEY are idempotents;

(4) for each f € map(L), (f1)D = f;

(5) for fi,---, fn € map(I) such that f,--- f, is defined, (f1--- f)D = fi0 . fO0;

(6) for idempotents e : X — X and e : Y =Y and amap f: X =Y, fe < f and
ef<f;

(7) the following are equivalent:
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(M1) g </,

(712) g = fe for some idempotent e,
(713) g = €'f for some idempotent €,
[[4) =1 < o,

[@5) 9=99""f:

(8) if g < f, then g©™) < fOV, gt Dg < fOVFf, and gg=b < f V.
PROOF:
(1) For each f € E(T), f2 = f. Then
fIf=rr=r=f
and so f-1) = f.

(2) For each f € E(X), f = fCUf = f2 = f and so f € O(X). Obviously,
O(X) € E(X). Thus, E(X) = O(X). Since restriction idempotents are com-

mutative, idempotents are all restriction idempotents so that they are commutative.
(3) Since idempotents are commutative,
(f0ef)? = F0ef fVef = f0ef ff = [ ey

Similarly, (fef(")% = fef=1. So both f(Yef and fef(~!) are idempotents.

In particular, taking e = 1, one has that both f(-V f and ff(-Y are idempotents.
(4) As fY is the unique solution of zfz = x and faf = f.

(5) When n = 2, using idempotents with the same domain are commutative,

Fla (S VI s = AfS DAV e = AUV ) fafs ) o = fifs
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and
s R AT = BT ety DAY
=L RE AT AT =V RED T AR = AT
Then (f1fo)Y = fQ(_l)fl(_l) and so, by mathematical induction,

(froe f) 0 = f0 - 70,

(6) As ffe = fFe = feand fof = &f = ¢'f.

(7) (7.1) = (7.2): g < f = g = fg"™Yg so that there is an idempotent e = g(~"g such

that g = fe.

(7.2) = (7.3): Since fefCVf = ffVfe = fe.
(7.3) = (7.4): Since g = ¢'f < f implies g = fgMg, gV = gVgfED < fEU as

¢"Yg is an idempotent.
(7.4) = (7.5): gV < fEY implies gV = fYggY implies g = gg~V f.

(7.5) = (7.1): As gg=Y is an idempotent, g = gg=V f < f.
(8) If g < f, then gt Vg < fiNg < fOV frand gg™) < gf 1 < ffED.
]

A category C is called a reqular-inverse category if one of the following two conditions

is satisfied:
(1) each C-map f has at least one map g, called a regular-inverse of f, such that fgf = f;

(2) each C-map f has at least one map h, called an inverse of f, such that fhf = f and
hfh = h.
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Remark 3.1.14 The two conditions in the definition of regular-inverse categories above

are equivalent. To see this, assume first that C is defined by (1). Then gfg satisfies

flafg)f = fand (gfg)f(gfg9) = gfg so that gfg is an inverse of f. Conversely, if C is

defined by (2), then, obviously, & serves as a regular-inverse of f in (1).

As inverse semigroups can be characterized by regular semigroups in which idempo-
tents commute, inverse categories can be characterized by regular-inverse categories in

which idempotents commute. To show this, we need the following technical lemma.

Lemma 3.1.15 In a category, if hi and hs are inverse of f, then the following are

equivalent:

(@) (fh1)(fhe) = (fh2)(fh1) and (hyf)(haf) = (haf)(hif);
(Z’L) fhl = fhg and hlf = hgf,'
(Zl’l) hlfhg = thhl;

(Z'U) hl = h2.

PROOF: = ([@): fhi = (fhaf)h1 = (fha)(fhe) = fho. Similarly, ki f = hi(fhof) =
(haf)(h1f) = haf.

= ([@@d): hifho = hafho = hofha.

= (i): hi = hifh1 = hofhy = hafhy = ho.

= and = are clear. OJ

Now we list a few characterizations of inverse categories in the following proposition.

Proposition 3.1.16 For a category C, the following are equivalent:

(1) C is an inverse category;
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(7i) C s a category in which each map has a unique inverse;

(13i) there is a functor ( )° : C — C°P that is the identity on objects and satisfies
(SO =1 frf=1 and ff°99° = g9°f I
(1v) C is a reqular-inverse category in which for each pair of idempotents with the same

domain commute.

Proor: (i) < & ([i@d): By Theorem 2.20 in [14].

= : Clearly, each inverse category is a regular-inverse category in which, by
Lemma , each pair of idempotents with the same domain commute.

= : Assume that each pair of idempotents with the same domain commute
and that map f : A — B has inverse h; and h,. By Lemma hi = hy. Thus, the

uniqueness of the inverse of f follows. Hence C is an inverse category. 0J

Remark 3.1.17 The existence of a unique regular-inverse implies clearly the existence
of a unique inverse but the opposite does not hold true. For example, Zx, the set of all
partial one to one transformations on a set X, forms a one-object category, called the
symmetric inverse semigroup on X in inverse semigroup theory. The empty transforma-
tion @ : X — X has a unique inverse () as 0h) = () and hdh = h implies h = (). But
does not have a unique regular inverse as fg() = () for all one to one transformation g on
X. Hence the existence of a unique inverse in Proposition can not be replaced

by the existence of a unique regular-inverse.

In order to give the definition of join restriction categories and construct free join
restriction categories over restriction categories, at the beginning of this chapter we in-
troduced —-compatibility in a restriction category by f — g < fg = gf. As each
inverse category I is both a restriction and a co-restriction category, we can talk about

—-compatibility, ~—°P-compatibility, and —-compatibility, where, f —°P ¢ in I if and
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only if f — ¢ in I°’, and fw—g if and only if f — ¢ and f —°P ¢g. Furthermore, —,
—°P and « are precisely ~;, ~,, and ~, which are defined in inverse semigroup theory,
respectively. To prove this, we first recall the compatible relations ~;, ~,, and ~ in
inverse semigroup theory.

As in [31], for I-maps f,g : X — Y, the ~;-compatibility is defined by
fruge fg™h e BY),
the ~,.-compatibility relation is defined by
frrge [TV e B(X),
and the ~-compatible relation is defined by
frge fgYe E(Y) and g e E(X).

Obviously, the three relations are reflexive and symmetric but not transitive.
The relationship between ~-compatibility and —-compatibility is shown in the fol-

lowing lemma.

Lemma 3.1.18 In an inverse category I,

(@) frige fOD~ go;
(i3) f ~i g if and only if fg""Vg = gfTVf if and only if f — g;
(1ii) f ~, g if and only if g Vgf = fCV fg if and only if f —°P g;
(i) f~ g if and only if fg" Vg =gfVf and ¢ Vgf = [V fg if and only if f<g;

(v) if f < hthen f~handif f <h and g < h then f ~ g.

PROOF:

(i) frrge (fENEDgED = fg-D e BQ) & fCD ~, gt
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(i1) If f ~; g, then fg=) € E(I) and so gf1 = (f¢g=V)=D = fg(=b).

To prove that fg Vg = gfCVf, we first claim that w < f and w < ¢ implies

w < gfCVfand w < fgg.

In fact, w < f and w < ¢ implies w("Yw < £V f by Lemma [3.1.13]so that
w=www < gfEV .

Similarly, w < f and w < ¢ implies w = wwHw < fg=Yg.
Now, since f¢g("Pg < f and fg("Yg < g as ¢~V and f¢(~!) are restriction idempo-
tents, we have
fgt g < gtV S
Similarly, as gfCVf = fgtVf < fand gfVf <y,

gf Y < fg Vg

Thus, gfCVf = fgVg.

Conversely, if gfVf = fg"=Vg, then
F970 = fg Vg9V = gf TV fgY = (Fg) TV gD € E(T)
and so f ~; g. Thus, f ~; g if and only if gfCV f = fg(-Vg.
(473) Similar to (7).
(1v) By (it) and (7).
(v) If f <h, then f=hf"Vf and so
FoVR = (VTR = (fCV (R h)

and

FREY = oD D = (hf(*l))(hf(*l))(*l)_
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Hence both fYh and fh(-Y are idempotents and therefore f ~ h.

If f<handg<h,then f=hf"Yf and g = hg'""g and so

Fg™D = hfEY f(hgtDg) D = BFCD Fgl=b gD

is an idempotent by Lemma [3.1.13] Similarly, f(-"g is an idempotent too. Thus,

f~g.
O

A set S C map;(A4, B) is said to be ~;-compatible (resp. ~,.-compatible, ~-compatible,
—-compatible, —°P-compatible, —-compatible) if for all f,g € S, f ~; g (resp. f ~, g,
fr~g f—9 f—="g f=g)

Recall that an inverse semigroup S is join complete if every non-empty «—-compatible
subset has a join ([31], p.27). An inverse semigroup S is left (right) infinitely distributive
if, whenever A C S is a non-empty subset for which VA exists, then VsA (V(As)) exists
for any s € S and s(VA) = V(sA) ((VA)s = V(As)). An inverse semigroup that is
both left and right infinitely distributive is called infinitely distributive ([31], p.28). It
is well-known that each inverse semigroup can be embedded in a complete, infinitely
distributive inverse semigroup, called join completion ([31], p.31). One can describe the
join completion jj(I) for inverse category I using —-compatible down closed sets as its

maps as follows.
Let jj(I) be with
objects: X €1,
maps: a map P: X — Y is given by a «w-compatible and down closed subset

P C mapy (X, Y);
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identities: 1y = O(X);

composition: for any maps P: X - Y and Q:Y — Zin jjI), QP ={gf|f € P, g €
Q};

restriction: P = PV P;

join: VcrP, = UiEF P;, where each P, : X — Y is «w-compatible and down closed in I

and { P, };cr is a s=-compatible set in jj(I).
To show that jj(I) is an inverse category, we need the following lemma.
Lemma 3.1.19 Given an inverse category I,

(i) O(X) is s=-compatible and down closed in I;

(ii) if P C mapy(X,Y) is ~;-compatible (~,.-compatible) and down closed, then P(1)
is ~.-compatible (~;-compatible) and down closed;

(231) if P C mapy(X,Y) and @ C mapy(Y, Z) are —-compatible (resp. —-compatible,
—P_compatible) and down closed, then so is QP C map(X, Z) «—-compatible (resp.
—-compatible, —°P-compatible) and down closed;

(iv) if P C mapy(X,Y) is ~,.-compatible and down closed, then PV P = {a"Yala €
P} is «—-compatible and down closed and PPV P = P. If P C mapy(X,Y) is
~i-compatible and down closed, then PP = {aa"V|a € P} is <—-compatible and

down closed and PPV P = P;

v) i C mapy(X, 18 ~=-compatible and down closed, then = P if and only 1
f P (X, X) 1 bl dd losed, then P?> = P i d only 1

P C O(X).

PROOF:
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(1) If e < f € O(X), then e = fe € O(X) and so O(X) is down closed. Obviously,
for all e,¢’ € O(X), e(¢')™V = ee’ € O(X) and e"Ve’ = e’ € O(X). Hence exe’

and so O(X) is .=-compatible. Thus, O(X) is «w-compatible and down closed.

(4i) If f < pt=Y for some p € P, then f = pt=V fD f and so

fU=fVfp<per

as f(-Vf is an idempotent. Hence f(*Y € P as P is down closed, and therefore
f=(CNEY e pPEY Thus, PCY is down closed.
For each p1 ,pé Ve pCY with p1,p2 € P, since P is ~j-compatible, p; ~; po.

Then we have pgf PR péfl) and so P(~Y is ~,-compatible.

(74i) We only show the case of .= as — and —°P cases are similar. If h < gf € QP with

fePandgeQ,then h=gfh"Yh. Since fA-Yh < f and P is down closed,
fhVYh e P and h = g(fh\"Yh) € QP.

Hence Q)P is down closed.

To show that QP is «—-compatible, let g1 f1, g2 fo € QP with f1, fo € P and ¢y, 92 €
(). Since P and (@) are —-compatible, flfz( , g1g2 , f1 f and gl g are

idempotents. Then

() Vgafo =9 Vgafo < 7V o € OQ1)

and

g1f1(gaf2) Y 91f1f2 92 V< 9192 Ve o)

and so both g1 f1(gaf2) ™Y and (g1.f1) "V gafo are idempotents. Thus, g, fi=ga fo.
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(iv) Obviously, {a"Vala € P} € PCYP. For each f(-Yg € PCYP with f,g € P, if P
is ~,-compatible, then f(=Yg € O(I). Since ff"Vg < g€ P, ff"Yg € P. Hence
f(—l)g - (f(—l)g)(—l)f(—l)g
= ¢V ff Yy
— g(*l)ff(*l)ff(*l)g
= (17911 )
€ {a""Ya|a € P}.
Thus, PCYP = {a""Va|a € P}.

Let e < fCVf € PEVP with f € P. Then

fe<frVf=reP
But
e=fVfe= Ve’ =ef TV fe=(fe) V- fe.
Hence e € P~V P and therefore P(~Y P is down closed.

For all f-Vf ¢(-Yg € PEVP with f, g € P, clearly both

(f(—l)f)(—l)g(—l) — f(—l)fg(—l)g
and

FEVF g = Y rgyg
are idempotents. Hence f(=V) fiog(=Yg and therefore P~V P is «w-compatible and
down closed.
Obviously P € PPCYP as p = pp~Yp € PPV P for each p € P. To prove
the inverse direction, let f¢C-Yh € PPV P with f,g,h € P. Since PCYP =

{pVp|p € P}, there exists u € P such that ¢"Vh = u"Yu. Then

fg"Vh=fuYu< fep
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and so fg"Yh € P as P is down closed. Hence PPCYP C P and therefore
ppElp = p.
Similarly, if P is ~;-compatible and down closed, then PP"Y = {aa("Y|a € P} is

—-compatible and down closed and PPV P = P.

For each «w-compatible and down closed subset P C mapy(X,Y) such that P?> = P

and each p € P, we have p = pips for some p;,ps € P. Then

(=D, (~1)

= p=(ppy )i 'p)

p = p(pips) Y

p=Dpp
is an idempotent as p—p; and p—py and so P C O(X).

On the other hand, if a «=-compatible and down closed subset P C O(X), then,

clearly,
P?2=PP=PYP={p""Vplpec P} ={pplp € P} = {plpe P} =P.

So, P: X — X is an idempotent in jj(I).

We can now show that jj(I) is an inverse category.

Lemma 3.1.20 jj(I) is an inverse category.

PrOOF: By Lemma [3.1.19] (i) and (i), the identity and composition in jj(I) are well-

defined. To show that jj(I) is a category, we need to verify both identity and associative

laws.

For each jj(I)-map P: X — Y,

1yP=0OY)P2DP

as ly € O(Y). On the other hand, for each ep € O(Y)P with e € O(Y) and p € P,

ep<pécP.
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Since P is down closed, ep € P. Hence O(Y)P C P and therefore 1y P = O(Y)P = P.
Similarly, we have Plx = PO(X) = P. So identity law holds true.

For all jj(I)-maps P: X =Y, Q:Y — Z and R: Z — A,

R(QP) ={r(gp)lp € P,q € Q,r € R} = {(rq)plp € P,q € Q,r € R} = (RQ)P.

Hence associative law holds true and therefore jj(I) is a category.

For each jj(I)-map P : X — Y, by Lemma (i), PPEYP = P. So jj(I) is a
regular-inverse category.

Finally, by Lemma , each map P is an idempotent in jj(I) if and only if
P C O(I) and so they commute. Thus, jj(I) is an inverse category by Proposition [3.1.16]
O

The following lemma characterizes < and «— and verifies that V is well-defined in
Ji(@).
Lemma 3.1.21 (¢) For jj(I)-maps P, Py : X =Y, P, < Py if and only if P, C Py;
(i7) for jj(I)-maps P, : X — Y,i €', {P]i € I'} is =-compatible in jj(I) if and only if
User B is ~=-compatible and down closed in 1.

PROOF:

(i) If P, < Py, then the fact that PP, = {p(-Dp|p € P} consists of idempotents

implies that P, = PgPl(_l) P, C P as P, is down closed.

Conversely, if P, C P,, then, clearly,
P =PP VP CPPTVP.

On the other hand, as P; is s=-compatible and down closed, P,(fl)Pl = {pgfl)pl Ip1 €

)

P}. For each pgpg_lpl € P2P1(_1)P1 with p;1 € P, and py € P, py € P, and
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(1)

p2 € P, implies that pop; */ is an idempotent as p;x—p2. Hence pr(_ )

1p1€P1 as

poptVp1 < p1 € Py, and therefore PPV P C Py, Thus, P, = PP VP,

If U,er Pi is ~=-compatible and down closed in I, then, |J,.p F; is a jj(I)-map and

foralli,j € I', P, < |U;er P and Py < U, op P and so Py P;. Hence {P|i € I'} is

—-compatible in jj(I).

Conversely, suppose that {P}icr is ~=-compatible in jj(I). For all f,g € U, B
assume that f € P, and g € P; for some ¢,j € I'. Since {PF;|i € I'} is .—-compatible
in jj(I), both PVP; C O(jj(1)) and KPSV C O(jj(I)) and so both fCVg and

fg=Y are idempotents. Hence fi—g and therefore | J._. P; is ~=-compatible.

ier
If f<pe&lUrPF then f <pe P forsomeiecI andso f € P C P as P

is down closed. Hence | J,.- P; is ~=-compatible and down closed.

0

Definition 3.1.22 An inverse category 1 is called a join inverse category if for each

pair of I-objects X and Y and each —-compatible subset P C mapy(X,Y), there is

Vyepp € mapy(X,Y) such that the conditions [J.1], [J.2], [J.3], and [J.4] in the definition

of join restriction categories (Definition m are satisfied.

The inverse categories and join functors (functors that preserve joins) form a subcategory

JjinvCat, of invCat so that there is an obvious inclusion Z;; : jinvCat, — invCat,.

jj(I) is actually a join inverse category as shown in the following lemma.

Lemma 3.1.23 The inverse category jj(I) is a join inverse category.

PROOF: it is clear that the inverse category jj(I) is a restriction category with the

restriction P = PCYP = {p(=Up|p € P}. The four join axioms are verified as follows.



107

[J.1] For each w-compatible set of jj(I)-maps P; : X — Y,i € T, the join Ve P; is given
by U,er Fi- The join is well-defined as |J,. F; is ~=-compatible and down closed
by Lemma [3.1.21} Clearly, each P; < J,cp P = VierF;. If P, < Q for each i € T,

then P; C Q and so Vier Py = ;. P € Q.

(7.2]
Vieer =P =(P) VP = " Vplp e P}

el el el el

= U {Pg_l)pﬂpz‘ = E} = \/z‘erpi(_l)Pi = Vier P,

el

[3.3] S(Vier P) = S(Uicr B2) = Uicr SP = VierSP,.

[J.4] (VierP)T = U,er PT = Vier PT.

We are now ready to show that jj(I) is free.

Theorem 3.1.24 The inclusion Z;; : jinvCat, — invCat, has a left adjoint given by

the join completion jj.
PrOOF: For any inverse category I, we have a faithful functor
m T — Z;(3i (1))

given by taking f: X — Y to | f: X =Y, which serves as the unit of jj 4 Z;;. In fact,
for any join inverse category X and any functor F' : I — Z;;(X), there is a join functor

F# :jj(I) — X given by sending P: A — B to V [(F(P)) : F(A) — F(B) such that

I 11010 )10

J
\\ \LIJ_J_ (F#) #
\

7,;(X) X
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commutes. Suppose that G : jj(I) — X is a join functor such that Z,;(G)m = F. For
any map P : A — B in jj(I), since P is «—-compatible and down closed, P = V,ep({p),
where each p: A — B is a map in I. Clearly, for each p € P, G({p) = F(p) = F#({p).

Hence

G(P) - G(vaP ip) = \/pEPG(\J/p) = vaPF#(\Lp) = F# (vaP ip) = F#(P)
and therefore the uniqueness of F# follows. Thus, jj < Z;;. 0

Given an inverse category I, we have a join restriction category j(I). But j(I) is
not an inverse category usually as, for a j(I)-map S : X — Y that is —-compatible
and down closed, S~V is not necessarily —-compatible so that S~V is not a j(I)-map
and cannot provide a regular inverse to S, even thought SS(-VS = S. The difference
between j(I) and jj(I) is their maps: a map S : X — Y in j(I) is a down closed and
—-compatible subset S C map(X,Y) while a map P: X — Y in jj(I) is a down closed
and s=-compatible subset P C map;(X,Y).

Given an inverse category I, even though j(I) is not a join inverse inverse category
generally, we can form the inverse subcategory inv(j(I)) of j(I). Now a natural question
is whether or not the inverse category inv(j(I)) is a join inverse category. The answer is

“Yes!” as proved in the following proposition.
Proposition 3.1.25 For each inverse category I, inv(j(I)) = jj(I).

ProoF: inv(j(I)) is a subcategory of j(I), consisting of all restricted isomorphisms of
j(I). Since each «—-compatible down closed subset is —-compatible and down closed,
there is an embedding jj(I) — inv(j(I)).

For each inv(j(I))-map S : X — Y, S is down closed and —-compatible and there is

a j(I)-map T : Y — X such that

TS =8={s"Yslse S} and ST =T = {t"Vt|t € T}.
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Clearly,

STS = S{sVslsc S} =S
and

TST=T{t "Vt e T}y =T

as both S and T are down closed.
On the other hand, SV = {s(-V|s € S}, as a subset, is also down closed and

SSY = {s5(-Y|s € S}, by Lemma [3.1.19] as S down closed and ~;-compatible. Hence
SSCNS = S and SCNSSED = g0,

Obviously, (ST)(SS1) = (SSY)(ST) as both ST and SSY are subsets of O(Y)).
We claim now that (7°.9)(S1S) = (SCVS)(TS). In fact, for each s&Vs € T'S, u=Yv €

SEDS with s,u,v € S, we have
(s"Vs)(w ) = ulVu (s s)u"D)
= u Yy ((su"V) Y (sul"Yy))

€ (SUYS)(TS),
as sul™Yv € SSEVS = S, Hence (T'S)(SDS) C (SEVS)(TS). Similarly, we have
(SVS)(TS)  (TS)(SDS).

Thus, (T'S)(SCYS) = (SEVS)(TS).
By Lemma/3.1.15, 7 = S, Then S is ~;-compatible and so S is ~,-compatible.
Hence S is ~—-compatible and down closed and therefore S is a map in jj(I). Thus,

inv(j(I)) = ji(I). U

Given a join restriction category X, we can form the inverse subcategory inv(X) of
X. Furthermore, the inverse category inv(X) has also the join inherited from X. To see

this, we need the following lemma.
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Lemma 3.1.26 In a restriction category X, let P = {restriction isomorphisms: p; :

X = Y,i € I} be such that both Vcrp; and v,-elpgfl) exist. Then

(vielpi)(il) = \/ielpgil)'

Proor: It suffices to show

Vieng_l)pi = (Vielpl(_l))(\/z‘elpz‘)

and
-1 ~1
viEIpipz(' ) = (Vielpi)(\/ielpg ))-
We only prove the first equality as the proof of the second one is similar.

Clearly, each p; < V,erp; and so

-1 -1 —1
pl(- )pi < pl(- ) Vier pi < (\/ieng ))<vielpi)

for all7 € [.

If pg_l)pi < q for all i € I, then

(=1)

pi =Dpip; Pi < Pig

and so Verp; < (Vierpi)gq. Hence

—1 —1 —1
(Viern!™ ) (Vierps) < (Vierpl ) (Vierpi)g = Vijern! Vpja < g

1) (=1

as each pl(-_ pj is a restriction idempotent. Thus, Vierp; 'pi = (Vierpi) ™Y (Vierpi). O

Now we can verify that inv : jrCat, — jinvCat, is a functor:

Lemma 3.1.27 For a given join restriction category X, inv(X) is a join inverse category

so that there is a functor inv : jrCat, — jinvCat,.
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PROOF: For each join restriction category X, inv(X) is an inverse category. For each

—-compatible set P = {p;|i € I} C map;,,x)(X,Y), both Vcrp; and \/iefpgfl) exist in

X. It suffices to verify that V;c;p; is a map in inv(X). But this is clear as, by Lemma

@a

(Vielpgil))(\/ielpi) = \/ielpz('il)Pi = VierPi = Vierpi

and
—1 —1 — )
(\/ielpix\/z‘elpg )) = \/ielpipz(' ) = Vierp; l= \/ielpl( ),

Now it is routine to verify that inv : jrCat, — jinvCat, is a functor. U

We now construct the left adjoint of inv : jrCat, — jinvCat, using the notion of
a density relation introduced by Cockett in [7]. So let us recall the definitions and the
basic properties of density relations.

A density relation <j, on a restriction category X, is a relation <; on parallel maps

such that the following seven density relation axioms are satisfied:
[D.1] f <; ¢ implies f < g;

[D.2] f <; f (reflexivity);

[D.3] f <jgand g <;himply f <;h (transitivity);

[D.4] f <; g implies f <; g (restriction);

[D.5] f <h<gand f<;gimply h <; g (gap closed);

[D.6] f <; ¢ implies fx < gz (stability);

[D.7] f <j ¢ implies yf <; yg (universality).

The following lemma provides some examples of density relations.
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Lemma 3.1.28 1. (Lemma 3.1 [7]) Each restriction functor F : X — Y induces a

density relation <;, on X given by

f<ipge f<gand F(f) = F(g).
2. For a given join inverse category I, the relation <jxy on the join completion j(I) given
by
P <0 Q
& P CQ and for each q € Q, there exists a ~=-compatible subset {p;,i € I';} C P

such that ¢ = Vier,pi,
is a density relation on j(I).
PROOF:
1. One needs to check the seven density relation axioms.

[D.1] Obviously, by the definition, f <j, g implies f < g.
[D.2] Reflexivity is clear as f < f and F(f) = F(f).
[D.3] Transitivity is clear too as both < and = are transitive.

[D.4] If f <j, g, then f < g and F(f) = F(g) and so f < g and F(f) = F(g).

Therefore, f < ir G-

[D.5] If f < h < gand f <;, g, then F(f) = F(g) and so F(f) < F(h) < F(g)

implies F'(h) = F(g). Hence, h <;, g.

[D.6] If f <. g, then f < g and F(f) = F(g) and so fh < gh and F(fh) =
F(f)F(h) = F(g)F(h) = F(gh). Hence fh <;. gh.

[D.7] Similar to the argument of of [D.6] above.

2. The seven density relation axioms are verified as follows.
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[D.1] As P <jr) @ implies P C @ so that P < @ in j(I).
[D.2] Clearly.

[D.3] If P <j) @ and @ <jq) R, then P C Q C R and for each r € R, there are

—-compatible subsets {¢;[i € I',} C @ and {p; |k € A, } C P such that

r = Vier,q and ¢; = Ve, iy -
Hence
r =V Pi,-

For each pair of p;, and p;,, as p;, < Vpi,~=~Vpj, > pj,, we have p;, ~=p;,. Thus,

P <jm R.

[D.4] If P <) @, then P C @ and for each ¢ € @ there exists a «—-compatible
{pili € T'} C P such that ¢ = Vierp; and so P C Q and § = Vierp; = VierD;.

Hence F SJ(I) @
[D.5] If P < H <Q and P <y Q, then, clearly, H <;q) @ as P C H.

[D.6] If P <) Q, then P C @ and for each g € @, there is a ~—-compatible subset
{pili € T} C P such that ¢ = Vierp;. For any j(I)-map H such that HP
and H() are composable, HP C HQ and hq = h(Vp,epicrpi) = Vpepierhp;.

Obviously, for each h € H, {hp;|i € I'} is ~=-compatible. Thus, HP <jx) HQ.

[D.7] Similar to the proof of [D.6] above.

O

Given a restriction category X, each density relation <; on X gives rise to a restriction

congruence ~; on parallel maps by
f ~j g & there is a map k such that £ <; f and k <j g.

One has:
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Proposition 3.1.29 (Proposition 3.2 [7]) Given a density relation <; on a restric-
tion category X, ~j is a restriction congruence which has an associated quotient functor
Q5 : X = X/ ~;

that induces precisely the density relation <;. Furthermore, for any restriction functor
F :X =Y such that f <; g implies F(f) = F(g) there is a unique restriction functor

F*: X/ ~j— Y such that

commutes.

By Lemma [3.1.28] each restriction functor F': X — Y induces a density relation <;,
and so a restriction congruence ~j,.. As f <;, ¢ implies F'(f) = F(g) obviously, the

JF

restriction functor F' can be factored as

X r F

X/ ~ir

A restriction functor F' : X — Y is called open-separated if e,¢’ € O(X) implies
F(e) = F(€'). A functor G between restriction categories is called dense if G is bijective
on the objects, full on maps, and G(f) = G(g) implies there is an idempotent e with
G(f) = G(e) = G(g). It is easy to see that Q;, and F* above are dense and open-

separated, respectively.

Proposition 3.1.30 ([7], Proposition 3.3) The dense functors and the open-separated

functors provide a factorization system on restriction functors.

If X is a restriction category and <j is a density relation on X, an object X € X is
J-unitary if for all X-maps f,¢g: Z — X, f ~; g implies f — g. The restriction category

X is j-unitary if every X-object is j-unitary.
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A join density relation on a join restriction category X is a density relation <; on X

with the additional requirement:

[jLoc] If {f;|¢ € I} and {g;|i € I} are —-compatible families such that f; <; ¢;,7 € I,

then Vicrfi < Viergi-

If <j is a join density relation on a join restriction category X, then X/ ~; is a join

restriction category shown by Cockett in [7].

Lemma 3.1.31 (Lemma 5.1 [7]) If <; is a join density relation on a j-unitary join
restriction category X, then X/ ~j is a join restriction category and Q; : X — X/ ~j is

a join restriction functor.

Given a join inverse category I, we can first form the join restriction category j(I) and
then the quotient category j(I)/ ~j), where ~j) is the restriction congruence induced
by the density relation <jq) given in Lemma (3.1.28, j(I)/ ~jq) is indeed a join restriction

category:
Lemma 3.1.32 j(I)/ ~ju) is a join restriction category.

PRrROOF: By Lemma [3.1.28 and Proposition [3.1.29} j(I)/ ~ju) is a restriction category.
For each object X € j(I), if P,@Q : Z — X are j(I)-maps such that P ~jq @, then there
is a j(I)-map K such that K <y P and K <jp @ and so for each p € P and ¢ € Q

there are «—-compatible {k;|i € I'} C K and {k|j € A} C K such that
p = Vierk; and q = Vjepk;.
Hence
Pq = Vierk; Vjen K, = \/ier,jeAk_ik} = vieF,jeAk_;'ki = m Vier ki = qp

as K is —-compatible and therefore PQ = QP, namely, P — Q. Thus, j(I) is j-unitary.
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If {P|i € I} and {Q;|i € I} are ~—-compatible families such that P, <jx) Q;, then
P, C Q; and for each ¢ € Q; there is a —-compatible {px|k € T'} C P, such that

q = Vierpr. Since

Vier P, = | P < | Qi = Vies Qs
iel iel

we have Ve P <ja) Vier@Qi. Then [jLoc] is satisfied and so, by Lemma|3.1.31} j(I)/ ~jq)

is a join restriction category. U

For each given join inverse category I, let B(I) = j(I)/ ~jx). We are now ready to

show that [ actually gives a left adjoint to inv : jrCat, — jinvCat,.
Theorem 3.1.33 inv : jrCat, — jinvCat, has a left adjoint given by (.

PROOF: For each join inverse category I and each I-map f: X = Y, [[f]: X = Y, as

a B(I)-map, has its restriction inverse [J f(7Y]: Y — X as

LARFEOIA = LU =1 )] = [Lf]
and
LA = LUV = L)

Hence [} f] : X — Y is a map in inv(5(I)). Define the join functor

n: I — inv(B(1))

by taking f: X — Y to [{f] : X — Y, which serves as the unit of 5 4 inv. In fact, for
any join inverse category X and any join functor F' : I — inv(X), by Theorem [3.1.12
Jj provides a left adjoint to the inclusion jrCat, — rCat,. Then there is a unique join

restriction functor F* : j(I) — inv(X) such that
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commutes, where 7 is given by sending f to | f F* sending P to V | (F(P)). As each
I-map f : A — B has a inverse f"Y | f has an inverse | f(*Y : B — A in j(I). So we

have the following commutative diagram:

"% inv(j(D)

S

inv(X)
For j(I)-maps P <jq) @ and each ¢ € @, there is a ~—=-compatible {p;|i € I'} C P

such that ¢ = V,erp;. Then
F(q) = F(Vierpi) = Vier F'(pi)
and so
FY(Q) =V LF(Q) = V LF(P) = F*(P),
Hence, by Proposition [3.1.29] there is a join restriction functor F* : j(I)/ ~jq) such that

H(1) —2- (1)

L

Y

commutes. Thus, we have the following commutative diagram:

Suppose that G : (I) — X is a join restriction functor such that inv(G)my = F. For
any map [P]: A — B in f(I), since P is «—-compatible and down closed, P = V,ep({p),
where each p : A — B is a map in I. Clearly, for each p € P, G([lp]) = F(p) = F#([Lp]).

Hence

G([P]) = G(Vper Upl) = VierG(p]) = Voer F* ([Lp]) = F* (Vpep [Lp]) = F*([P))
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and therefore the uniqueness of F'# follows. Thus, # - inv. O

Summarizing the adjoints between restriction categories, join restriction categories,

inverse categories, and join inverse categories, we have:

Theorem 3.1.34 There is an adjunction situation:

J
jrCat, ~ L rCat,

I
5T4linv Zi 4\Linv
Ji
jinvCat, ~ L _invCat,
I. .
JJ
i which
1. I]j o inV = inV OIj,'

2. fojj=joly

3. invojoZ;, =jj;

Proor: Theorems [3.1.12] [3.1.24] and [3.1.33| give j 4 Z;, jj 4 Z;;, and 3 - inv, respec-

tively while Proposition 2.24 [I4] implies Z; 4 inv. So we have the adjunction situation.
1. It is clear.
2. As fBojj and joZ, are the left adjoints of Z;;0inv and invoZ;, respectively, fojj = joZ,.

3. By Proposition [3.1.25

3.2 M-adhesive Categories and M-gaps

Adhesive categories, introduced in [28], are a class of categories where pushouts along
monics exist and are well-behaved with respect to pullbacks. They are instances of Van

Kampen squares. In [22], characterized being Van Kampen as a universal property: Van
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Kampen cocones are precisely those diagrams in a category that induce bicolimit dia-
grams in its associated bicategory of spans, provided that the category has pullbacks
and enough colimits. In [20], Garner and Lack gave a general framework for describing
categorical structures consisting of the existence of finite limits as well as certain types
of colimits, along with exactness conditions stating that the limits and colimits interact
in the same way as they do in a topos. In [21], Garner and Lack provided four charac-
terization theorems dealing with adhesive categories and their variants. In this section,
we develop some elementary results on van Kampen colimits. van Kampen squares are
a special case of these colimits and we start by describing these. The results on van
Kampen colimits facilitate the definition of M-adhesive categories and lead us into a

discussion of the properties of M-gaps.

3.2.1 van Kampen Squares

Recall, as in |28, 29] by Lack and Sobociriski, a pushout square ABCD is a van Kampen
(VK) square if for any commutative cube
A ——C

/‘ /l
B ——= D

|
A—|—=C
v s
B——D
such that ABA’B" and AC A’C" are pullback squares, BDB'D" and CDC"D’ are pullback
squares if and only if A’B’C'D’ is a pushout square.
Equivalently, a van Kampen (VK) square in a category with pullbacks is a pushout

diagram:
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such that given a commutative diagram (I) + (/1), (I) and (/1) are pullback diagrams
if and only if there is an object F and some maps from E such that (/1) and (IV') are

pullback diagrams and (V') is a pushout diagram:

mg m mqy

p " pr o g o BT

b (I d (II) c bl (IIT) ie (IV) l m’ll (V) lmg

B——D<—C B<——A——=C(C B ——= D'
ma m3 mi mo mil

Lemma 3.2.1 In a VK square
A2 O
mll ms
B——=D
my

if my (or mg) is monic, so is ms (or my) and such a square is a pullback diagram.

PROOF: See [29], Lemma 2.3. O
VK squares are stable.

Lemma 3.2.2 VK squares are stable.

PROOF: Suppose that the square A’B’C’'D’ is the pullback of a VK square ABC' D along

a map f:

B’*>D’
/‘ l
A——C |y

|

B—
/
A——C

which means that front faces and back faces are pullback diagrams. Then A'B'C'D’ is

— D
/

a pushout diagram. Now it is easy to test A’B'C'D’ is indeed a VK square by using

pullback cancellation and gluing laws. 0
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3.2.2 van Kampen Colimits

We generalize van Kampen squares to van Kampen colimits.

Definition 3.2.3 Let C be a category and let D : S — C be a diagram on S. A colimit
a: D= C in C is called a van Kampen colimit on S if for any diagram D' : S — C on

S, any cocone o : D' = X under D', and any commutative diagram

D=2 X

-

D==(C
in which [ 1is cartesian, o : D' = X is a colimit if and only if for each s € S

o'(s)

D'(s) —

X
o |
C

T
—~
Va)
~—
Q
J{@

D/
—TT AT
g

D

1s a pullback diagram, where a natural transformation S C s cartesian if for

each map f : s — sg in S,

D'(s1) 22 D (sy)

\Lﬂ(SQ)

1s a pullback diagram.
van Kampen colimits are stable too.
Lemma 3.2.4 van Kampen colimits are stable.

PrOOF: Let D : S — C be a diagram, o : D = C a van Kampen colimit, and

D=2 X

; l
D==C



122

a pullback diagram of diagrams, which means that for each s € S each

o’ (s)

D'(s) —= X

a(s) \L

D(s) —=C
is a pullback diagram, where D' : S — C is a diagram from S. Then o/ : D' = X is a
colimit since a : D = (' is a van Kampen colimit. To prove that o’ : D' = Z is indeed

a van Kampen colimit, suppose that

" o !/

D= X

is a commutative diagram, where D” : S — C is a diagram and o : D" = X' is a

cocone. Suppose that for each f:s; — s in S

D//(Sl) M D”(SQ)
W(Sl)i v(s2)
D'(f)

D'(s1) —= D'(s2)

is a pullback diagram. Then we have a commutative diagram:

" o /

A

D===C
If o : D" = Z’ is a colimit, then for each s € S

o’ (s)

D//(S) X/
ﬁ(S)V(S)l lm
D(s) 2. ¢

is a pullback diagram and so each

DH(S)O& X’

V(S)l LP

a’(s)

D'(s) 2 x
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is a pullback diagram.
Conversely, if each

o’ (s)

D//<S) X/

"/(S)\L LP

a’(s)

D'(s) —=X
is a pullback diagram, then
D(s) x7

B(s)v(s) lr’p

D(s) Sy

is a pullback diagram and so o” : D" = X' is a colimit. Thus, o/ : D' = X is a van

Kampen colimit, which means that the van Kampen colimit is stable. 0

3.2.3 Pullbacks of van Kampen Colimits

Obviously, a pullback of a van Kampen colimit a : D = (' along a given map f : X — C:

D=2 X

o, s

D==C

can be given by the following pullback diagram:

D'(s) —=X
B(S)J/ lf
o(s)
D(s) —=C
for each s € S.
Given two van Kampen colimits «; : D; = X,i = 1,2, we can form a new van

Kampen colimit ay Xx ag : D1 xx Dy = X. To do this, we need the following technical

lemma on colimits.
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Lemma 3.2.5 Let 0:6(S) — S be an opfibration and let F,G be functors such that for

any s € S the colimit a® : Fly 5 = G(s) exists and for each map f:s — s in' S and

each t € 0V (s) the following diagram

o' (£:(1)
F(f.(1)) G(s)
commutes, where Uy(t) : t — fi(t) is an opcartesian lifting of f at t.

5(S) L= cC

| A

S

Then the colimit 5 : F' =V exists if and only if the colimit v : G =V exists.

ProoOF: “only if” Suppose that g : F' = V is a colimit. For a given s € S and each
t € 95 1(s), since & : Flp-1(y = G(s) is a colimit and S : F|y-n(y = V is a cocone,

there is a unique map 7(s) : G(s) — V such that for any t € 9V (s)

B(t) Vv

= B(t) = 1(s")a* (f(1)) F(9(8)) = 1(s)G(f)a*(t). Since {a*(t)]t €

commutes, y(s)a®(t) =

0= (s)} is jointly epic, v(s) = v(s)G(f) for each map f : s — s’ in S. Hencey: G =V

is a cocone.
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For any cocone x : G = X, we have a cocone ya?™) : ' = X given by (ya®))(t) =
x(0(t))a®®(t). So there is a unique k : V — X such that x(9())a®®(t) = k - B(t) for

each t € §(S). In particular, for each s € S and each ¢t € 9~V (s),

Then x(s) = k - y(s) for each s € S since {a?®(t;) | t; € IV (9(t))} is jointly epic.
Clearly, k is the unique map such that x(s) = k- 7(s) for each s € S. Sovy: G =V isa
colimit.

“if” Suppose now that v : G = V is a colimit. For each ¢t € §(S), we have ¢t €
OD(9(t)). Define B(t) = v(9(t))a?®(t). Then B : F = V is a cocone since 0 is an
opfibration and the last diagram is commutative. For any cocone x : F' = X, there is a

k(O(t)) : G(O(t)) — X such that

since o) : Flo-n = X is a colimit. Now it is easy to see that x : G = X is a
cocone. Since v : G = V is a colimit, there is a unique map x : V — X such that

xy(0(t)) = k(9(t)). Then xB(t) = x(t) and x is the unique such a map and so : F' = V

X
%ml\‘\
F(t) 0 Vo
aam 7(0(1)) _,—’Vn(a(t))

is a colimit.

The pullbacks of van Kampen colimits can be formed as follows.

Lemma 3.2.6 Let D; be diagrams from S;, © = 1,2. If both oy : D1 = X and as :

Dy = X are van Kampen colimits, then so is a3 Xx as : D1 Xx Dy = X, where
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Dy xx Dy : S; x Sg — C is given by the following pullback diagram:

B(s1,s2)

(D1 Xx D2)(=5‘17 32) — D2(82)
7(81382)l iaQ(SZ)
D1(31) a1(81) X

and (a1 Xx a2)(s1,82) = a1(s1)y(s1, 52) = aa(s2)B(s1,52), for each (s1,82) € Sy X Sy,
PrROOF: Clearly, D; xx Dy : Sy x Sy — C is a diagram from S; x S,. For each s} € S,,
we have a diagram (D; Xx Ds)(—, s3) : S — C and a commutative diagram:

ﬁ(fvs*) *
(D1 xx Ds)(—, 83) =="D5(s3)

7(,SE)M J{sz(%)

D, =L X

For each f:s; — s} in Sy,

(D1xx D2)(f,53) *
(D1 xx Dy)(s1,85) ——— (D1 xx D2)(s},53)

7(8178§)J/ i’Y(SLSE)
Di(f)
D1 (s1) - D(sh)

is a pullback diagram since (D7 X x Ds)(s1, s3) and (D X x Dy)(s}, s5) are the pullbacks of

aq(s1), ae(s3) and o (s)), as(ss), respectively, as in the following commutative diagram:

B(s1,83)

(Dl Xx D2 817 82 D2(S;)
m\ Blshost
v(s1,83) (D1 xx Ds)(s),53) orz(s3)
(81,83
Dl(sl) a1(s1) X
M l a1 ()
D (s7)

Then both g and v are cartesian on each variable. Since a; : D1 = X is a van Kampen

colimit and each

o B(s1,83)
(D1 Xx Ds)(s1,85) —=Da(s})
7(81:S§)J/ laQ(SS)
Disy) —2&0) | x
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is a pullback diagram, for each sj € Sy
B(=,85) : (D1 xx Da)(—, s3) = Da(s5)
is a van Kampen colimit. So we have the following situation

D1 X x D2
Sl X SQ

|

S;

C

where the projection Pr is a bifibration that is surjective on objects and for each sy € So,
B(—,s2) : (D1 Xx D2)|Pr(71>(52) = Dy(s2) is a van Kampen colimit. Hence, by Lemma
3.2.0, a1 X x ag : D1 X x Dy = X is a colimit.

For any cocone o : D = Y from S; x Sy and any commutative diagram

D « Y
Dy Xy Dy 2222 . x

in which v is cartesian, if o : D = Y is a colimit, then each

D(s1, s9) olons2) Y
l/(Sl,SQ)l/

(D1 xx Ds)(s1, 52) z
6(81»82)J/

Da(sy) —222 . x

is a pullback diagram since ay : Dy = X is a van Kampen colimit. Since f(—,s2) :

(D Xx Dy)(—, s2) = Ds(s2) is a van Kampen colimit, we know that

D(Sl, 82> ea,e2) Y

V(Shsz)i im
B(s1,s a2 (s

(D1 xx Ds)(s1, 52) ¥>2)D2(S2) % X

is a pullback diagram.
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Conversely, suppose that each last square is a pullback diagram. Let p: D} = Y be a
pullback of the van Kampen colimit ay : Dy = X along x. That is (Dj(s2), pu(s2), p(s2))

is a pullback of as(s2) and z. Then there is a unique map A(s1, s2) : D(s1, $2) = Da(s2)

such that
Oc(51752)
D(sy,50) 0 Dy (s, 2y
V(Slm)i p(s2) x

(D1 xx Da)(s1,0) "8, (5,202 x
It is routine to check that A(—,s2) : D(—,s2) = Dj(s2) is a cocone. Since both the
outside and right hand side squares are pullback diagrams, the left hand side square
is a pullback diagram. Hence A\(—, s2) : D(—, s2) = D}(s2), as a pullback of S(—, sq) :
(D1 % x Ds)(—, $3) = Ds(s2), is a van Kampen colimit. Now, by Lemma3.2.5, a: D =Y
is a colimit since a(sq, $2) = p(s2)A(s1,52). Thus, oy Xx as : Dy Xx Dy = X is a van

Kampen colimit. 0

3.2.4  Me-adhesive Categories

Recall that a category is said to be adhesive if it has pushouts along monics and pullbacks
and if pushouts along monics are VK-squares [28, 29]. Toposes are adhesive [30]. In [25],
Johnstone, Lack, and Sobocinski introduced several examples which fail to be adhesive.
In [21], Garner and Lack reformulated the van Kampen condition in the definition of
an adhesive category. By Theorem 3.2 [21], for each category C with pullbacks, C is
adhesive if and only if C has pushouts along monics and these pushouts are stable and
are pullbacks.

From now on, we shall consider diagrams of stable meet semilattices. Let S be a
stable meet semilattice, namely, a poset with a binary meet (no top is assumed), and let

D :S — C be a diagram. A cocone o : D = X, is called an amalgam cocone if for all
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S1,89 € S each

)
D(s»)

is a pullback diagram. Observe that if & : D = X is an amalgam cocone then each

component «(s) is necessarily monic since

is a pullback diagram.
When we have an M-category we can consider diagrams and cocones which are
restricted to the subcategory determined by M; these give M-diagrams and M-cocones.

An M-diagram D : S — M is M-amalgamable if there is an amalgam M-cocone for D.

Definition 3.2.7 An M-category, (C, M), is M-adhesive if each amalgamable M-

diagram has a van Kampen colimit. In this case, we call C an M-adhesive category.

Associated with an M-adhesive category is a rather important class of maps: M-gaps.

But M-gaps can be defined in M-categories.

Definition 3.2.8 A map g : X — Y in an M-category is called an M-gap if there is

an M-amalgamable colimit v : D = X such that each gv(s) € M for each s € S:

D=--X

N

Q

Y

Our first observation on M-gaps is:

Lemma 3.2.9 In an M-adhesive category, each M-gap is a monic.
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PROOF: Let g : X — Y be an M-gap such that gv(s) € M for all s € S for some van
Kampen colimit v : D = X from S. Let x,y : W — X be maps such that gx = gy
and let v, : D, = W and v, : D, = W be the pullbacks of v : D = X along z,y,

respectively. Then we have the following commutative diagram:

Dm Xw Dy
o Vg x“‘;vz/y Qv
v. \U/ v
D, = W 2= D,
“/zﬂ -Iiy \H/’Yy

D\X/D

Note that gz = gy implies gz(v, Xw vy) = gy(vy Xw 1) so that gry,a, = gry,a,. Since

i<}

Y

gr(s) € M, vy, = vy Hence z(v, xw vy) = y(vy Xw v,) and therefore x = y since

(Ve Xw vy) : Dy Xw Dy = W is a van Kampen colimit. Thus, g is a monic. O

Let g : X — Y be a M-gap and v : D = X a van Kampen colimit such that
gv(s) € M. Since g is a monic, by the left-cancellable property of M (Lemma
each v(s) is in M.

In an M-adhesive category C, an M-gap g : X — Y can be determined by a canonical

van Kampen colimit ay : D, = X, where S, is the stable meet semilattice with
objects: (A,a), a: A— X is an M-map with ga € M;

maps: amap m: (A,a) = (B,b) is amap m : A — B in C such that bm = a. Clearly,

such a map m must be in M;

meet: (A,a) A (B,b) = (C,c) is given by the following pullback diagram:

C A
B X

b/
—

b

_
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where ¢ = ab’ = ba'.
ag 1 Dy = X is defined by
Dy(m: (A,a) = (B,b)) =(m:A— B) and a4(A,a) = a.
Obviously, a4 is an amalgam M-cocone.

Lemma 3.2.10 In an M-adhesive category, a map g : X — Y is an M-gap if and only

if ag : Dy = X is a van Kampen colimit such that go,(s) € M, Vs € S,.

ProoOF: “if” is clear. We prove the “only if” part as follows. Since g is an amalgam
M-cocone, D, has a van Kampen colimit o : Dy, = Z. Hence there is a unique M-gap
c: Z — X such that ca(s) = ay(s) for all s € S,. It suffices to show that the monic
M-gap c is an isomorphism.

Since g : X — Y is an M-gap, there is an M-van Kampen colimit v : D = X from

a stable meet semilattice T such that gv(t) € T for all t € T.

Z
NG
2N

[e] v

D,== X <=D

AN

Y
Note that there is a stable meet semilattice map F' : T — S, given by F'(t) = (D(t),v(t) :
D(t) — X). So the cocone o : D, = Z gives rise to a cocone o' : D = Z from T by

o/(t) = a(F(t)). Hence there is a unique map k : X — Z such that kv(t) = o/(t) for all
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t € 'T. Since

ckv(t) = cd(t)

ck = 1x. Hence the monic c is an isomorphism, as desired. 0

All M-gaps form a stable system of monics.

Proposition 3.2.11 The class Mgy, of all M-gaps in an M-adhesive category C is a

stable system of monics in C with M C Mgyp,.

PRrROOF: For each m € M, since

is a van Kampen colimit (a pushout diagram) and since m1 € M, we have m € Mg,,,.
Hence M C Mg,p,.

Let g : A — B be an M-gap and let o : D = A be a van Kampen colimit such that
ga(s) € M. Then, for each map z : X — B, we form the pullback of g along = and the
pullback of o along '

/

D=y _9.X

L kb
D= A—"+B
Then, by Lemma [3.2.4] o : D' = Z is a van Kampen diagram and each ¢'a/(s) € M.

Hence ¢ € Mgap.
To prove that M,,, is a stable system of monics in C, it suffices to prove that Mg,

is closed under composition. Let ¢g; : X7 — X5 and g2 : X9 — A be M-gaps and let
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a; : D; = X; be van Kampen colimits such that g;a;(s;) € M for all s; € S;, where S;
are stable meet semilattices and D; : S; — M are stable meet semilattice M-diagrams,
i =1,2. Let of : D}, = X; be the pullback of as along g;. Then o} : D) = X; is van
Kampen colimit. Now, we form the van Kampen colimit oy Xx, o : Dy X x, Dy = X;

by the following pullback diagrams:

o) (s2) 91

(D1 xx, Dy)(s1,52) —= Dj(s2) — Ds(s2)

a’z’(sl)l 0/2(82)\L lag(sz)

Dl(Sl) o1(e1) X1 9 XQ 92 A

Then gag1 (a1 X x,05)(s1, 52) = g291(3(52)1(51)) = g20a(52) 9101 (52) € M since g1 (s2)

is a pullback of g1 (s1) and so gag1 € Mgy, as desired. O

Since Mg, is a stable system of monics in an M-adhesive category C, it is natural
to ask if C is an Mg,,-adhesive category and if (Mgap)gap is larger than Mg,,. In order
to answer these questions, we first observe that any amalgam M,,,-cocone gives rise to
an amalgam M-cocone.

Given an amalgam M,,,-cocone 8 : D = X from S, we have a stable meet semilattice

d(S) with
objects: (s,m: A — D(s)) with s € S, m € M, and B(s)m € M,

maps: a map (<, f) : (s,m: A — D(s)) — (s,m' : A — D(s")) is a pair of a map

s<sinSand amap f: A — A in C such that

A—"=D(s)
| e
A —" D(s)

commutes, when s < §'. Since (s )m’f = f(s)m € M, f must be an M-map;

meet (s,m:A— D(s))AN(m',m': A" = D(s')) = (sAhns’,mAm : ANA"— D(sN\s))
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is given by the pullback of 5(s)m and S(s")m’:

A D(s)
B(s)
AN A/’”Am' = D(s A s/ \ X
\ ) \D( | )/ﬂ()

Clearly, mAm': ANA"— D(s A §') is in M.
Note that there is a stable meet map 0 : 6(S) — S taking
(<, f):(s,m:A— D(s)) = (s'\m': A — D(s))

to s < s'. For each s € S, since §(s) : D(s) — X is an M-gap, there is van Kampen M-
colimit ag(s) : Dgs) = D(s) from T such that each B(s)ag)(t) € M for t € T. Hence
(5, ap(5)(t) : Das)(t) = D(s)) are in §(S) such that 9(s, age)(t) : Das)(t) = D(s)) = s
and therefore 0 is surjective on objects.

Given s < s’ in S, for each (s',m’ : A’ — D(s'))(s',m’ : A’ — D(s')) € 0= (s'), the
cartesian lifting (<)*(s’,m' : A" — D(s")) = (s,n : A* — D(s)) is given by the following

pullback diagram:

A —2 = A
D(s) == D(s)

On the other hand, for each (s,m : A — D(s)) € 9C(s), the opcartesian lefting
()ul(s,m: A — D(s)) = (s, D(<)m: A— D(s")). Hence 0 : §(S) — S is a bifibration.

The amalgam M,,,-cocone 8 : D = X from S gives rise to an amalgam M-cocone
d(B) : (D) = X from §(S), where §(D) takes (<, f) : (s,m : A — D(s)) — (s',m :
A= D(s)) to f: A— A and §(B)(s,m : A — D(s)) = B(s)m. It is easy to see that
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d(B) : 9(D) = X is an amalgam M-cocone. So we have the following situation:

5(8) 2 ¢

| A

S
where 0 is a bifibration that is surjective on objects and for each s € S and the van
Kampen colimit ag(s) : 0(D)[s-1(5) = D(s) of 3(D)]s-1) () exists by Lemma .
For any map f : s — s’ in S and any (s,m : A — D(s)) € 9V (s), the opcartesian
lifting J; of f at (s,m : A — D(s))is (1a,f) : (s;m: A— D(s)) = (¢, D(f)m : A —

D(s")). Hence

5(D)(fu(s,m)) —< D(s)

commutes since it is actually the following commutative diagram

A = D(s)

1Ai lD(f)

A—" p(s) 292 (s

Lemma 3.2.12 The van Kampen colimit k : D = C of D exists, where C' is the colimit

cocone vertex of §(D).

PRrOOF: Given any amalgam M,,,-cocone 5 : D = X, we have an amalgam M-cocone
d(B) : (D) = X. Since X is an M-adhesive category, 6(f) has colimit v : §(D) = C.

By Lemma [3.2.5] x : D = C, given by the following commutative diagram
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is a colimit. We need to check that x : D = C' is indeed a van Kampen colimit. For any

amalgamable diagram F and any commutative diagram

E ==

'
D==C

in which p is cartesian, form the pullback (¢(t), ¢(t) of a®®(t) along u(5(t)):

o(D)(t) E(5(t)) ¢’

x(6(2))
ad® (1) 6@ v(t) LT
D(5(1)) C

#(8(1))

If the front square is a pullback diagram, then the back square is a pullback diagram and

so x¢ =1i: (D) = ', as a pullback of a van Kampen colimit v : §(D) = C, is a van

Kampen colimit. Thus, by Lemma [3.2.5] x : E = C" is a colimit.

Conversely, suppose that x : E = C" is a colimit, then yv : §(D)" = C” is a colimit.

Hence we have the following situation:

Y(t)

5(DY(1) B(o(t) X2 o
¢(t)l u(c?(t))l ir
a9 (¢t Kk(o(t
5(D)(#) Y pe) Y

in which both the left two rows are van Kampen colimits, both the right two rows are

colimits, and both the left and the outer squares are pullback diagrams. We want to

show the right square is a pullback diagram. To do this, we form pullback (u,v) of

k(4(t)) along r. Then there is a unique map z : E(J(t)) — P such that ux = x(4(¢)) and
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vr = p(3(t)):

o(D)(t)

ad(®) (¢) D(o(1)) w(0(t)) ¢

Since z(t) is a pullback of a®®(t) along v and since the left-lower row is a van Kampen
colimit, z1 : (D) = P is a colimit so that there is a unique map y : Y — E(J(t)) such

that
yap(t) = p(t).
Then yz = 1. Similarly, since the left-upper row is a colimit, xy = 1. Hence the right
square is a pullback diagram, as desired. Thus, k : D = C is a van Kampen colimit. [
For M-adhesivity and M-gaps, we have:

Proposition 3.2.13 If C is an M-adhesive category, then

(i) C is an Mga,-adhesive category;
(i) (Mgap)gap = Mgap-
PROOF:

(i) For any Mg,,-diagram D from a stable meet semilattice S such that there is an
amalgam M,,-cocone o : D = X, we have an amalgam M-cocone 6(a) : 6(D) =
X so that 6(D) has van Kampen colimit v : §(D) = C. By Lemma [3.2.12) D has

van Kampen colimit x : D = C. Thus, C is an M,,,-adhesive category.

(1) It suffices to prove that (Mgap)gap € Megap. For any g : X — Y in (Mgap)gap, there
is an Mg,,-van Kampen colimit o, : D, = X from S, such that g-ay,(s) € Mg,y for

each s € S. Since oy : D, = X is a van Kampen M,,,-cocone, 6(ay) : 0(D,) = X
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is an amalgam M-cocone from 6(S,) that is a van Kampen colimit cocone such that
g(ay)(t) € M for all t € 6(S,). Hence g is an M-gap and therefore (Mgap)gap C
Map.

3.2.5 Binary Gaps

Let’s consider a partial map category Par(C, M) with M = {all monics}. If Par(C, M)
has van Kampen colimits for amalgamable pushouts of monic, then all binary joins of
Par(C, M) exist, if there is a strict initial object, it follows that all non-empty finite joins
given by van Kampen colimits exist in Par(C, M). Hence all diagrams D on a non-empty
finite stable meet semilattice have the van Kampen colimits. Further as gaps are monic
we immediately have that the partial map category is a join restriction category.

Our objective is to generalize these observations to any M-adhesive category so that

we can reexpress the condition in terms of Van Kampen squares.

Definition 3.2.14 In an M-adhesive category, a map b : X — Y s called a binary

M-gap if there is a van Kampen square

7

/
\

such that bay, bas € M. Similarly, a map f: X — Y is called a finite M-gap if there is

Q

a van Kampen colimit v : D = X on a finite stable semilattice S such that fv(s) € M

for all s € S.

Let

Mpgap = {all binary gaps in C}
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and

Migap, = {all finite gaps in C}.

Let fi : X = Y and fo : Y — Z be in Myg,,. Suppose the finite gaps f; and f, are
given by van Kampen colimits vy : D; = X on Sy and v5 : Dy = Y on S, respectively.
Then, by the proof of Lemma [3.2.11] f>f; is a gap given by D; X x Dy on Sy x Sy. Since
1S1 X S| < 00, fofi € Migap. It follows that Mg, is a stable system of monics. Let

C(Mpgap) be the composition closure of My,g,,. Then, clearly,
M g Mbgap g C((J\/lbgap) g Mfgap g Mgap~

Proposition 3.2.15 Suppose that (C, M) has van Kampen colimits (squares) for M-

A
amalgamable diagram of the form V = 0\ and Mygap = M, then C has van

[ J
kampen colimits for all diagram D : S — M which are M-amalgamable, when 2 < |S| <

0o. Moreover, Migap = Mpgap U {empty gaps, unary gaps}.

PROOF: Since |S| < oo, S has at least one maximal element. We distinguish 2 cases.

If S has a unique maximal element, namely, its maximum T, then it is easy to see
that D has van Kampen colimit <: D = D(T).

Assume now that S has more than one but finitely many maximal elements T1,..., T,.
Since D : S — M is an amalgam M-cocone, so is D|1,a1,,7,,T,}- Hence D|(r a1, 7, T}

has van Kampen colimit D(T1) V D(Ts):

D(T1 A Ts) D(Ty1) VvV D(Ty)

T~~~ _—
D(T)

Let Sy =SU{T;V Ty}. Then S; becomes a stable meet semilattice by adding

SA(T1VTy)=(sAT1)V(sATy)
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for each s € S that is not below T; or Ty. Now, we can extend D : S — M to
Dy : S; — M by adding the gaps induced by the van Kampen colimits T; V T, and
(s N T1)V(sA Tg). Clearly, Dy is M-amalgamable. So, we have an M-amalgamable
diagram D; : S; — M such that both D and D; have the same colimit if they exist
and S; has n — 1 maximal elements T; V To, T3,..., T,. Continuing in this way, we
have a stable meet semilattice S’ in which D can be extended from S to S’ such that
D' : S — M is also an M-amalgamable diagram and both D and D’ have the same
colimit. So D has van Kampen colimit since D’ does.

To prove that Mg, = Mygap,, suppose that f € My, is given by a van Kampen
colimit v : D = X on a finite stable meet semilattice S with |S| > 2, namely, fv(s) € M
for all s € S. Now, we look at the number max(S) of maximal elements of S

If max(S) = 1, then the van Kampen colimit of D must be <: D = D(T) that is,
actually, a van Kampen square. So f € Mygap.

Otherwise, if max(S) > 1, by the first part of the proof of the proposition, there
is a van Kampen colimit v : D’ = X on S’ such that //(s') € M for all s € S’ and

max(S’) = 1. Hence f € Mgy, too. O

3.3 Completeness for Join Restriction Categories

The main goal of this section is to prove the completeness theorem for join restriction

categories.

3.3.1 Joins in Partial Map Categories and M-adhesive Categories

In the following lemma, we demonstrate that if Par(C, M) has the bottom element then

C has a strict initial object that is a van Kampen colimit from the stable meet semilattice

0.
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Lemma 3.3.1 If each hom-set in Par(C, M) has the bottom element, then C has the

strict initial object 0 and each map 0 — X is in M.

PROOF: Suppose that each hom-set in Par(C, M) has the bottom element. For each pair
of objects A, B in C, let Lap = (ma,0p), with 0 : 045 — B, be the bottom element of
hom(A, B) in Par(C, M). First, we claim that the map Op : 045 — B is unique in C. In

fact, if there were two maps f,g : 04 — B, then there were a map <: 04 — 045 such

N
A

commutes since Lap= (ma4,0p) is the bottom element in homp.(cr)(4, B). Hence

that

ma = my < and therefore <= 1. Thus, f =05 =g.

For any object X in C, we can compose the two bottom elements by forming the

AB%*)&BX .
N N
A B X

Since (ma,0p) < (mak,mpg0%), there is a map &' : 045 — 0ax. Hence k&' = 1,,, and

pullback diagram (x):

K'k = 1y,, and therefore k is an isomorphism. Hence there is a unique map from 045 to

X. Thus, 045 is an initial object in C.
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The initial object 0 is also strict: if there is a map = : X — 0, then one can form the

join (1x,x) V (1g,0x) by taking pullback diagram (sx):
[ ]
/ \
(s
NN
0 X
But (1x,z) V (1p,0x) must be (1x,1x). Note that
X=—=X
0=———=0

is a pullback diagram. Hence [ is an isomorphism and X = 0 and therefore x is an

~—

X

isomorphism. |

Clearly, each strict initial object is stable. However, the existence of a stable initial

object 0 and 0 — X € M imply each hom-set in Par(C, M) has the bottom element.

Lemma 3.3.2 If C has a stable initial object 0 and each map 0 — X s in M, then

each hom-set in Par(C, M) has the bottom element.

Proor: If C has a stable initial object 0, then, for any objects A, B in C, it is easy to
check that Lap.(a,8) = (04,0p), where 04 is the unique map 0 — A. In fact, for any

partial map (m, f) : A — B,

(m, )(04,08) = (m, f)(04,04)

= (OA’ OB)
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as the initial object 0 is stable so that (x x x) is a pullback diagram:

0
A \A \B
Hence (04,04) < (m, f). O

For example, since Setg;,, defined in Example [1.6.16] does not have any strict inital
objects, each hom-set in Par(Setgy, M) does not have the bottom element but does have
binary joins, where M = {injections i : A <— B | |B \ i(4)| < +o0}.

Now we consider arbitrary joins in a partial map category. In one direction, we have:

Theorem 3.3.3 Let C be a category with a stable system of monics M. If each amal-
gamable M-diagram has a stable colimit and each M-gap is in M, then Par(C, M) is a

join restriction category.

PROOF: Since each amalgamable M-diagram has a stable colimit, it has a stable col-
imit from ) so that it has a stable initial object. Hence each hom set in Par(C, M)
has a bottom element by Lemma [3.3.2] For any —-compatible set {(m, f;)li € I} C
Mapp, o (A, B), with I # @, where m; : A; — A and f; : A; — B are maps with
m; € M, let the diagram D : I — C be such that D(i) = A;. Clearly, {A4;|i € I}
forms a stable meet semilattice diagram with the binary meet given by pullbacks and
v: D = A, given by v(i) = m,;, is an amalgam M-cocone. Since each amalgamable
M-diagram has a stable colimit, D has a stable colimit (V,esA;, ). Since {m;|i € I}
provides a D-cocone, there is a unique map m : V,e;A; — A such that ma(A4;) = m;.

Clearly, m is an M-gap and so it is an M-map, Clearly, {f;|i € I} forms a D-cocone
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and so there is a map f : Vje;A; — B such that fa(4;) = fi.

Now it is routine to check that (m, f) is the join of the —-compatible set {(m;, f;)|i € I}
and that Par(C, M) is indeed a join restriction category since Ve A; is a stable colimit.

The four join axioms are verified as follows.

[J.1] Since for each i € I

Ai — \/jGIAj
o b
A —" s A

is a pullback square, 14, : A, — A; is an isomorphism, and f = fia(Ai)lzil, by
Lemma [1.6.20] (m;, f;) < (m, f) for each i € I.

Suppose that each (m;, f;) < (n,g) for all ¢ € I. Then, by Lemma [1.6.20} 7, is
an isomorphism and g, 7,;" = f;, where 7,,, and m,; are given by the following

pullback square:

Tm;

C;—=A

Tng
A

~

~

Assume that

o
Pnl ln
Vierd; — A

is a pullback diagram. Similarly, D' : I — C, given by D'(i) = C;, forms an

amalgamable M-diagram. Then the colimit V;c;C; of D’ exists and is stable and



145

SO \/iEICi =C.

zEIA A

As monics and retracts are stable and each ,; is an isomorphism, p,, is an isomor-

phism. Since
fpna(cz) = fa(Az>7Tm = fiﬂ'ni = gTm; = gﬂ-m@(cz')v
fpn = gPm- Hence (m7 f) S (TL, g) Thus, (ma f) = \/iEI(mi) f1>

[J.2] Clearly, as m is the M-gap given by the stable colimit (V,e;A;, ) of {m; : A; —

A}icr, we have

Vier(mq, fi) = (m, f) = (m,m) = Vier(mi, m;) = Vier(my, f;).

[J.3] For any partial map (m, f) : A — B and —-compatible partial maps {(n;, ¢;) :
B — C, i € J}, \/iej((ni,gi)(m,f)) = (k,h) is given by the stable colimit

(ViesDi, a(Dy)):

/\

’LEJD
m 9i
B~ =C
where each
D, B
”ﬁl (*i) l”z
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is a pullback diagram. On the other hand, Vc;(n;,g;) = (n,g) is given by the

stable colimit (V;csB;, a(B;)):

and ( \/iGJ (ni7 gl))(m7 f) = (mn,7 gf”) is given by

/\

1€JB

/\/\

where (%) is a pullback diagram. As V,c;B; is stable, D = V,c;D;:

Hence
Vies ((ni; gi)(m, f)) = Vies(mn}, g f)) = (mn’, gf") = (Vies (ni,9:)) (m, f).

[J.4] Similar to the proof of [J.3] above or by Lemma [3.1.8|
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By Theorem [3.3.3] and Proposition [3.2.13] immediately we have:
Corollary 3.3.4 Par(C, Mg,y,) is a join restriction category.
Conversely, we have:

Theorem 3.3.5 Let C be a category with a stable system of monics M. If Par(C, M)

is a join restriction category, then C is an M-adhesive category and Mgy, C M.

Proor: If Par(C, M) is a join restriction category, then its hom-sets have the bottom
elements and so, by Lemma C has van Kampen colimit from (), given by its strict
initial object. For every M-diagram D : S — M with a stable meet semilattice S # ()

such that there is an amalgam M-cocone v : D = X, for each s1,s, € S

D(<L

D(s1 A 59) 25 D(s)

D<<>l lawz)
D(s;) 2V x

a(s1

is a pullback diagram. Then, by Lemma[3.1.4] {(a(s), a(s))|s € S} is —-compatible and
so the join Ves(a(s), a(s)) exists, say (m,m), in Mapp,,c (X, X), where m : C' — X
is in M. Since (a(s),a(s)) < (m,m), there is an M-map «(s) : D(s) — C for each
s € S. (u(s) is the pullback of a(s) along m by Lemma[1.6.20}) So we have an amalgam
M-cocone ¢ : D = C. We claim that ¢ : D = C'is a colimit. For any cocone f: D =Y
in C, since {(¢(s),5(s))} is compatible in Par(C, M), Vses(t(s), B(s)) must exist and

must be (1, g) for some map g : C' — Y for it is total by the fact that
(m,m) = Vses(a(s),a(s)) = Vses(me(s), me(s))

= Vies(L,m)(u(s), 1)) (m, 1) = (1, m)( Vses ((5), 1(5))) (m, 1).
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It follows that t(s)g = B(s) for each s € S from the fact that (¢c(s),5(s)) < (1,9). If
¢ : C =Y is amap such that ¢'t(s) = G(s) for all s € S, then (1, g) = Vses(t(s), 5(s)) =

Vses(t(s),g't(s)) < (1,¢') and so g = ¢’ by Lemma [1.6.20] as desired.

1(s)

D(s) —=C
T

B(s) v

Y

So, we proved:

In a join restriction category Par(C, M), for a stable meet semilattice M-diagram D,
there is an M-cocone v : D = X if and only if the colimit v : D = C' exists and it is an

M-cocone, where C' is given by Vges(a(s), a(s)).
Letting X = Par(C, M) and applying the functor MTotal, we actually have:

In a split restriction category X, for a stable Mx diagram D : S — Mx, there is an
Mx-cocone a: D = X if and only if the colimit v : D = C' exists in Total(X) and it is

an Mx-cocone, where C' is given by Vscs€a(s)-

Throughout the rest of the proof, we work either with a join restriction category

Par(C, M) or with a split join restriction category X = Par(Total(X), Mx).

t: D = Cis indeed an Mx-van Kampen colimit in Total(X). In fact, for any Mx-
diagram D’ : S — Mx such that there is an amalgam Mx-cocone under D’ and any
commutative diagram of stable meet semilattice diagram:

D=7
C

™

a/
L

D—
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in which § is cartesian. Suppose that o/ : D' = Z is a colimit. Then we want to show

that for each s € S

is a pullback diagram. To do this, it suffices to prove &,T = ey(s) by Lemma [1.6.21]

For any s,s’ € S, since 3 is cartesian, we have the following commutative diagram

D'(s) Z
/ 5(5) o y
D'(sAs) v DI(s) r
L e
B(sAs") D(S) o) C
/ ofs')
D(sN\$) “ D(s)

in which the left, front, top, and bottom faces are pullback diagrams. Hence, by Lemma

ma

Ca(s)T0!(8) = ey = eqr(s)@'(s)

and therefore

ca@r@(#) - /() = e (1) - () 1.

Since Vyes (o/(s)a/ (")) =1,

€a(s)T = vs’esea(s)ra/(sl)al(5/)(71) = \/s’ESea’(s)O/(S/)a/(s/)(il) = €a/(s)s

as desired. Thus, if o/ : D' = Z is a colimit then

o/(s)

Z
w| |
Y(s)

S
©
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is a pullback diagram.

Suppose now that for each s € S

o’ (s)

D'(s)™ 7

o |
)

(s

D(s) —=C
is a pullback diagram. Since o/ : D' = Z is an Mx-cocone, the colimit /' : D' = ('
of D’ exists and it is an Mx-cocone. So there is a total map ' : ¢’ — C' such that

"/ (s) = u(s)B(s). Obviously, r¢’ = . That is the front-right square is commutative.

D(s)

(s) e,
C

Since each back square is a pullback diagram, we have

Eys)T = ea/(s),VS eS.

Hence

= (\/SGSGL(S))T = \/SES(eL(S)T) = \/SESGL(S)T = \/sesea’(s) = Ey

an therefore, by Lemma [1.6.21] the front-right square is a pullback diagram. Then ¢’ is
an isomorphism and so o/ : D' = Z is a colimit. Thus, + : D = C'is a van Kampen
colimit.

For any g : X — Y in My, there is an M-van Kampen colimit v : D = X from S

such that g - v(s) € M for all s € S. So we have an M-cocone o : D = Y from S, given
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by a(s) = g-v(s).

D(s) e x

O

Y

Since both v : D = X and g are determined by Vges(a(s), a(s)) as seen in constructing

colimit of D, g € M. Hence Mg,, € M. O

Since van Kampen colimits are stable, by Theorems |3.3.3| and [3.3.5 clearly we have:

Theorem 3.3.6 (Characterization of Partial Map Categories with Joins) For

each M-category (C, M), the following are equivalent:

(i) Each amalgamable M-diagram has a stable colimit and each M-gap is in M;
1) C is an M-adhesive category and Mg, C M;
gap

(1ii) Par(C, M) is a join restriction category.

PROOF: (i) = (iii): By Theorem [3.3.3
(i73) = (i1): By Theorem [3.3.5|
(i1) = (i): By definitions of a M-adhesive category and My,, and the fact that van

Kampen colimits are stable. 0

By Theorem [3.3.6], immediately we have the following completeness theorem of join

restriction categories.

Theorem 3.3.7 (Completeness of Join Restriction Categories) Fach join restric-
tion category X can be fully and faithfully embedded, in a join and restriction preserving

manner, into a partial map category Par(Y, M), where Y is an M-adhesive category and

Moy C M.
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PROOF: For a given join restriction category X, by Proposition [1.6.11} there is a full and

faithful embedding
X B Split(X) ~ Par(Total(Split(X)), Mspiie(x))-

For each —-compatible subset S C hom(e,e2) in Split(X), where e; : X — X and
es Y — Y are restriction idempotents in X, clearly S is a —-compatible subset of
hom(X,Y"). Hence the join Vsegs exists in hom(X,Y') as X is a join restriction category.
Now it is easy to check that Vscgs is a join in the hom-set hom(ey, e5) of Split(X) so that
Split(X) is a join restriction category. By Theorem 3.3.6, Y = Total(Split(X)) is Mspiie(x)-
adhesive and (Mspiit(x))gap © Mspiir(x) as Par(Total(Split(X)), Mspir(x)) ~ Split(X) is a

join restriction category. Obviously, the restriction functor nx preserves joins. O

3.3.2  Join Completion Using M-gaps

Let (C, M) be an M-category and let P : C — D be a full functor which preserves
pullbacks along M-maps. Suppose that D has pullbacks. Then, by [I5], there are a least
class of monics Mp and a greatest class of monics M* | which make both P : (C, M) —
(D,Mp) and P : (C,M) — (D, MF) be M-functors, where Mp is the composition
closure of all pullbacks of P(m) with m € M and M? = M}’ N {monics in D} with M
being the class of maps n : D’ — D in D for which if v : P(C) — D is a D-map then

there is an M-map m : C" — C such that P(m) is a pullback of n along u:

pey 2L pe)
D’ L D

If P generates D, then M = MPF. In particular, the Yoneda embedding ) : C —

Set®” generates Set®”. Thus, for any M-category (C, M), one has two M-functors

Y:(C,M)— (Set®” My)
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and

Y:(C,M)— (Set®”, M.

Given an M-functor F, it is natural to ask when Par(F) is (full and) faithful. We

have:

Lemma 3.3.8 Let F: (C,M) — (D,N) be an M-functor such that F : C — D is full
and faithful. Then
(1) Par(F): Par(C, M) — Par(D,N) is faithful.
(2) The following are equivalent:
(a) Par(F):Par(C, M) — Par(D,N) is full and faithful.
(b) For any N-map n : D — F(C), there is an M-map m and an isomorphism
a: D — F(dom(m)) such that F(m)a = n.
(¢) F(m) € N implies m € M and for any N-map n : D — F(C) there is a

C-object Xp such that F(Xp) = D.

PrOOF: (1) Let (m,f) : A — B and (m/,f') : A — B be maps in Par(C, M) such
that Par(F)(m, f) = Par(F)(m/, f’). Then there is an isomorphism « : F(dom(m')) —
F(dom(m)) such that F(m)a = F(m’) and F(f)a = F(f'). Since F is full and faithful,
there is an isomorphism [ : dom(m') — dom(m) such that F(5) = a and so mf3 = m/
and fB = f'. Hence (m, f) = (m/, f’) and therefore F is faithful.

(2) It is proved as follows.
“(a) = (b)” Since (n,n): F(C) — F(C) is a map in Par(D, ) and
Par(F) : Par(C, M) — Par(D,N)
is full and faithful, there is a map (m, f) : C' — C in Par(C, M) such that

Par(F)(m, f) = (F(m), F(f)) = (n,n)
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and so there is an isomorphism « : D — F(dom(m)) such that F(m)a = n, as

desired.

“(b) = (¢)” By (b), there is an M-map m and an isomorphism « : D — F(dom(m))
such that F'(m)a = n. Clearly, let Xp = dom(m), then F(Xp) = D. If m: A — B
is a C-map such that F(m) € N, then, by (b) there are an M-map m’ and an

isomorphism « such that F'(m/)a = F(m) and so there is an isomorphism 3 in C
such that F/(5) = o. But F is full and faithful. It follows that m = m/f € M since
m', 5 € M.

“(¢c) = (a)” By (1), we only need to prove that Par(F') is full. For any objects A, B in
Par(C, M) and any map (n, f) : F(A) — F(B) in Par(D, ), by hypothesis there
is an object Xp in C and an isomorphism « : F(Xp) — D, where D = dom(n).
Clearly, (na, fa) = (n, f). Since F' is full and faithful, there are an map m and
g: Xp — B in C such that F(m) = na and F(g) = fa. Since F(m) = na € N,
by (¢) m € M. Then (m, g) is a map in Par(C, M) and Par(F')(m, g) = (n, ) and
so Par(F) is full, as desired.

Proposition 3.3.9 Let P: (C, M) — (D, N) be a full and faithful M-functor then
Par(F) : Par(C, M) — Par(D, N)

is full and faithful whenever Mp C N C MF.

PRrOOF: It suffices to prove that
Par(F) : Par(C, M) — Par(D, M")

is full and faithful.
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For any MP-map n : D — P(C), by the definition of M* there is an M-map

m : C" = C such that
P(m)

P(C") — P(C)
J/ 1p(o)
D

" P(C)

is a pullback diagram. But
D —" P(C)
15 il”c)
D —"~P(C)
is also a pullback diagram since n is a monic. Hence there is an isomorphism « such that

P(m)a = n and therefore, by Lemma [3.3.8] Par(P) is full and faithful. O
Since the Yoneda embedding
Y :C — Set®”
is full and faithful, by Proposition [3.3.9| we have:
Corollary 3.3.10 Both
Par()) : Par(C, M) — Par(Set®”, My)

and

Par()) : Par(C, M) — Par(Set®”, M)

are full and faithful.

Recall that for any given restriction category C, by Propositions [1.6.13| and [1.6.19]

and Theorem [I.6.22] there are an M-category (Total(Split(C)), Msyii(c)) and a full and
faithful functor Jo : C — Par(Total(Split(C)), Mc). Clearly, J¢ is the composition of

the full and faithful unit ng : C — Split(C) and the equivalence

Sp“t(C) ~ Par(TotaI(SpIit(C)), MSplit(C))-
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Explicitly, J¢ is given by

| -7

B 1a Ip
Since any elementary topos is adhesive by Proposition 3.7 in [29] and since a colimit of

(Split(C))°P

an amalgam Mc-cocone is in M, Set ! is an M c-adhesive category. Since

M C (Mc)gap, there is a faithful embedding
£ - Par((SetTOtal(Sp“t(C)))Op, MC) — I;)ar((SetTotaI(SpIit(C)))op7 (Mc)gap)-

Hence there is a unique restriction functor F : j(C) — Par((Set™=@!SPIC))or (Af0),,.)

such that the following diagram is commutative:

Par(y)Jc

C I;)ar((SetTotal(Split(C)))op7 MC)

nc lé‘

j(C) T Par((SetTRIGPIC Yo (AL 4ap)

The restriction functor F is indeed full and faithful.
Proposition 3.3.11 The functor F in the last commutative diagram is full and faithful.
PROOF: Since Par())J¢ is full and faithful and since

j(C) and Par((Set ™ CPHO)P (Mc),ap)

are generated from C and Par((Set™@!PItC)))op Af) by adding joins respectively, F
is full.

For faithfulness of F, note that the embedding
D - Par((SetTOtal(SPIit(C)))Op, (MC)gap) N Par((SetT"ta'(Sp“t(C)))°p7 {HlOHiCS})

is faithful so

F - J(C) N Par((SetTotal(Split(C)))op7 (MC)gap)
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is faithful if and only if
DF : j(C) — Par((Set ™@ICPIC))oP f1n0nics})

is faithful.

To prove this, suppose that Si, Sy € j(C)(A, B) with S; # S;. Without loss of
generality, we may assume that S; NSy # Sy so that it suffices to show that if S ; S
then DF(S1) & DF(S,).

Suppose on the contrary that Sy & Sy but DF(Sy) = DF(S;). Then there is an

s € Sy \ S1, where s € C(A, B). But (DF)(s) is

TS(C)™(—,53)

oo 0

TS(C)* (=, 4) TS(C)* (=, B)
where TS(C)°P = Total(Split(C))°P.

Now, compute

(DF)(S1) = Uses (DF)(51)
Usl €51 TS(C)OP<_7 3_1)

C TS(C)P(—A).
Since s € DF(S;) = DF(S), we have
DF(5) & Usies, DF(51)

so that there is a natural transformation ¢ : DF(5) — Ues, DF(57) such that the

following diagram

DF(s) ' =Uses, DF(5)

DF(3) /D{ﬂeslsﬂ

DF(A)
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is commutative. By Yoneda Lemma, ¢ corresponds to
Us1651DF<8_1) (§> = US1€S1TS(C)OP(§a 3_1)

which is a contradiction since each TS(C)°P(s,37) = () by noting that 5 < 37 and s — s
implies s < 51 and so s € S1. Hence DF(S1) & DF(S;) and therefore DF is faithful, as

desired. O
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Chapter 4

Meet Restriction Categories

In Chapter [3, we introduced joins to restriction categories so that we had the notion of
join restriction categories. In this chapter, we first consider meet structures in restriction
categories to introduce the notion of meet restriction categories. Then we show when
a partial maps category Par(X, M) is a meet restriction category and how to add meet

structures to restriction categories freely.

4.1 Meet Restriction Categories

We consider binary meets on hom sets of a restriction category.

Definition 4.1.1 A meet restriction category is a restriction category equipped with a

meet operation on parallel maps
f,g: X =Y

fAg: X =Y

such that the following three meet axioms are satisfied:

[M.1] for each map f, fNf=f;
[M.2] for each pair of parallel maps f,g: X =Y, fAg<fand fANg<yg;
[M.3] for each map f: X —Y and each pair of parallel maps g,h:Y — Z, (gN\Nh)f =

gf Nhf.

Some properties of a meet in a restriction category are summarized in the following

lemma.

Lemma 4.1.2 In a meet restriction category, for any maps f, g, f', ¢, h that make senses,

we have
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() f<flandg<g = fAg<f'Ng. Inparticular, f < f' < fAx < f' Nz for all

maps x that have the same domain and codomain with f;
(i) h< fh<geh< fAg;
(@) fAg=gNf;
(iv) (fAg)Nh=fN(gNh);

(v) f<ge fAg=gNf=F;

(vi) ffNg=gf Ng=[Ng;
(vid) h(f Ag) =hf Ng=fNhg=hfAhg;
(viii) (f Ag)h = fhAg=fAgh= fhAgh;
(iz) NG = [g;
(x) f A7 is a restriction idempotent. Moreover, if f**1 = f* for some positive integer

k and if the restriction idempotent f Aq splits as f AN'g = mr with rm = 1, then

gf* splits as gf* = m - (rf*) with v ffm = 1.

(xi) 1A f = f & f = f. Moreover, f NG = fg if and only if fg is a restriction

idempotent.
PROOF:
(i) Since

F<fg<¢g = [fAg<[f<[f.fAg<g<{

FTNg=FfNg.dfNg=FfNg

(f'ANVENg=FfNgNgfFAg=FNg

= fAg<f'Ng.
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(73) Since
h<fh<g=h=hANh<[fAg

and

h<fAg=h<fAg<fh<fAg<y

(731) Note that
fANGgZg fANg<f=FfAg<gAf

and symmetrically g A f < f Ag. Hence fAg=gA f.
(1v) Since
(fAGANRSFAgS [ (FAGARSgNR= (fAGNL<FA(gNAD)
and

FAN@GAR) S fANG FAGNAR) <gAh<h= fA(gNh)<(fAg)Ah.

(v) Since f < g,wehave f = fAf < fAgand f = fAf < gAf. Obviously, fAg < f

and gAf < f. Then fAg = gNf = f. Conversely, clearly f = fAg = f = fAg <g.

(vi) Since

fAg< [ fAg<g=ffAg=FfANg=gfNg.



(vii) hf Ag < hf gives

hfAg

Note also that

(hf)hf N g

fRf fhRfAg  ([R.4])
ffRfaghf  ([R.2])
(fRf Ag)hf  ([R-3))

ANghf ([M.3] and [R.3])

—

fAhg ([R4])

MfAg) (FAg <)

fAhg=hgAf=h(gAf)=h(fAg)

and

h(fAg)=

Hence

(hf Ag) = hf A hg.

WMfANg)=hfANg=fANhg=hfAhg.

(viii) fh A g < fh implies

fhAg

It follows that

fAgh=ghnf=(gNfh=(fAgh=fhAgh.

(ix) Since fAG=f fAGG= fgA

F(fEA QR ([R.2] and [R.3])
ffAgh ([M.3] and [R.3])

(fFAgh (fAg<f).

162
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() Since

FAG=(ADg=FAN1lg=1-FAL-g=(fAL)g=f A7

f A g is a restriction idempotent. Note that

aff =g Agff=g(f A9 fF=(f A =mrft

and

rfk-m:rfk-(f/\ﬁ)m:"':T(f/\g)mzl‘

(zi) Since INf=f < fAf=1ANff=f< f>f< f=f Notethat fAG= fgAL.

Then fAG= fg< fg= fg < fgis a restriction idempotent.

4.2 Completeness of Meet Restriction Categories

This section is intended to characterize when a partial maps category is a meet restriction
category and the completeness of meet restriction categories in partial maps categories

using equalizers.

4.2.1 Meet Restriction Implies Equalizers

Recall that by Proposition if C is a restriction category, then so is Split(C) with
a split restriction structure given by the restriction in the category C and there is a
restriction preserving inclusion C — Split(C) sending f: X — Y to f: 1x — 1y.

If a restriction category C has a meet, then it is natural to ask what the special
properties of the partial maps category Par(Total(Split(C)), Mspyiit(c)) has. We shall see

that in some sense, C’s having a meet is equivalent to Total(Split(C))’s having equalizers.
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Since Split(C) is a split restriction category, let D be a restriction category with split

restriction. Recall the following class of maps:
Mp={m: X —->YinTotal(D)|Ir:Y —- X in D, rm=1x and 7 = mr}.

If C is a meet restriction category, then not only is Split(C) a split restriction category

but also Total(Split(C)) has equalizers.

Proposition 4.2.1 If C is a meet restriction category, then Total(Split(C)) has equaliz-

ers and regular monics are restriction monics in Total(Split(C)).

PROOF: For each pair of maps f, g : e; — es in Total(Split(C)), we have

€2f:f’€2g:g7f€1:fagel:g7f:§:]-el:el'

Then

fAger=ferNger=fAg

and so all triangles in

are commutative. That is, f Ag: f A g — e; is a map in Total(Split(C)). We claim that
—— fAg /
Frhglhee = s

is an equalizer diagram in Total(Split(C)). For each map = : e — e; such that fr = gz

in Total(Split(C)), we have
ewr=x,xe=x,T =1, =e.

Then

fAhgr=a(fAgx=afrhgr=afr=fr=ecx=1
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and so z : e — f A gis a map in Total(Split(C)). Since fAg fAg=fANg=15 [Ag
is a restriction monic splitting f A g and there is a unique map z : ¢ — f A g such that
— fAg !

fhg—=e==¢

A
lz

¢
is commutative. Therefore, Total(Split(C)) has equalizers and each regular monic f A g

1s a restriction monic. [l

4.2.2 Equalizers Imply Meet Restriction

First, let’s study when a partial maps category Par(X, M) is a meet restriction category.

Proposition 4.2.2 For an M-category (X, M), if X has equalizers and
{regular monics in X} C M,

then Par(X, M) is a meet restriction category.

PROOF: Recall that Par(X, M) is restriction category with the split restriction (m, f) =
(m,m). It suffices to show that the split restriction category Par(X, M) has a meet.
For each pair of maps (m, f),(n,g) : X — Y in Par(X, M), we form the pullback
square of M-maps m and n:
P 7
7, =X

and then we equalize fn’ and gm’ in X:

g toptty

gm’
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Since the regular monic k : £ — P is in M, mn’k’ € M and (mn’k, fn'k) is a partial
map in (X, M). We claim that
(m, f) A (n,g) = (mn'k, fn'k) : X =Y
gives a meet on Par(X, M). The three meet axioms are showed as follows.
[M.1] For each partial map (m, f): X — Y, since

1
*Z>Z
1Z m

_m. X

N<~——"N

is a pullback diagram and

f
727 ==Y
is an equalizer diagram, we have

[M.2] For each pair of parallel partial maps (m, f), (n,g) : X — Y, looking at the

following

E
2
E P
P P Z1
y X 17 Yl
Z1 A Zy
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where each square is a pullback diagram, we have

(m, f)(m, f) A(n,g) = (m, f)(mn'k, gm'k)
= (m, f)(mn'k, mn’k)
= (mn'k, fn'k)

= (m, ) N (n,9).

Then (m, f)A(n,g) = (mn'k, fn'k) < (m, f). Similarly, we have (m, f)A(n,g) =

(mn'k, gm'k) < (n, g).

[M.3] For each partial map (m, f) : X — Y and each pair of parallel partial maps

(n1,01), (n2, g2) : Y — Z, we want to show that

((n1,91) A (n2, g2))(m.f) = ((n1, 1) (m, f)) A ((n2, g2)(m. [)).

To do this, first, note that (n1, g1) A (na, g2) = (nite, gite) is given by the pullback
square

G*S>G2

|

G, =

and the equalizer diagram
g1t

E—--G=—=x"7.

g2s

So

((n1,91) A (n2, 92))(m, ) = (nate, gite)(m, f)
= (ngse, gase)(m, f)

= (mmt'e’, gitefs)
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/\’”i'
/\/\
/\/ \G
/\/ N

where each square is a pullback diagram.

On the other hand, (ny,g1)(m, f) = (mn!, g1f1) is given by the pullback square:

e
/\/\

and (ng, g2)(m, f) = (mnl, g2 f2) is given by the pullback square:

X
X' Gy
7 \ \
f A
X Y Z

So

(nlvgl)(ma f) N (n2792)(m7 f) = (mnllvglfl) A (mnéangQ) = (mnllngda g1f1n'2'd)
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is given by the pullback squares

n / 1Xé /
X HXQHXQ

" !
Ty \L i’b
nl

n
X —= X "= X 92

PN ; ’

1 g1
and an equalizer diagram
"
d " glflng
D—X

g2 fany

Note that nit’ = nis’ (and X; = X1, up to isomorphism) since they are pullbacks
of nit = nys along f. Then mnjt’ = mnis’ and so there is a unique map w :

X| — X" such that

njw = s and now = t'.

Hence
grfinqwe’ = g1 fit'e’ = gitef] = gasefy = ga fonfjwe”
and therefore there exists a unique map u : C' — D such that

du = we' = we”.
Since m is a monic, we have
mnyny = mnyn] = niny = nHnf

= nyfing = fniny = fnonf = nyfond.

So there is a unique map p : X” — G such that

sp = fon] and tp = finy.



Since
gitpd = g1 finyd = ga fon{d = gaspd,
there exists a unique map ¢ : D — E such that
eq = pd.

It follows that

fninid = ny finyd = nitpd = nyteq.
Then there is a unique map v : D — C' such that
v =gqand t'¢'v=mnjd.
Since njd is a monic,
nyduv = nowe'v =t'e'v =nhd = uww = 1p
and since ¢’ is a monic,
t'e'vu = nydu = njwe’ =t'e’ = vu = 1¢.

Hence

((n1,91) A (n2, g2))(m, f) = (mnit'e, gitefs)
= (mnllngdaglfln/2/>

(as uwv = 1p,vu = 1¢)

= (nhgl)(ma f) A <n2792)(m7 f)

170



171

D~ u c-.E
el e
d X} B G
w’ s/ s
. Xt X, g
4 2 2
q n, ng
w ny X —=Y
p !
m 92
Y e t nj m
C L x|t X e X X
f{'l \/J/ﬁ f f
3 g
E—~G—1-G 2>y Z
V

Now we are ready to show:

Theorem 4.2.3 A category is a meet restriction category if and only if it is a full sub-
category of Par(X, M) for some M-category (X, M) in which X has equalizers and every

reqular monics of X is in M.

PROOF: “if” part: By Proposition [£.2.2] Par(X, M) is a meet restriction category and
so is its full subcategory.

“only if” part: Conversely, a meet restriction category C is a full sub-restriction cat-
egory of Par(Total(Split(C)), Mspit(c))- By Proposition Total(Split(C)) has equal-

izers and every monic of Par(Total(Split(C))) is in Mspii(c), as desired. O

As an example, Par(Setgy,, M), given in Example [1.6.16] is not a meet restriction
category as not every regular monic of Setgy, is in M clearly, where M = {injections 7 :

A< B||B\i(4)| < +o0}.
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4.3 Meet Completion for Restriction Categories

This section is intended to construct the free meet restriction category over a given
restriction category. Let X be a restriction category. Define the meet restriction category

Mt(X) (the meet completion of X) as follows:
objects: the same as the objects of X;

maps: a map from X to Y in Mt(X) is a pair (f, Q) of a X-map f and a finite set
Q = {(fi, f))]i = 1,--- ,n} of parallel X-map pairs: f: X =Y, fi,f] : X —
X, fun 2 X — X,

f
/\
Y

X !
Q=% X
A4t
X, ... X,

factored out by the equivalence relation (f,Q) ~ (g, R), where (f,Q) ~ (g, R) if
(g9, R) can be obtained from (f, Q) by finite steps ~:

[MC.1] if (f,9) € Q, then (f,Q) = (9,Q) and (9, Q) ~ (f, Q);

MC.2] (f,QU{(1,1)}) = (f,Q) and (f,Q) =~ (f,QU{(1,1)});

[MC.3] for each pair of parallel maps h and k which have the same domain as that of

f
(f;QUA{(h,k)}) = (f,QUA{(K, h)});

[MC.4] if (h, k), (k,w) € Q, then (f,Q) =~ (f,QU{(h,w)}) and (f,Q U {(h,w)}) =~
(f,Q);

[MC.5] if th = h and if (h, k) € Q, then

(f, Q) = (f, QU{(vh,vk)})
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and
(f,Q U{(vh,vk)}) = (f, Q);

[MC.6] for any restriction idempotent e =€ : X — X if (h, k) € @, then

(fe,@) = (f,QU{(he, k)})

and

(f; QU {(he, k)}) = (fe, Q).

We shall prove that ~ is an equivalence relation in Lemma below. The
equivalence class of (f, Q) is also denoted by (f,Q). So (f,Q) = (f1,Q1) usually

means that (f, Q) and (f1, @) have the same equivalence class, that is, (f, Q) ~

(f1, Q).

composition: for maps (f,Q) : X — Y and (¢, R) : Y — Z in Mt(X),

(9, R)(f,Q) = (9f,QURf):

f g
//——\ /_\
Y Z

X
o2 N e N
o In a
X, X, Y; . Y,,

identities: for each object X, 1x = (1x,0);

restriction: (f,Q) = (f,Q);

meet: for a pair of parallel maps; (f, @), (g, R) : X — Y in Mt(X),
(f; QA (g, R) = (f,QURU{(f,9)}).

We first observe:

Lemma 4.3.1 ~ in the definition of Mt(X) above is an equivalence relation.



174

PrROOF: We show the reflexivity, the symmetry, and the transitivity of ~ as follows.

Reflexivity: For each map (f, @), (f, @) can be obtained from (f, Q) by 0 step ~ and
so (f,Q) ~ (f,Q).

Symmetry: It suffices to show that if (f,Q) ~ (g, R) then (g, R) ~ (f,Q), which is

clear by the definition of ~.

Transitivity: Clearly, if (f,Q) ~ (g, R) and (g, R) ~ (h, S), then (g, R) and (h, S) can
be obtained from (f, Q) and (g, R) by finite steps ~ respectively and so (h,S) can
be obtained from (f, Q) by finite steps ~. Hence (f,Q) ~ (h,S).

Some properties of Mt(X) are summarized in the following lemma.

Lemma 4.3.2 In the meet completion Mt(X) of a restriction category X,

() if (h, k) € Q, then (f,Q) = (f,QU{(h,k)});

(i5) if h> f, then (f,QU{(h,h)}) = (f,Q);

(13i) let (h,k) € Q. If h <wu and k <w, then (f,Q) = (f,Q U {(u,v)});

(iv) for each restriction idempotent e that makes senses, (f,Q U Re) = (fe,Q U R);
(v) if (f, ') € Q, then (9f,Q) = (9f,QU{(af,9f)});

(vi) if (f, ) € Q, then (9f, QU RS) = (¢9f,QU Rf URF").

PROOF:
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(f.Q) = (/,QU{(hh,kk)})

k@) (IMCJg)

= (fAk,QU{(L1)}) (IMCP])
= (fLQU{(hK)}) (IMC]).

(f,Q) = (fFhQuU{(1,1}) (IMCPR])
= (£,QU{(L1),(h,1)}) (IMCJg)
= (£,QU{(L 1), (hh)}) (IMCH])
= (L,QU{(rM}) (IMCR)).

(#4i) Since h <w and k <wv, h = uh and k = vk. Then

(£,Q) = (£,QU{(hk)})
= (£,QU{(uh,vk)})
= (fhk,QU{(uv)}) (IMCH)
= (£,Qu{(wv)}) (MCJg).



(tv) Assume R = {(s1,t1)," -

(f, QU Re)

, (8n,tn)}. Then

(f;QU{(sie,tre), -+, (snestne))
(fe",QU{(s1.t1€), -+, (snstne))  (MCI])
(fe", QU{(tie,s1), -+, (tne,50))  (IMCR])
(fe", QUA(t, 1), , (tn50))  (IMCB])
(fe,QUA(t, 1), (tny50))  (€° =)
(fe,QUA{(sistr)s---  (snrta))  (IMCR]))
(fe,QUR).
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(v) (9f,Q) = (af,QU{(faf, f)}) = (¢f,QU{(afaf,9f")}) = (af, QU {(gf. 9f)}).

(vi) Assume that R = {(s1,t1), -, (Sn,tn)}. Then

(9f,QURS)

(gfa Q U {<Slfa tlf)7 T (Snfa tnf)})
(9f,QUAls1f t1f), -+ (snf tnf), (1, 1)})
(I>gf and [MCJ2])

(gf7 Q U {<81f7 tlf)? T (Snfa tnf)? (E? 1)7 (H? 1)})

(MCg)

(9f,QUAlstftaf) (sl taf), (F suf, 1), (F taf. 1))
(MCg)

(9f, QUA(sifitif), s (saf tuf). (fsif, £), (Fi . )})
(MCh))

(gfaQU{<Slfat1f)7"' ’(Snfatnf)7(fﬁ7fl)v(fﬁ7f/)})
((f, f") € Q and [MCH])



(gf, QUA(s1f tuf), - (sl tuf), (suf,s0f), (t0f, 00 f)})
(MCH])

(9f,QUA(suf tif), - (sfitaf), (sif suf), (f 0 f)})
(MCH])

(gf,QUA(s1f.taf), - (saf tuf), (suf'ssuf), (tf 10 f"),

(sif', 11/} (MCH])

(9f,QU{(s1f,taf), -+ (suf tnf),

(sif',tif)})  (reserving the above process)

- induction on n

(gf7Q U {(81f7 tlf)’ ) (Snfy tn.f)’ (Slflatlf,)7
= (saf )}
(9f,QURFURS}).

Then we need to prove:

177

Lemma 4.3.3 The composition, restriction, and meet defined above are well-defined.

PROOF:

1. The Composition (g, R)(f,Q) = (¢f,Q U Rf) is well-defined.

We need to prove that if (g, R) ~ (g1, R1) and (f, Q) ~ (f1, Q1) then

(9, R)(f,Q) ~ (g1, R1)(f1, Q1)

It suffices to show that if (g, R) ~ (g1, Ry) and (f, Q) ~ (f1, Q1) then

(9, R)(f, Q) ~ (9, R)(f1,@1) ((9,R) fixed)
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and

(9, R)(f, Q) ~ (91, 1)(f, Q) ((f, Q) fixed).

Case 1. Fix (g, R).

[MC.1] If (f, f') € Q, then (f,Q) ~ (f’,Q). Note that

Then

(9. R)(f,Q) = (9f.QURS)
= (9f,QURfU{(9f.9f)}) (LemmaE32AR))
= (9f.QURFURF U{(9f.9/")}) (LemmaE32ui)
= (9f,\QURFURS U{(sf,9f)}) (IMCH])
= (9f"\QURf U{(9f.9f)}) (LemmaE3A[i))
= (9f,QURS") (LemmaE32(])
= (9. R/, Q).

[MC.2] Since

(9, R)(f,Q) = (9f,QURS)
= (9f,QURfU{(L,1)}) (IMCJ])
= (¢, R)(f,QU{(1,1)}).
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[MC.3] Since

(9, R)([,QU{(hF)}) = (9f,QURFU{(h,K)})
= (9f,QURfFU{(k,h)}) (IMCJ])
= (9, R)(f,QU{(k, h)}).

[MC.4] If (h, k), (k,w) € Q, then (f,Q) ~ (f,Q U {(h,w)}) and
(9, R)(f,Q) = (9f,QURS)
= (¢f,QURfU{(h,w)}) (MCH])
= (9. R)(f,QU{(h,w)}).

[MC.5] If (h,k) € Q and if vh = h, then (f,Q) ~ (f,Q U {(vh,vk)}) and

(9, R)(f,Q) = (g9f,QURS)
= (9f,QURfU{(vh,vk)}) ([MCJ])
= (9, R)(f, QU {(vh,vk)}).

[MC.6] If e is a restriction idempotent and (h,k) € @, then (fe,Q) ~ (f,Q U
{(he, k)}) and
(9, R)(fe, Q)
= (9fe,QU Rfe)
= (9/,QURfeU{(he,k)) ((hk) € Q and [MC])
= (9f,QURfU{(he,k)) (Lemma E32(iv))
= (9, R)(f, QU {(he,k)}).
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Case 2. Fix (f, Q).

[MC.1] If (g,¢') € R, then (g, R) ~ (¢, R) and

(9, R)(f, Q) = (9f,QURS)
= (¢'f,QURS) ((9f,9f) € Rf)
= (¢, R)(f,Q).

[MC.2] Since

(9, R)(f.Q) = (9f,QURS)
= (¢f,QURFU{(f.f)}) (f>gf and Lemma L32(i))
= (¢, RU{(L DN, Q).

[MC.3] Since

(9, RU{(t,s)})(f,Q) = (9f,QURFU{(tf sf)})
= (9f,QURFU{(sf,tf)}) (IMCJ])
= (g, RU{(s,)})([, Q).

[MC.4] If (u,v), (v,w) € R, then (g, R) ~ (g, RU {(u,w)}) and

(9. R)(f,Q) = (9f,QUR)
= (9f,QURfU{(uf,wf)})
((wf,vf), (vf,wf) € Rf and [MCH])
= (9 RU{(u,w)})(f. Q).
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[MC.5] If (s,t) € R and Ts = s, then (g, R) ~ (g, RU {(vs,vt)}) and

(9, R)(f,Q) = (9f,QURS)
= (9f,QURfU{(vsf,vtf)}) (vsf=sfand [MCJ]))
= (g9, RU{(vs,v1)})(f, Q).

[MC.6] If e = e and (s,t) € R, then (ge, R) ~ (g, RU{(se,t)}) and

(ge, R)(f, Q)

(gef, QU RY)

= (9fef,QURf)

= (9f,QURFU{(sfef,tf)})
((sf,tf) € Rf and [MCJg]))

= (9f,QURfU{(sef.tf)})

= (9, RU{(se,1)})(f, Q).

2. Restriction (f,Q) = (f,Q) is well-defined.

[MC.1] If (f,9) € @, then (f,Q) = (9,Q). We want to show that (f,Q) = (g,Q).
Note that

(f.Q = (1.Q)
= (LQU{(/].9)}) ((f.9) € Q and [MC])
= (LQU{(gg.N)}) (IMCJ])
= @QU{(g.N}) (IMC)
= (3,Q) ((f.9) €Q and [MCJ])

= (9,Q),
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as desired.

[MC.2] If & > f, then (f,Q U {(h,h)}) ~ (f,Q). Since h > f, we have

(f,Q) = (1,Q) = (},QU{(h,W)}) = (},QU{(h.N)}).

[MC.3] If (h, k) € Q, then (f,Q) ~ (f,QU {(k, h)}) and

(f.Q) = (f,Q) = (f,QU{(k,)}) = (f,QU{(k, h)}).

[MC.4] If (h, k), (k,w) € Q, then (f,Q) ~ (f,Q U {(h,w)}) and

£,Q) =(1,Q) = (,QU{(hw)}) = (f,QU{(hw)}).

~—~

[MC.5] If (h,k) € Q and Th = h, then (f,Q) ~ (f,Q U {(vh,vk)}) and

(f,Q) = (f.Q) = (}.QU{(vh,vk)}) = (f,Q U {(vh,vk)}).
[MC.6] If e is a restriction idempotent and (h, k) € @, then

(fe,@Q) ~ (f,QU{(he, k)})

and

(fe,Q) = (fe,Q) = (fe,Q) = (f,Q U{(he, k)}) = (f,QU {(he, k)}).

3. The meet (g,R) A (f,Q) = (f,QURU{(f,g)}) is well-defined.

Case 1. Fix (g, R).
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[MCl] It (fv f/) € Q? then (va) ~ (f/7Q) and

(;QA(gR) = (;RURUL{(f,9)})
= (FQURU{(f.9).(f,)}) ((f,f) € Qand [MCH])
= (LQURU{(f,9).(f,.1),(f,9)}) (IMCH])
= (f,QURU{(f.9).(f./).(f 9)}) (IMCH])
= (fL,QURU{(f.9).(f 9} ((f.f)€Qand [MCJ])
= (fL,QURU{(f 9)})

((f,£).(f.9) € QURU{(f', g)} and [MCH])

= (fLQ) N (g, R).

[MC.2] Since

(L@ AN(g,R) = (FRQURU{(f 9)})
= (,QURU{(f,9),(1,1)}) (IMCJ])
= (£,QU{(L,1)}) A (g, R).

[MC.3] Since

(f.QU{(h,k)})A(g9,R) = (f,QURU{(f,9),(h,k)})
= (f,QURU{(f.9).(k,n)}) (IMCJ])
= (£,QU{(k.h)}) A (g, R).

[MC.4] If (h, k), (k,w) € Q, then (f,Q) ~ (f,Q U {(h,w)}) and

(f,QAN(gR) = (f,QURU{(f,9)})
= (fLQURU{(f.9).(h,w)}) (IMCH])
= (/,QU{(h,w)})A(g, R).
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[MC.5] If (h,k) € Q and if Th = h, then (f, Q) ~ (f, Q@ U {(vh,vk)}) and

(f,Q AN (g R) = (f,QURU{(f,9)})
= (L, QURUA{(f.9), (vh,vk)}) (IMCJ])
= (/,QU{(vh,vk)}) A (9, R).

[MC.6] If e is a restriction idempotent and (h, k) € @, then

(fe,Q) ~ (f,QU{(he, k)})

and

(fe, QA (g, R) = (fe, QURU{(fe, 9)})
= (f,QURU{(fe,9).(he,k)}) (IMC])
= (L,QURU{(f,9), (he,F)})
= (/,QU{(he,k)}) A (g, R).

Case 2. Fix (f, Q).

[MC.1] If (g,9') € R, then (g, R) ~ (¢, R) and

(fL,QA(gR) = (f;,RURU{(f,9)})
= (fL,QURU{(f.9).(f.9), (¢ 9)})
((9.9") € R,[MCJ3], and [MCH])
= (L,QURU{(f.9).(¢"9)}) (IMCH])
= (L,QURU{(f,9)}) (IMCJ])
= (£, QA R).
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[MC.2] Since

(£ N (g R) = (fFQURU{(f.9)})
= (LQURU{(f.9).(1LD}) (MCP))
= (LA (g, RUL(LD}).

[MC.3] Since

(f; QA (g, RU{(s,1)}) = (f,QURU{(f,9),(s,1)})
= (LQURU{(f,9).(t.5)}) (IMCJ])
= (/L@ A (g, RU{(t,5)}).

[MC.4] If (u,v), (v,w) € R, then (g, R) ~ (9, RU{(u,w)}) and

(f.QA(gR) = (,QURU{(f,9)})
= (,QURU{(f,9),(uv,w)}) ([MCH])
= (£,Q) A (g, RU{(u,w)}).

[MC.5] If (s,t) € R and Ts = s, then (g, R) ~ (g, RU {(vs,vt)}) and

(f,Q N (g, R) = (f;,QURU{(f,9)})
= (fL,QURU{(f,9).(vs,vt)}) ([MCJ])
= (/,@Q) A (g, RU{(uvs,vi)}).
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[MC.6] If e = e and (s,t) € R, then (ge, R) ~ (g, RU{(se,t)}) and

(f;Q) Alge, R) = (f,QURU{(f,ge)})
= (9.QURUA{(f,ge), (se,;t)}) ([MCg])
= (f,QURUA{(ge, f), (se,;t)}) (IMCJ])
= (£,QURU{(g. /), (se*,1)}) (IMCJg])
= (L,QURU{(f.9).(se,;t)}) (IMCJ])
= (/L,Q A (g, RU{(se,1)}).

4.3.1 Mt(X) is a Restriction Category

We need to verify the identity law, associative law, and four restriction axioms. The

identity law and associative law are verified as follows.

identity law: For any map (f,Q): X — Y, we have

(£, Q)(1x,0) = (f,0UQ-1x) = (f,Q)
and
(y,0)(f, Q) = (f,QUIS) = (£, Q).

So identity law holds true.
association law: For any maps (f,Q): X =Y, (¢,R):Y — Z, and (h,S): Z — A,
((h.8)(9.8))(£,Q) = (kg RUSg)(.Q)
= (hgf,QURfUSgf)
= (h,S)(9f,QURS)
= (0.9)((9. B, Q).
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So associative law holds true.

Hence Mt(X) is a category. To prove that Mt(X) is a restriction category, we verify the

four restriction axioms as follows.

R.1]
(f.Q)(f.Q) = ([.Q(f.Q)
= (£,QuUQJ)
— (f},Q) (LemmaE32(id))
= (f,Q);
R.2]
(f,Q) (9,R) = (},Q)(7 R)
= (fg,RUQy)
= (fgg,RUQ) (Lemmam)
= (faf,QUR)
= (9f,QURS) (LemmaE32(iv))
= (9, R) (f,Q);
[R.3]
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R.4]

(9. R)(f,Q) = G R)(f.Q)
= (9f,QURf)
= (f9f.QURY)
= (f9f,.QURfUQgf) (LemmaE32(iv))
= (£,Q)9f,QURY)
= (/,Q)(9, B)(£, Q).

4.3.2 Mt(X) is a Meet Restriction Category

For maps (f,Q), (g9, R) : X — Y, note that

(f.Q) < (9,R)

& (9, R)(,Q)=(f.Q)
< (9f,QURS) = (f.Q).

The three meet axioms are showed as follows.
[M.1] For each map (f,Q) : X — Y in Mt(X),

(fLANSQ) = (fL,QRUQU{(S,N})
= (f,Q) (f> f and Lemma M)

[M.2] For maps (f,Q),(g,R) : X =Y, since

(f,Of,QURU{(f,.9)}) = (J[J.QUQFARU{(f.9)})
= (,QURU{(f,9)}),
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we have

(f,Q N (g, R) = (f,QURU{(f, 9)}) < (f,Q)
Similarly, (f, Q) A (9, R) < (g, R).

[M.3] For maps (f,Q): X — Y, and (¢, R),(h,S):Y — Z,

(9 D) A (1, 9)(£,Q) = (9.5 URU{(g:WN(£.Q)
— (9/,QUSTURSU{(9f.h)})
= (9, QUR)A(hf,QUSY)
= (e R(.Q) A ((1.9)(1.Q).

Hence Mt(X) is a meet restriction category.

4.3.3 Mt(X) is a Free Meet Restriction Category

Let mrCat, be the category of meet restriction categories and meet restriction functors

between them. Then there is an obvious forgetful functor
Ut : mrCaty — rCaty.
For each given restriction category X, we have a restriction functor
J : X = Upe(Mt(X))

given by sending each map f: X — Y in X to a map (f,0) : X — Y in Mt(X).
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For each map (f,Q) : X — Y in Mt(X) with @ = {(f1, f1), -+, (fn, f},)}, we have

(F.Q) = (O A £ G SN
_ (fﬂ)ﬁ(l»{(fi,f{)}),
FOAG0 = U1 h
= AU )
— LG (MCE)

= (LA

For a given restriction functor F': X — Uy (Y) with a meet restriction category Y, we
define
F*:Mt(X) =Y

F'(f,0) = F(f)
F{(1,Q) = FUTFUIAEF),

Then, for each X-map f: X — Y,
(Ut (F) ) (f) = Une(F7)(f, 0) = F(f).

Suppose that G : Mt(X) — Y is a meet restriction functor such that Uy (G)J = F.

Then
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and so, for any Mt(X)-map (f,Q) : X — Y with Q = {(fi, ), . (fa, )}, we have
Uil @)(£,Q) = Unl@)((f: 1_1 (LA F)D)
= UniG)(£,0)U (ﬁl{fu )

_ HUmt (LA D)D)

== HUmt flv ( z?q)))

= HUmt fza /\Umt(G)(fz/7®)

= F(f)HF(fMF(f;)
= Un(F)(£.Q).

Hence G = F* and therefore there is a unique meet restriction functor F™* suct that

X —L> Upe (Mt(X)) Mt(X)

lUmt(F*) 3
v
Uit (Y) Y

F

commutes. Thus, there is a functor
Fi : rCaty — mrCat,

given by sending each restriction functor /' : X — Y to a meet restriction functor

Fiue(F) - Mt(X) — Mt(Y), where

Fue(F)(f, Q) = (F(f), F(Q))

and Mt(X) is free over a restriction category X.

If J(f) = (f,0) = (9,0) = J(g), then (f,0) ~ (g,0). By Lemma[4.3.2, we have

(f.0) = (fA(h. )If < R}U{(s, )| f < s,t})
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and
(9,0) = (g, {(k, F)[g <k} U{(u,v)]g < u,v}).

Hence J(f) = J(g) if and only if f = g. So we have actually proved:

Theorem 4.3.4 F,; 41U, : mrCaty — rCat is an adjoint pair with a faithful unit so

that Mt(X) is a free meet restriction category over a restriction category X.

4.3.4 Meet Completion for Inverse Categories

In the last subsection, we provided the meet completion Mt(X) for restriction categories.
Recall that an inverse semigroup is meet complete if every non-empty subset has a meet
([31], p.27). Similar to join completion for inverse semigroups, it is well-known that each
inverse semigroup can be embedded in a meet complete inverse semigroup, called meet
completion ([31], p.34). This subsection is intended to show the relationship between the
meet completion for restriction categories and the meet completion for inverse categories.

First, we recall the meet completion for inverse semigroups, described in [31] (pp.34-

36). Let S be an inverse semigroup and X a non-empty subset of S. Write
X 1= {s € S|z < s for some = € X}.

A subset X is called up closed if X = X 1. A non-empty up closed subset A of S is

called a coset if A = AATYA. For each non-empty subset X C S, define
(X) = ﬂ{cosets AlX C A}
One can describe the meet completion K(.S) for an inverse semigroup S with
composition: A ® B = (AB).

The category invSgrp, of all inverse semigroups and homomorphisms between them,

has the subcategory minvSgrp, consisting of all meet complete inverse semigroups.
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There is the forgetful functor U, : minvSgrp, — invSgrp,, forgetting the meets. Uy,

has the left adjoint F}, given by the meet completion K ( ):

Theorem 4.3.5 F¢ 1 Unei : minvSgrp, — invSgrp, is an adjoint pair with a faithful
unit so that the meet completion K(S) is a free meet inverse semigroup over an inverse

semigroup S.

PROOF: Theorems 28, 29, 30 [31], pp.35-36. O

Remark 4.3.6 The meet completion for inverse semigroups can be fitted to inverse
categories. Let I be an inverse category. The meet completion K (I) can be described as

the following meet complete inverse category with:

objects: X €1,

maps: amap U : X — Y is given by a coset U C mapy(X,Y);

identities: 1y = {1x};

composition: for any maps U : X - Y and V:Y — Z in K(I), VU = (VU);
restriction: U = (UCVU);

meet: NierU; = ();or Ui

Let mcinvCat, be the subcategory of invCat, consisting of all meet complete in-

verse categories, analogous to meet complete inverse semigroups. Similarly, the obvious

forgetful functor U, : mcinvCat, — invCat, has the left adjoint given by the meet

completion K (I):

Fiue 7 Une : mcinvCaty — invCaty is an adjoint pair with a faithful unit so that K(I)

is a free meet complete inverse category over an inverse category I.

Let us be back to the meet completion Mt(X) for restriction categories proved in

the last subsection. As each inverse category I is a restriction category, we have a meet
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restriction category Mt(I) that turns out to be a meet inverse category, where an inverse
category is called a meet inverse category if there is a meet operation on parallel maps in
such that the three meet axioms in the definition of a meet restriction category (Definition
4.1.1)) are satisfied. To see this, we characterize idempotents in Mt(I) by the following

lemma.

Lemma 4.3.7 An Mt(I)-map (f,Q) : X — Y is an idempotent if and only if there exists

a restriction idempotent e in I such that (f,Q) = (e, P).

PROOF: Clearly, if e is a restriction idempotent in I, then (e, P)? = (e?, PU Pe) = (e, P)
and so each (e, P) is an idempotent in Mt(I).

Conversely, if (f,Q)? = (f£,QU Qf) = (f,Q), then after finite steps ~ there are

restriction idempotents e; and e, such that

(f7Q)2 = (fvTU{(felanQQ)}) = (faQ)

By [MC’ (f?TU {(f€17f2€2)}) = (f7TU {(?617f62)}) = (?>TU {(?61,f€2)}), as
desired. 0

Now we are ready to show that Mt(I) is a meet inverse category.
Lemma 4.3.8 Let I be an inverse category. Then Mt(I) is a meet inverse category.

Proor: As Mt(I) is a meet restriction category, it suffices to show each Mt(I)-map has
a least one regular-inverse and idempotents with the same domain in Mt(I) commute.

For each Mt(I)-map (f,Q): X — Y,
(IO, Q)

= (ffTV£QuUQFTY)
= (£,Q) (IMCJg]).

(£, QU0 QfF“N(f. Q)



195

So (f,Q) has a regular inverse (f-9, Qf1).
By Lemma [4.3.7, each idempotent in Mt(I) has the form of (e, P) with a restriction
idempotent e. For any idempotents with the same domain (e, @), (e2,Q2) : X — X,

here e; and ey are restriction idempotents in I, we have

(e1,Q1)(e2,Q2) = (eres, Q2 U Q1er)
= (e162,@Q2e2U Q1) (IMCJH])
= (e2,Q2)(e1,Qn).

Hence idempotents with the same domain in Mt(I) commute. Thus, Mt(I) is a meet

inverse category. 0

By Lemma Fo(invCaty) is a subcategory of minvCatg. So there is an ad-
junction Fpy 4 Uy : minvCaty — invCatg given by restricting adjunction Fi; = Upy :

mrCat, — rCatg to invCat,. We have:

Theorem 4.3.9 There i1s a commutative adjunction diagram:
Fmti

. _— .
invCaty _ 1~ minvCat,
Umti

F mt

rCat, 1 _mrCat,
Umt

For a given inverse category I, both Mt(I) and K (I) share some properties as reflected

in the following two propositions.

Proposition 4.3.10 For an inverse category I, if (f,Q) : X — Y is an Mt(I)-map with
(h,k) € Q, then

1. h <u and k < v implies (f,Q) = (f,QU{(u,v)}),

2. (£,Q) = (£,QU{(LA"YR)}) = (£, QU{(k"Vh,1)}).
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PROOF:

1. By Lemma [4.3.2|(iid).

9. As h = hh-Vh = =D,

(f,Q) = (fLQU{(hnh"YE)})  (IMCH])
= (fA"Yh,Qu{(L,r"YR)})  (IMC))
= (£,QU{(L,r"Yrr"VE)})  (IMClg))
= (£, Qu{(1,A"VE)}).

Similarly, (f,Q) = (f,QU {(k""h,1)}).
O

So, for an inverse category I each parallel pair (h, k) can be turned into the form of

(1,RVk) or (K-Yh,1).

Proposition 4.3.11 For an inverse category I and an Mt(I)-map (f,Q), if
(1, h), (L k), (1,1) € Q

and h, k,l have the same domain, then

1. (1,hY) € Q;
2. (h, hk),(1,hk) € Q;

3. (1,hkD]) € Q.

PROOF:
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1. As
(Lh)e@ <« (h1)e@
& (DR 1) eQ
= (WYh, ) e
= (1L,A"YRREY) e Q
& (1,hY))y e Q.
2. Since

(1,h),(1Lk) €@ = (1,h),(1,k) €Q

Clearly, (1,h), (h, hk) € Q imply (1, hk) € Q.

4.3.5 Interactions with Cartesianess

In Chapter [2, we studied cartesian objects in restriction categories and how to add
partial products to a restriction category freely. In this subsection, we shall study how
meet completion interacts with cartesianess.

Recall that in a restriction category, a partial terminal object is an object 1 satisfying

for each object X there is a total map !x : X — 1 such that for any map f: X — 1,
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—
I
S

|

XX
N7
f
For each pair of objects X and Y in a restriction category, a binary partial product of
X and Y is an object X x Y with two total maps 7x : X XY — X and 7y : X XY =Y
such that for any pair of maps f : Z — X and g : Z — Y there is a unique map

(f,g9) : Z — X x Y such that

X
! g

5 (f\,/g> <
A<~—AXB—B
A restriction category is cartesian if it has a partial terminal object and binary partial
products.
Assume that X is a cartesian restriction category with a partial terminal object (1,!)
and a binary partial product (X x Y, wx, my) for each pair of X-objects X and Y. We are
wondering if the unit J : X — Mt(X), given by sending f : X — Y to (f,0) : X =Y,

preserves the partial terminal object (1,!) and the binary partial product (X XY, wx, my ).

Cram 1. (1,(1,0)) is a partial terminal object in Mt(X) so that the unit J preserves

partial terminal objects.

In fact, for each Mt(X)-object X, there is a total Mt(X)-map (!x,0): X — 1

such that for any Mt(X)-map (f,Q) : X — 1

(I, 0)(f. Q) = (Ix.0)(f. Q) = (Ix f,Q) = (f.Q)-

Clearly, (!x,0) = (!x,0) = (!x,0). So (!x,0) is total in Mt(X). Hence (1, (!,0))

is a partial terminal object in Mt(X).

Cramm 2. (X XY, (7wx,0), (7y,0)) is not a partial product of X andY in Mt(X) so that

J does not preserve binary partial products.
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For each pair Mt(X)-maps (f,Q) : Z — X and (¢, R) : Z — Y, the Mt(X)-

map ((f,9), QUR): Z — X x Y satisfies

(mx,0)({f,9), QUR) = (mx(f. 9), QUR) = (fg, RUQ7) = (f.Q)(9. R) < (f,Q)

and

(my,0)({f, 9), QUR) = (mv(f, 9), QUR) = (9f,QURS) = (9. R)(f.Q) < (9. R) :

Z
v Q)> (), QN

X XY ——Y

(mx,0 (my,0)

X

However, the uniqueness of the Mt(X)—map ((f,9),Q U R) is a problem as

(f,Q) = (f'.Q) and (g9, R) = (¢, ) do not imply ((f,g), QUR) = ((f',¢'), QU
R) generally. For example, given X-maps f, f’, g, ¢’ with the same domain and

codomain, suppose that f # f' and g # ¢’. Then

(LA S0 = AW ) (DY)

and
(9,{(9,9),(d",9)}) = (9", {(9,9), (g, 9)})

but
(fo ) AL 1) (9,90, (g a)}) # (g A ) (f ) (9,9, (9 9)}).

So, we have:

Proposition 4.3.12 The unit J : X — Mt(X), given by sending f : X =Y to (f,0) :
X — Y, preserves partial terminal objects but does not preserve binary partial products

generally.

But, we have:
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Proposition 4.3.13 Given a cartesian restriction category X, then the unit J : X —
Mt(X), given by sending f : X =Y to (f,0) : X =Y, preserves binary partial products
if and only if the maps in Mt(X), defined in Section satisfies one more equivalent

step ~:

[MC.7] (f,@Q) ~ (f',Q) and (g, R) ~ (¢, R) imply ((f,9), QU R) ~ ({f',¢'), Q"U R).

PrOOF: (The Sketch). First of all, it is easy to show that ~, after adding [MC.7], is
an equivalence relation as we did in Lemma [4.3.1] Then, it is routine to verify that the
composition, restriction, and meet defined in Section are well defined after adding
[MC.7], as in Lemma [£.3.3] Now we want to show that J(X x Y,mx,my) = (X X
Y, (rx,0), (my,0)) is a partial product of X and Y in Mt(X) with adding [MC.7].

For any Mt(X)-maps (f,Q) : Z — X and (¢9,R) : Z — Y, as we did in Claim 2

above, we have the following diagram:

A
v ’Q)z (<ﬁg)f?M
X — XxY = Y
Let (h,S): Z — X x Y be an Mt(X)-map such that
Z
%w S
> v <
X ) XxY = Y
Then
(mx,0)(h, ) = (mxh, S) = (f,Q)(9, R) = (f,Q)(3, R) = (fg.QUR)
and
(my,0)(h, S) = (7vh, S) = (9, R)(},Q) = (9, R)(f. Q) = (9, QUR)
and so

(mxh,S) ~ (fg,QUR) and (myh,S) ~ (¢9f, QU R).
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By [MC.7], we have

(h,8) = ({mxh,myh), SUS) = ((fg.9f), QURUQUR) = ({f,9), QUR).

Hence the uniqueness of ({f, g), @ U R) follows and therefore (X x Y, (7x,0), (7y,0)) is
a partial product of X and Y in Mt(X).

Conversely, let (X X Y, 7y, my) be a partial product of X and Y in X. If the unit J :
X — Mt(X) preserves binary partial products, then (X x Y, (7wx,0), (7y,0)) is a partial
product of X and Y in Mt(X). Suppose that (f,Q) ~ (f',Q’) and (¢9,R) ~ (¢, R').

Then, as we did in Claim 2 above, we have the following diagram

Z

(£,Q) (9,R)

((£.9).QUR)
= () QUR)
Y
o Y

and so ((f,9),QUR) ~ ((f',¢),Q UR). O

X Y
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Chapter 5
Range Categories

In [10], we introduced the notion of range categories that axiomatized both domain and
image of a partial map and showed that the category of all range categories with split
restrictions is equivalent to the category of all M-stable factorization systems so that each
range category X can be embedded fully and faithfully into the partial maps category of
some M-stable factorization system after splitting restriction idempotents of X. In [43],
Schein embedded each type 3 function system, which can be viewed as a range category
with one object, satisfying certain condition ([RR.6] below), into the category of partial
functions Par(Set, Epicsge, Monicsget). This chapter is devoted to studying the Schein’s

representation theorem for type 3 function systems in range categories.

5.1 Introduction to Range Categories

In this section, we shall give a brief introduction to range categories and collect some

results on range categories, which we shall use in this chapter later on.

5.1.1 Range Category Basics

Let f : X — Y be a partial map in Par(Set, Monicsget). We define a partial map
f: Y - Y by

~ y if Jr f(z) =y,

fly) =

1 otherwise.

Obviously fdescribes the range of f and satisfies the following four conditions:

[RR.1] ?: f for each map f,
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[RR.2] ff = f for each map f,
[RR.3] Gf = gf for all maps f, g with codom(f) = dom(g),

[RR.4] gf = ;} for all maps f, g with codom(f) = dom(g).

Definition 5.1.1 A range structure on a restriction category C is an assignment of a
map f: Y =Y in C to each map f: X =Y such that the four range arioms [RR.1],
[RR.2], [RR.3|, and [RR.4] mentioned above are satisfied. A restriction category with

a range structure is called a range category.

Here are some examples of range categories.

Example 5.1.2 1. Any category is a range category with trivial restriction structure

and trivial range structure given by
f=1xand f =1y,

for any map f: X — Y.

2. Par(Set, Monicsget) is a restriction category with restriction given by

x whenever | f(x),
1 otherwise.
for each map f: X — Y. It is also a range category with the range structure given
by
~ y if Jz f(z) =y,
1 otherwise.

We denote the range category of sets and partial functions by

Par(Set, Epicsg,, Monicsget ).
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3. Any inverse semigroup with an identity can be regarded as the one object range

category with the restriction and the range given by 7 = 2(-Yz and 7 = zz(Y
(Similar to Example [1.6.6]H).

4. More generally, each inverse category is a range category with the restriction and the
range given by f = fUf and f = ff=D. The four range axioms are checked as

follows:
[RR.1] f = ff0D = (fFFCD)CDfOD = fpEVFFED = D = F
[RR.2] ff=ffVf=Ff;

[RR.3]
gf = gNgf
= ¢ Vgf(gMgf)
I
- g( 1)99(—1)gff(—1)
= g Vgffy
= gf;
[RR.4]
gf = gffem
= gff TV (gf )Y
= gffCVfF g
= gffhgmy

= (9f)(gf)V

—

= gf.
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Some basic properties of range categories are recorded in the following lemma, which

are easy to verify.

Lemma 5.1.3 In a range category,

(i) §f = 1§ if codom(f) = codom(g);
(ii) fg=gf if dom(g) = codom(f);
(ii) §f = Gf if codom(f) = codom(g);
(iv) f=1if f is epic. In particular, 1 =1;

(v) (/)2 = [ for cach map f;

(vi) }A: ]?for each map f;

)

(vii) f = f for each map f;
(viii) ﬁﬁ = 5} if codom(f) = dom(g);

(iz) 'g/\J\?: Gf if codom(f) = codom(g).

A functor F' : C — D between two range categories is called a range functor if
F(f) = F(f) and F(f) = f(f\) for each map f in C. A natural transformation between
two range functors is called a range transformation if its components are total.

Range categories and range functors form a category, denoted by rrCat,. There is
an evident forgetful functor U,, : rrCaty, — Caty, which forgets restriction and range
structures. Range categories, range functors between them, and range natural trans-
formations form a 2-category, denoted by rrCat. Again, there is an evident forgetful
2-functor U,, : rrCat — Cat. rrCat has an important full 2-subcategory, compris-

ing those objects with split restriction, denoted by rrCats. The underlying category of

rrCat, is denoted by rrCat..
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5.1.2 Splitting Restriction Idempotents

Given a range category C, as in Subsection [1.6.4], one can split restriction idempotents

of C to form Split(C) that is a range category. Similar to Proposition [1.6.11] we have:

Proposition 5.1.4 ([10], Proposition 2.1.4) If C is a range category, so is Split(C),

but with a split restriction structure given by the restriction in the category C.

Similar to Proposition [1.6.13] one has:

Proposition 5.1.5 There is an adjunction with a full and faithful unit
nc : C — E(Split(C))

giwen by sending f : X =Y to f:1x — 1y:

Split
-
rrCat, 1 rrCat,
CEEEE———
E

where E is the inclusion.

5.1.3 M-Stable Factorization Systems and Range Categories

In Subsection [1.6.5] we have seen that each M-category (C, M) gives rise to a restriction
category Par(C, M). It is natural to ask when Par(C, M) becomes a range category. As
n [10], M-stable factorization systems provide a possible answer.

Let C be a category and let A be a set of maps in C, along which pullbacks exist. A
factorization system (€, M) of C is said to be stable along A-maps if for any a € A and
any (€, M)-factorization f = myey, f' = m/e); is a pullback of f = mye; along a, then
f'=mle} is the (£, M)-factorization of f’.

Recall that a category is regular if each map has a kernel pair and each kernel
pair has a coequalizer and if regular epics are stable. The algebraic and monadic cate-
gories over Set, including Q-algebras, are regular [3]. Any regular category admits the

(RegEpi, Mon)-factorization system which is stable [3].
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But Sety,, defined in Example [1.6.16] does not admit any (&£, M)-factorization sys-
tem, where

M = {injections i : A — B | |B\ i(4)| < +o0}.

Factorization systems are related to other categorical notions, such as fibrations ([23],
[38]). localizations ([3], [44]), torsion theory [38], and Eilenberg-Moore algebras [26].
Stability of factorization systems can be characterized using fibrations as follows.

Let (£, M) be a factorization system in a given category C. Recall that (£, M) gives
rise to a bifibration 0 : M — C that is a subbifibration of the basic codomain fibration
§:C%— C:

Me— . (2
SN A
C

Recall also that a bifibration P : B — C is said to satisfy Beck-Chevalley condition
if for each pullback square in C:
A—"=B
i .
c—L-D
the canonical natural transformation vyu* = ¢*f is an isomorphism. The pullback

stability of factorization systems has been characterized using Beck-Chevalley condition

by Hughes and Jacobs as in the following proposition.

Proposition 5.1.6 ([23]) The bifibration 0 : M — C induced by a factorization system

(€, M) in C satisfies Beck-Chevalley condition if and only if € is stable.
To characterize M-pullback stability of factorization systems, we introduce:

Definition 5.1.7 Let (£, M) be a factorization system in a given category C. The

bifibration 0 : M — C is said to satisfy range pre-Beck-Chevalley condition if for each
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pullback square in C in which e € £ and m € M:

. B

A
C

-S> D

the canonical natural transformation vyu* = m*e s an isomorphism.

Using the similar idea as in Proposition [5.1.6, we have:

Proposition 5.1.8 The bifibration 0 : M — C induced by a factorization system (€, M)

in C satisfies range pre-Beck-Chevalley condition if and only if £ is M-stable.

PROOF: Suppose that £ is M-stable. Given a pullback square:

. B

A
C—=D
in C with m € M and e € £ and for each M-map = : X — C', suppose that the left

and the right squares are pullback squares and ex = ¢/(z)e; is an (€, M)-factorization.

Then there is a unique map e, such that m*eix - e = v - u*z and the outermost square

commutes:
€2
wrr m*ey
A—>B
mi ui m m2
C—==D
/ ;z\
€1

X °

Obviously, by pullback composition and cancellation rules, the outermost square is a

pullback square and so mi,ms € M and e,es € M. Hence m*ex - e5 is indeed an

(€, M)-factorization of v - u*x and therefore viu* = m*e,.
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Conversely, assume that 0 : M — C satisfies range pre-Beck-Chevalley condition.
Given an E-map e : C' — D and an M-map m : B — D, we form a pullback square

A——=B

l m

C—=~D

in C. Then vu* = m*e, and so
U!(lA) = ’Ug(lb*(lc>> = m*(e;(lc)) = m*(lD) = 13.
Hence v has (£, M)-factorization 1p - v and therefore v € £. Thus, £ is M-stable. [

Suppose that MStabFac is with

objects: M-stable factorization systems (C,E, M), where C is a category such that
C has an (£, M)-factorization system which is stable along M-maps with M C

{monics in C}, and C has pullbacks along M-maps;

maps: (€, M)-functors. A (£, M)-functor F : (C,E,M) — (C',&', M’) is a functor
F :C — C such that F'(§) C &', F(M) C M’, and F preserves pullbacks along

M-maps;
composition: as the composition of functors;
identities: 1(C,5,M) = 10,

2-cells: M-cartesian natural transformations. A natural transformation o : F — G
between (£, M)-functors: F,G : (C,E,M) — (C', &', M) is M-cartesian if for
eachm: A — Bin M,

is a pullback diagram.
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Then, MStabFac is a 2-category. Its underlying category is denoted, as usual, by
MStabFac,.

Theorem 5.1.9 ([10], Theorem 4.3) Let C be a category with an (€, M)-factorization
system which is stable along M-maps with M C {monics in C}. If C has pullbacks along

M-maps, then Par(C, M) is a range category with the split restriction structure given

- —

by (m, f) = (m,m) and the range structure given by (m, f) = (mys,my), where my is
determined by the (£, M)-factorization of f: f = myey with ey € € and my € M.

Furthermore, a map is total in Par(C, M) if and only if it is total as a partial map.

The range category induced by the M-stable factorization system (C, &, M) in Theorem
will be denoted by Par(C, &, M). As explained in [10], we have:

Proposition 5.1.10 There is a 2-functor Par : MStabFac — rrCat taking
F:(CéEM)— (C,E M)

to

Par(F) : Par(C,E, M) — Par(C', &', M)

given by sending (m, f) to (F(m), F(f)).

5.1.4 Completeness of Range Categories

Let D be a range category with split restriction. Then consider the following:
Ep={f:X = YinTota(D)| f =1y}
and
Mp={m:X —->YinTotal(D)|Ir:Y —- X in D, rm=1x and 7 = mr}.

We have:
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Theorem 5.1.11 ([10], Theorem 4.4) If D is a range category with split restriction,
then Total(D) admits the (€p, Mp)-factorization system which is stable along Mp-maps

and Total(D) has pullbacks along Mp-maps, where Ep and Mp are as above with
Mp C {monics in Total(D)}.
More precisely, for each map f in Total(D), the (€p, Mp)-factorization of f is
f=myg-rpf
where | = myry with rpmy = 1.

If F: C — D is a range functor between two range categories with split restriction,
then we have a functor Total(F') : Total(C) — Total(D) by restricting F' to Total(C). The
construction of pullbacks in Total(D) (see Lemma [1.6.21)) yields that Total(F) preserves
pullbacks along Mcg-maps. Obviously, Total(F)éc C &p, and Total(F)Mc C Mp.

Hence, we have a functor
Total(F) : (Total(C), Ec, M) — (Total(D), Ep, Mp)

and therefore a functor Total : rrCat, — MStabFac given by:

C ~ (Total(C), Ec, M)
Fl — \LTotal(F)
D ~ (Total(D), &p, Mp)

Range categories with split restrictions are essentially the same as M-stable factor-

ization systems.

Theorem 5.1.12 ([10], Theorem 4.5) The 2-functors Total and Par give an equiva-

lence of 2-categories between rrCats and MStabFac.

By Proposition [5.1.5] and Theorem [5.1.12] immediately one has:
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Theorem 5.1.13 (Completeness of Range Categories [10]) Every range category
embeds via a full and faithful range preserving functor into a range category of the form

Par(C, &, M), where C has the M-stable factorization system (€, M).
Similar to Corollary [1.6.24] we have the following corollary.

Corollary 5.1.14 For given M-stable factorization systems (C,E, M) and (C',E';, M’),

the following are equivalent:
(i) Par(C,&, M) =~ Par(C', &', M') in rrCat;
(i7) (C,E,M) =~ (C, &, M) in MStabFac;
(1ii) There are category equivalences F' : C — C' and G : C' — C such that F(M) C

M, F(E)CE, GIM)C M, and G(E) C E.

PROOF: “(i) < (i7):” As Par and MTotal are part of equivalences between rCat, and
MCat, it is clear.

“(11) = (4i7):” Assume that F' : (C,E,M) — (C', &', M) and G : (C',E' M) —
(C,E, M) are such that GF = 1(c e m) and F'G = 1 ay. Then, obviously, GF = 1¢
and FG ~ 1o with F(M) C M, F(E) C &, GM') C M, and G(&') C E.

“(i11) = (i1):” Clearly, F' and G give rise to (€, M)-functors such that GF ~ 1(c.¢ m)

and F'G ~ 1(0/75/7/\4/). ]
To split idempotents in inverse categories, we need the following lemma.
Lemma 5.1.15 For a given map f: X — Y in an inverse category I,

(1) the following are equivalent:

(a) F=1x (f=1y);

(b) f is a split monic (epic);
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(¢) f is a restriction monic (epic).
(ii) f=1x and ]/“\: ly if and only if f is an isomorphism.
PROOF:

(i) We shall prove the “monic” case as the “epic” case is similar.

“(a) = (b):" f = fCVf = 1x implies clearly that f is a split monic.

“(b) = (a)” and “(¢) = (a):” Since each monic is total.

“(a) = (c)” f = 1x implies fCVf = 1x. But

LI = (FFENTUAFTN) = fFE0FFE0 = £170.

So f is a restriction monic.

(i7) By (@).
O

Given an inverse category I, by Lemma [1.6.12] Split(I) is again an inverse category
with the split restriction so that by Example Split(I) can be viewed as a range
category with the split restriction. Now, applying Theorem [5.1.12{ we have an equivalence

of range categories:
Split(I) ~ Par(Total(Split(I)), Espiie(r), Mspiit(r))
where, by Lemma [5.1.15]
Esplitry = {isomorphisms in Split(I)}

and

Mesgiiery = {split monics in Split(I)}.
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Clearly, Yoneda embedding
Y i (Total(Split(T)), Espiit(r); Mspiit(r))

— (SplitMonics(Set RGPt fTsomorphisms}, {Split monics})

is an (€, M)-functor and
Par(Y) : Par(Total(Split(I)), Espier), Mspiit(r))

— Par(SplitMonics(Set "= SPItI™) (Tsomorphisms}, {Split monics})

is a full and faithful range functor. Thus, clearly, we have a full and faithful range functor:
I — Split(I) ~ Par(Total(Split(I)), Esplit(1) ./\/lsp“t(l))

— Par(SplitMonics(Set TSP fTsomorphisms}, {Split monics}).

5.2 Schein’s Representation Theorem for Range Categories

Let P(X) be the set of partial functions on a set X. As described in [24], P(X) has some
interesting operations R, L, I,.J, A, A. For example, the operation R can be defined by

the following four R-axioms:
(R1) zR(z) = «,

(R2) R(z)R(y) = R(y)R(z),
(R3) R(R(z)) = R(z), and
(R4) R(zy)R(y) = R(zy).
R is called twisted if

(R5) R(z)y = yR(xy).
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L can be defined dually by the following four L-axioms:
(L1) L(z)z =,

(L2) L(x)L(y) = L(y)L(x),

(L3) L(L(z)) = L(z), and

(L4) L(z)L(zy) = L(zy).

Recall that a semigroup with extra operations is representable if it is isomorphic to a
subalgebra of P(X) endowed with some subset A of the set of operations { R, L, I, J, A\, A }.
Schweizer and Sklar ([39], [40], [41], [42]) introduced the notion of a type 2 function
system, which one can show is equivalent to an {R, L}-semigroup in which R is twisted

and L satisfies the law:

(L5) L(xy) = L(xL(y)).

A type 2 function system is called a type 3 function system if it satisfies Schein’s condition:
(L6) 2z =yz = xL(z) = yL(2).

Schein proved that each type 3 function system is representable ([43], [24]).
Clearly, each type 3 function system can be viewed as a range category with one
object. In this section, we shall fit Schein’s proof for representing { R, L}-semigroups to

range categories. Throughout this section, C is a range category.

5.2.1 Permissible Arrow Chains

Let us first observe when an assignment 7 : C — Par(Set, Epicsge, Monicsget) is a range

functor.



216

Lemma 5.2.1 Let T : C — Par(Set, Epicsge, Monicsset) be given by sending C-map

f: X =Y toto the partial function

d(f) .
N
pd(f) c(f)

where c(f) C pd(f). If
(S1) for each C-object X, Th, : d(1x) — c¢(1x) 45 laiy),

(S2) for each pair of composable C-maps f: X =Y andg:Y — Z, Tf_l(d(g)) =d(gf)

and Tng = Tgf,

(S3) for each C-map f: X =Y, T d(f) — c(f) is the inclusion d(f) — pd(f), and

(S4) for each C-map f: X =Y, T7: d(f) = c(f) is the inclusion Tr(d(f)) = c(f),
then T is a range functor.

PRrROOF: From (S1) and (S2), 7 is a functor. (S3) implies that 7 is a restriction functor

while (S4) implies that 7 preserves the range f O

According to Schein [43], a permissible arrow chain (pac)in C is an odd length (the

number of maps) tuple o = (fo, 91, f1,- - » gi, fi, - -+ ) of C-maps such that

[pac.1] fi=g and f, = Jir1 that can be presented graphically:

[ J [ J [ J [ J
A ° °
for all integers ¢ that make senses.

A pac (fo, 91, f1,- -+ , g, fi, -+ ) in C is reduced (rpac) if

[rpac] for all integers ¢ that make senses and all C-maps x, xg;11 # f;.
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Clearly7 given a pac(rpac) <f07gly f17 te > n C7 a part <fi—1agi7 o > of <f07gla flv o >
is again a pac(rpac).

Example 5.2.2 1. Let f be a C-map. Then (f) is a rpac.

2. For each C-map f : A — B that is not a section and f = 14 (for example, a monic

that is not a section) and each C-map g : A — B, (14, f, ]?) is a rpac and (g, 14, 14)
is always not a rpac.
Parallel to (L6), we assume further that the range category C satisfies

[RR.6] zh = yh = zh = yh.

Example 5.2.3 1. Each type 3 function system is a one-object category that satisfies

RR.6].
2. Each inverse category satisfies [RR.6] as gf = hf = gffY = hffC) & gf = hf.

3. We will see shortly that Par(Set, Epicsge;, Monicsget) also always satisfies [RR.6] (in

Proposition [5.3.1]) but

Par(Total(Split(Set)), Espiit(set), Mspiit(Set))
does not satisfy [RR.6] (in Example [5.3.9).
Let A be an object in C and let
pac(C) = {pacs in C}, pac(A4) = {pacs (fo,g1,f1,---) in C | cod(fo) = A},
and
rpac(C) = {rpacs in C}, rpac(A) = {rpacs (fo, g1, f1,---) in C | cod(fo) = A}.

As Schein did in [43], (fo, 91, f1,---) < h if hfy = fo and define h{fo, g1, f1, ) =

(hfo,q1, f1,--+) when hfy is composable.
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In particular, for each a € rpac(A) and each total map m with dom(m) = A, a <m
always.

For a given a = (fo, g1, f1,- -+ ) € pac(C) and a C-map h such that ha is composable,
ha = (hfy, g1, f1,---) may not be in pac(C) since hf, may not equal to gi. But, if
a = (fo,q, f1, ) < h, then ha = h{fo, g1, fr,--+) = (hfo, 01, f1,---) is a pac again
since

hfo="hfy=fo=7ar.

So we have:
Lemma 5.2.4 Given a pac «, if « < h, then ha is also a pac.

If = {(fo,91, f1, ) € rpac(C) and «a < h, then the pac ha may not be a rpac. In
this case, we can use the following reduction operation rd to reduce h(fy, g1, f1,---) into
a rpac.

(fo, g1, f1, ) € pac(C) is said to be reduced to (xf1, g2, fo, ) if fo = xg; for some
map z, written as rd(fo, g1, fi, ) = (xf1,92, f2, ).

Given a rpac a with a < h, we can apply the reduction operation rd to ha =
(hfo, g1, f1,- ) k-steps anywhere rd is applicable from the beginning until rd can not
be applied further so that we obtain a rpac rd*(ha) and the rpac rd"(ha) is denoted by
red(ha).

5.2.2 Technical Lemmas
Here are some technical results on permissible arrow chains.
Lemma 5.2.5 If (fo, 91, f1,--) € pac(C) and fo = xg1, then 8 = (f1,q1,--+) < x

and so (xfi,q1,---) € pac(C). Moreover, if o € rpac(C) and o < h, then red(ha) €

rpac(C).
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PROOF: Since

fi = zhfi (RR.2])

— Zg1fi (RR.3))

= gzafi (RRA4])

= g/l\%fl (xg1 = fo)

= gih (fo=711)

— @/ (R1))
- hh (h=a)
- 7

we have Zfy = fizfi = fifi = fi. Then § = (fi,gs,---) < = and so (vf1,92,--) €
pac(C).
If @ € rpac(C) and a < h, then red(ha) € pac(C) and satisfies [rpac] and so

red(ha) € rpac(C). O
Lemma 5.2.6 a < f if and only if fa = a.

PROOF: Assume that a = (fo, g1, fi,--+). Then a < f if and only if [ fy = fo < [ fo =

foe fa=a. O
Lemma 5.2.7 Given a pac «, reduction on « is well-defined.

PROOF: Assume a = (fo,91, f1,--+). I fo = zg1 = yg1, then, by [RR.6], we have

g1 = yg1 and so zf1 = yfi1. Hence xf1 = yf1 and therefore (xf1, g2, --) = (yf1, 92, ),
as desired. 0
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Lemma 5.2.8 For each pac a with a < f, red(fa) = red(a).

PROOF: Since

we have red(fa) = red(a). O
Lemma 5.2.9 Given a pac «, then o < h if and only if red(a)) < h.

PROOF: Assume that a = (fo, 91, f1,---) is reduced to B = (zf1, g, f2,-++) with fo =

xg1. Note that

a<h & Ef():fo
& hrg =g

hzdh = zqi ([RR.6])

&
o hafi=af
& hafi =zfi ([RR.6])
& [ < h.
L]

Lemma 5.2.10 Given a pac o = (fo, g1, f1,-++), if @ < hy and a < hy, then hia =
hoor < red(hya) = red(hoa).

Proor: “=": Obviously.

“«<": Assume that after being reduced k — 1 steps, we have

red(h‘loé) = <xkfk7 9k+1, fk+17 te > = red(hQC()-
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Then
hifo = g1,
Tifi = Ta99,
Tp-1fe—1 = TkGk,
hafo = g,
yifi = Y209,

Yk—1fe—1 = YrGk,

Tefe = Yrfr

for some z;,y;, 1 < i,5 < k. By [RR.6] x,fi = yifr implies xkfk = ykﬁ;. That

is xgr = yrgr. Hence zpgr = yrgr. Since xp_1fi—1 = 2pgr and Yr—1fi—1 = YrGr,
Th_1fr—1 = Yr_1fr—1. Continuing in this way, we have x19; = y1¢9:. Thus, hify = hofo.

Therefore, hya = hoa. O
Lemma 5.2.11 If a pac a < f, then red(fa) = red(f - red(«)).

ProOF: It suffices to prove that fa can be reduced to f - red(a). Assume o =

<f07glafla te > and red(a) = <xk’fk7gk’+lafk+17' : > Then

fo = 101,

r1fi = 2201,

$k—1fk—1 = TrGk-
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Composing f from the left, we have

ffo = [frig,
frifi = frag,

frr_afor = frege.

This means that fa can be reduced to f - red(«), as desired. O

Lemma 5.2.12 If a pac o < g and o < h, then g = ha < red(g - red(«)) = red(h -
red(a)).

PROOF: Since

ga=ha < red(ga) =red(ha) (Lemma [5.2.10))

& red(g-red(«)) =red(h-red(er)) (Lemma [5.2.11).

O

Lemma 5.2.13 If a pac o < g and a < h, then ga = ha < ¢ -red(a) = h-red(«a). In

particular, ga = a < g - redfa) = red(a).
PROOF: Since

ga=ha & red(g-red(a)) =red(h - red(a)) (Lemma

< g-red(a) = h-red(a) (Lemma [5.2.10)).
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Lemma 5.2.14 Assume that § = (ug,vi,u1,---) € rpac(C) and f is a C-map. If
B < f and o = (iof, i f, B), then
(i) o € pac(C),
(i) a < f,
(i) py(red(a)) = 5.

PRrooOF:

— —

—~

(1) B < f gives fug = uo. Since Gy f = Gy f and @ = Gof = fip = fuo = 1y, we have
a € pac(C).

(i) T @f = @] implies a < f.
(idi) Since
prlred(a)) = red(f - red(a))
= red(fa) (Lemma
= red((faof, @0 f, B))
= red((@f, @S, )
= 8.

5.2.3 Schein’s Representation for Range Categories
Define § : C — Par(Sets, Epicsg., Monicssey) by sending f : A — B to a partial
map & = (i,py) : rpac(A) — rpac(B), where |p;| = {a € rpac(4) : a < f} and
p1(a) = red(fa):
o7l
P

rpac(A) rpac(B)
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That is, with Schein’s representation, d(f) = |py|, pd(f) = rpac(A), c¢(f) = rpac(B),
and Tf = pPf.
Note that, to have Schein’s representation S well-defined, one must assume that the

range category C satisfies [RR.6]. We have:
Lemma 5.2.15 S is a range functor.
PROOF: By Lemma [5.2.1, we need to verify conditions (S1)-(S4).

(S1) For each C-object A and each o = (fo, g1, f1,-+-) € rpac(A), 1afy = fo implies
lp1,| = rpac(A) and p;,(a) = red(14a) = red(a) = « implies p;, = T7,. Hence

Ty, = p1, = lsa), that is S preserves identities.

(S2) For any C-maps f: A — B and g : B — C, we need to check ,0]71(|pg|) = |pyrl

and pgps = pgp. For any o = (fo, g1, f1,---) € p; ({8 € rpac(B), 8 < g}) C |pyl,
psla) = red(fa) € {f € rpac(B), 5 < g}. Hence red(fa) < g and o < f. Thus,
g - red(fa) = red(fa) that implies g(fa) = fa and fa = a. It follows that

9(ffo) = ffo and ffo = fo. Then

9ffo = 9lfo
= foglfo
= foffo
= ffo
= fo,

and so a < gf. Hence a € |pyy|.

Conversely, for any o = (fo, g1, f1,- ) € {a € rpac(A),a < gf}, a < gf. Then

gffo= fo
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and so
Tho=1T 9ffo=9ffo=fo
and
9ffo=faffo=ffo
Hence a < f and red(fa) < g since, by Lemma[5.2.9] fa < g < red(fa) < g and

therefore a € p;' ({8 € rpac(B), 3 < g}). Thus,

o7 ({8 € rpac(B). 5 < g}) = {a € rpac(A).a < 47}

which means p ' (|pg]) = |pyyl.
For any a € |pgy|, we have
(pgps)(@) = py(red(fa))
= red(g - (red(fa)))
= red(gfa) (Lemma
= pes(a).

Then pypr = pyy-

(S3) For each C-map f: A — B and each a € |pf| = {a € rpac(4),a < 1,

pila) = red(fa) = red(a) = a.

Then OF is the inclusion. Since

a € |pgl a<f
fa=a

a<f

r ¢ ¢ 2

a € |pyl,

we have [pf| = [p7|. Then p7: |p7| — rpac(A) is the inclusion |p7| C rpac(A).
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(S4) For each C-map f: A — B and each a € [p7| = {a € rpac(A),a < 71,
pila) = red(fa) = red(a) = a.

Then p is the inclusion.
Let py = m,.e,, be ({surjections}, {injections})-factorization of p; in Set. It
suffices to prove that

Imp,| = pr(losl) = lpsl-

For any 8 € |m,,| = pys(|pys]), there is a rpac a = (fo,---) € |py| such that

¢r(a) =red(fa) = 5. Since fa = f(foz), red(f - «) = 7 red(fa) and so f = fB.
Hence g = fﬁ = }AB and therefore g < ]/C\ Thus, 5 € \pf].

Conversely, if § = (uo,-+) € |pj|. then 8 < f. By Lemma [5.2.14 there is a rpac

a such that « € |pys| and ps(o) = 8. Thus, 8 € ps(|pfl), as desired.

O

Lemma 5.2.16 If C satisfies [RR.6], then S : C — Par(Set, Epicsg, Monicsget) is a

faithful functor.

ProOF: By Lemma|5.2.15] it suffices to prove that S is faithful. For any C-objects A, B,

any maps f,g € homg(A, B) such that f # g, we distinguish the following cases:

(1) f =g we have (f) < f,g and so p;((f)) = red((ff)) = (f) and p,((f)) =
red((gf)) = (g) # (f). Then & # &,

(2) f #79. In this case, we distinguish two cases:

(i) fg=f. then fg#gandso (g) € |pg| \ lpyl.

(i1) g # f, then (f) € |ps[ \ |pgl-
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Hence |py| # |ps| and therefore &; # &,.

In all cases, {; # &, and so S is faithful. O
By Lemma [5.2.16] immediately we have:

Theorem 5.2.17 Given a range category X, X satisfies [RR.6] if and only if there is
a faithful functor

T : X — Par(Set, Epicsge, Monicsget ).

PROOF: “«<": If there is a faithful functor 7 : X — Par(Set, Epicsg,, Monicsget ), then,
as explained in Example [5.2.3] X must satisfy [RR.6] since Par(Set, Epicsg,, Monicsset )

does.

“=": By Lemma [5.2.16] 0

However, Schein’s representation S is not full as shown in the following

Example 5.2.18 (i) Let 1 be the range category with one object 1 and one map 1;
and with trivial restriction and trivial range. Then 1 satisfies [RR.6] and rpac(1) =
{1:}. Since 1, is total, |p1,| = rpac(l) and pi, = lypac1)- That is, S(11) = Lipac(1)-
But there is another partial map (0,0) : rpac(l) — rpac(l). Hence § : 1 —

Par(Set, Epicsg, Monicsget) is not full.

(17) Since Par(Set, Epicsge;, Monicsget) satisfies [RR.6], there is a faithful Schein’s rep-

resentation
S : Par(Set, Epicsg, Monicsget) — Par(Set, Epicsg.,, Monicsget)

sending each partial map
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to

P(m.p)]
W

rpac(X) rpac(Y)
Let X = {a}, Y ={1,2}. Consider

S ’ hom(X,Y) * homPar(Set ,Epicsgq¢,Monicsget )

— hOInPar(Set,EpicsSet ,Monicsget) (rpac (X> , rpac (Y) )

and a partial map

(i,t) = ///ﬁX%X}

rpac(X rpac(Y)
in hOMpar(Set, EpicsgeMonicsse) (TPAC(X), rpac(Y)), where ¢ is given by sending 1y to

111,93 If Slhom(x,y) Were surjective, then there were a partial map

"N

{1,2}

S(m, f) = / mf\ = (i,1)
P(m,f)

rpac(X rpac(Y)

such that

but this is not possible since t # p(mn sy by noting that |pu, | = {1x} implies

P,y (1x) = (m, f) # 12y = t(1x). Hence S is not full.

5.2.4 Interactions of Schein’s Representation with Meets

Recall that, by Proposition |4.2.2] for an M-category (X, M), if X has equalizers and

regular monics of X are in M, then Par(X, M) is a meet restriction category with the
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meet give by the equalizer described in the proof of Proposition 4.2.2, If C is a meet
range category (a range category with a meet operation) satisfying [RR.6], then one has

Schein’s representation
S : C — par(Set, Epicsge, Monicsget ).
Now it is natural to ask if S preserves meets. We have:

Proposition 5.2.19 If C is a meet range category satisfying [RR.6], then Schein’s rep-

resentation S on C preserves the meet of C.

PRrOOF: It suffices to prove that S(fAg) = S(f) AS(g) for each pair of parallel C-maps

f,g: A— B.

Recall that S(f A g), S(f), and S(g) are given by the following partial maps respec-

tively:
P11l
P
rpac(A) rpac(B),
ol
P
rpac(A) rpac(B),
and
|pg]
/ Pg
rpac(A) rpac(B)

S(f) A S(g) turns out to be the following partial map
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where F is given by the following equalizer diagram
P
E—— |ps| N |pg] p:g;rpac(B)

so that

E={acrpac(4) |a< f,a<yg, fa=ga}.
For each o € E, we have
fa=a,5a =0, fa = g

Then
(fAga= fanga= fa=ga

and so

fAga=a(fANga=afa=fa=a.
Hence a € |pgayl-

Conversely, if a € |pfa,| then f A ga = o and so

fa=ffAga=fAga=aq,

and

ga=9gf Nga=fAga=aqa.
Thus, a € E. So |psae| = E.

For each a € |pspg| = E, clearly,

(fAgla=ffAga=fa=ga

That is,
Pf/\g||png| = Pf|E = pg|E~

It follows that S(f A g) = S(f) AS(g), as desired. O
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5.3 Partial Map Categories and Condition [RR.6]

To understand why we need the condition [RR.6] in Lemma [5.2.16| we consider an M-
stable factorization system (£, M) in a category D, namely, £ is M-stable. Recall that
if (£, M) is M-stable then Par(D, &, M) is a split range category by Theorem [5.1.91 We

have:

Proposition 5.3.1 Let D be a category and M C Monicsp. If D admits an M-
stable factorization system (£, M), then Par(D,E, M) satisfies [RR.6] if and only if

& C Epicsp.

Proor: “if” part: Given an M-stable factorization system (£, M) such that M C
Monicsp and € C Epicsp in a category D, let us check out if Par(D, &, M) satisfies
[RR.6]. For any partial maps (i, h), (j, x), (k,y) such that (j,z)(i,h) = (k,y)(i, h), let

h = myeyp, be the (£, M)-factorization of h. Looking at the following diagrams:

P

e \mh/ N,

and

Dy el ="
k//

/Dh@/ N

in which each square is a pullback diagram, we have

r rr " __ "on
xh = xmye, = yh" =ymye,
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and

/lj” — ik//.
Since 7 is monic, j” = k”. Hence
j'e, =eni” = ek’ =Kej

and therefore, by the uniqueness of the factorization j'e;, = k'e), we get e, = e). It

—

follows that xmj = ymj}, which means that (j,z)(i,h) = (k,y)@. So Par(D, &, M)
satisfies [RR..6].

“only if” part: For each £&-map e : X — Y with xe = ye, we have

(1Y7 Z‘)(lx, 6) = (1Y7 y)(le 6)

in Par(D, &, M) by the following diagram

/\
/\/\\

—

By [RR.6], we have (1y,x)(1x,e) = (1y,y)(1lx,e). Since e has the (€, M)-factorization

—_—

e=1ly-e, (1y,z)(1x,e) = (1y,y)(1x, ) means that (1y,z)(1ly,1ly) = (1y,y)(1ly, 1y):

/\
NN

Hence z = y and therefore e € Epicsp. 0

Recall that a factorization system (£, M) of a category is proper if each £-map is epic

and each M-map is monic. So, by Proposition [5.3.1] we have:
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Corollary 5.3.2 IfD admits an M-stable factorization system (€, M) with M C Monicsp,

then Par(D, &, M) satisfies [RR.6] if and only if (€, M) is proper.

When a range category D satisfies [RR.6], epics in D can be characterized by the

range.
Lemma 5.3.3 If a range category D satisfies [RR.6], then
(1) a map f is an epic & f: 1;
(ii) Epicsp = {f|f =1}.
PROOF:
(1) “=": ff = f=1-fand f is an epic imply f: 1.
“e”: Assume f = 1. If 2f = yf, then, by [RR.6], x = 2f =yf =y and so f is

an epic.

(i) By (i).

For epics in a partial map category, we have:

Lemma 5.3.4 Suppose that a given category D admits an M-stable factorization system
(€, M) such that M C Monicsp and £ C Epicsp. If (m, f) : A — B is a partial map in
Par(D, &, M), then the following are equivalent:

—

(&) (m, f) =1p;
(13) (m, f) is an epic;

(iii) fek.
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PROOF: By Proposition Par(D, £, M) satisfies [RR.6]. By Lemma [5.3.3] clearly

< (@.
= : Assume that f = myse; with e € £ and my € M. Then, by ,

—

(m, f) = (mf,mf) = 1B’
and so my is an isomorphism that belongs to £. Hence f = myes € £.

= : If fe& then f=1-f1isan (£, M)-factorization of f and so

—

(m, f)=(1,1) = 1.

[l
For a range category with the split restriction, we have:
Lemma 5.3.5 For a given split range category D, then the following are equivalent:
(i) D satisfies [RR.6];
(77) Par(Total(D),&p, Mp) satisfies [RR.6];
(#4i) Ep C Epicstorin))-
PROOF: Since D ~ Par(Total(D), p, Mp) and Proposition [5.3.1] O

For the range categories obtained by splitting restriction idempotents from range

categories, we have:

Lemma 5.3.6 Given a range category C, then C satisfies [RR.6] if and only if Split(C)
satisfies [RR.6].

PROOF: Assume that C satisfies [RR.6]. Let f :e; — e and x,y : 3 — e3 be maps in
Split(C) such that zf = yf. Then zf = yf in C and so, by [RR.6], :L’f: yf Hence

Split(C) satisfies [RR..6].
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Conversely, suppose f: X — Y and xz,y : Y — Z and C-maps such that zf = yf.
Then we have Split(C)-maps f : 1x — 1y and z,y : 1y — 1z such that zf = yf and so
of = yf since Split(C) satisfies [RR..6]. Hence C satisfies [RR.6]. O

If C is a range category, then, by Proposition Split(C) is a split range category
and by Theorem [5.1.11] Total(Split(C)) admits the (Espir(c), Mspiit(c))-factorization sys-

tem which is stable along Mspir(c)-maps and has pullbacks along Msit(c)-maps, where
Espir(c) = {f : €1 = eain Total(Split(C)) | f = 1,,}
and
Mspiic) =
{m : e; — eyin Total(Split(C)) |3 r : e — €; in Split(C), rm = 1., and mr = mr}.

We shall denote the Mspyir(c)-stable factorization system
(TotaI(SpIit(C)), 55p|it(c), Mspnt(c))

by K(C).

Recall that for a given map f : e; — ey in Total(Split(C)), f = f- fis the
(Espiit(c), Mspiit(c))-factorization of f, where f :e; — fand ]/C\: f—> ey are the Espie(c)-
map and the Msjig(c)-map of f, respectively.

We are now wondering when the partial maps category Par(K(C)) satisfies [RR.6].

Proposition 5.3.7 Given a range category C, the following are equivalent:
(1) C satisfies RR.6];

(17) Split(C) satisfies [RR.6];

(¢i1) Par(Total(Split(C)), Espiit(c): Mspiir(c)) satisfies [RR.6];

(iv) Ec C Epicstoisplivc))-
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ProOOF: By Lemmas |5.3.5| and [5.3.6] U

By Proposition [5.3.7] we immediately have the completeness of range categories sat-

isfying [RR..6] in partial map categories.

Theorem 5.3.8 Given a range category X, X satisfies [RR.6] if and only if X em-
beds via a full and faithful range preserving functor into a range category of the form

Par(Y,E, M) with £ C Epicsy and M C Monicsy.
But not every partial map category satisfies [RR.6] by the following example.

Example 5.3.9 In general, for a given range category C, Par(C, g, M) may not sat-
isfy [RR.6]. Let S be a category with at least one map f that is not epic. (Set is such

a category!) Then S can be regarded as a trivial split range category with the inclusion
S — Par(Total(Split(S)), Espiit(s), Mspiit(s))-

Since f is not epic, there are S-maps x,y such that zf = yf but x # y, that is fosé

yf. Hence Par(Total(Split(S)), Espiit(s), Mspiir(s)) does not satisfy [RR.6]. This does not

contradict to Propositions and since s ¢ Epicstousplit(s))-

Recall that, by Proposition [5.1.5] there is an adjunction:
Split

rrCat,g L rrCat,
CEEE——
E

with a full and faithful unit nc : C — E(Split(C)) given by sending f : X — Y to
f :1x — 1y, where E is the inclusion. So, for each split range category Y and each
range functor F : X — FE(Y), there is a unique range functor F* : Split(X) — Y such
that

X X~ E(Split(X)) Split(X)

iE(Fﬁ) 1t
\

E(Y) Y

F
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commutes, where F* is given by mapping f : (1 : X — X) — (e2 1 Y — Y) to
F(f): F(X)— F(Y). Obviously, F is full (faithful) if and only if F* is full (faithful).
By Proposition [5.3.7] if a range category C satisfies [RR.6], so do both Split(C) and

Par(K(C)) and Ec¢ C Epicstogspiit(c))- Hence we have:

Proposition 5.3.10 There is the following adjunction situation.:

Total Split

MStabFacy ¢ (epics)] __~ _rrCatyrR.¢ L rrCato RR.¢]
Par E
Total l Split
MStabFac, ~ rrCat, 1 rrCat,
Par ¢ E

where rrCatorr.6 (rrCaty o rr.g) is the subcategory of rrCatg (rrCaty), comprising
of those objects satisfying the condition [RR.6], respectively, and MStabFacy.(sc{epics}]
is the subcategory of MStabFacy, with M-stable factorization systems (C,E, M) such

that £-maps are epic in C, as objects.
From the top and bottom rows in Proposition [5.3.10, we have adjunctions:
Total - Split 4 £ - Par : MStabFacyccepics}] — rTCatorR.¢]

and

Total - Split 4 E - Par : MStabFac, — rrCat,.

So, for each M-stable factorization system (X, Ex, Mx) and each range functor
F:C — E(Par(X, &x, Mx)),

there is a unique range functor F* : Split(C) — Par(X, £x, Mx) and a unique (€, M)-

functor F* : K(C) — (X, Ex, Mx) such that

C —2- ESplit(C) —=— EPar(K(C)) Split(C) K(C)

E(F*) EPar(F*) = JF
F S V Y

v
EPaF(X,gx,Mx) Par(X,SX,MX) (X,gx,Mx)
commutes, where K(C) = (Total(Split(C)), Espiit(c), Mspiir(c)). Obviously, we have:
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Proposition 5.3.11 For any M-stable factorization system (X, Ex, Mx) and any range
functor F : C — E(Par(X, x, Mx)), there is a unique range functor F* : Split(C) —

Par(X, Ex, Mx) and a unique (€, M)-functor F* : K(C) — (X, Ex, Mx) such that

C —2- ESplit(C) —=— EPar(K(C)) Split(C) K(C)

E(FY) EPar(F*) = JF
F N % \

EPar(X, Ex, Mx) Par(X, £x, Mx) (X, &x, Mx)

commutes and F is faithful (full) if and only if F* is faithful (full), where
K(C) = (Total(Split(C)), Espiit(c), Mspiit(c)) -
By Proposition [5.3.11] finding a representation from a range category X to
Par(Set, Epicsge;, Monicsget)
is equivalent to finding a range functor
F*: Split(X) — Par(X, &x, Mx)
and is equivalent to finding an (£, M)-functor
F*: K(X) — (Set, Epicsgyt, Monicsget ).

Note that Split(X) is a range category with a split restriction while K(X) is a total range
category.

For a given a range category X satisfying [RR.6], applying Schein’s representation
S : X — Par(Set, Epicsgey, Monicsget) to Proposition [5.3.11] there is a unique (€, M)-

functor S* such that

E(=)nx

X

EPar(K(X)) K(X)
3 \LEPar(S*) e
EPar(Set, Epicsge, Monicsset ) (Set, Epicsgg, Monicsget )
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commutes. The description of §* is as follows.
Firstly, there is a unique range functor S* : Split(X) — Par(Set, Epicsg,;, Monicsset )

such that

X - B(Split(X)) Split(X)

\ lE(sﬁ) H!Qsﬁ

E(Par(Set, Epicsge, Monicsget )) Par(Set, Epicsge, Monicsget)
commutes, where S* is given by mapping f : (e; : X — X) — (e2 : Y = Y) to

S(f): S(X) — S(Y) that is

Py
&N

rpac rpac(Y).

Since @ : Split(X) — Par(MTotal(Split(X))), given by sending f : (e; : X — X) —

i
RN
€1 €2,

is an equivalence of categories, par(S) is given by sending

e
7 \
€1 €2

in Par(K(X)) to 8*(fr), where rm = 1. and r = mr. Hence there is a faithful (€, M)-

(e2: Y —=Y) to

functor:

S* : K(X) — (Set, Epicsgy, Monicsset ),
given by sending f : e; — es to py : rpac(e;) — rpac(ez), such that

X % ESplit(X) —— % EPar(K(X)) K(X)

N iEPar(S*) 313
S \ \

EPar(Set, Epicsge, Monicsget ) (Set, Epicsge, Monicsget)
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commutes.
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Chapter 6

Conclusions and Further Work

In this thesis, we studied certain structures: partial products, joins, meets, and ranges
over restriction categories. In this chapter, we provide some concluding remarks and

considerations for further work.

6.1 Main Results

The main results we obtained in this thesis are summarized as follows.

1. Cartesian Restriction Categories

We produced a free partial product structure for restriction categories by fitting re-
striction structures to product completion. The result is summarized in Theorem

2.2.2)

2. Join Restriction Categories and M-adhesive Categories

We introduced the notion of join restriction categories (Deﬁnition and described
a free join structure, called join completion, to restriction categories (Theorem,
which was linked to the join completion given in inverse semigroups by providing
adjunctions among restriction categories, join restriction categories, inverse categories,
and join inverse categories (Theorem. To answer when a partial map category is

a join restriction category, we defined M-adhesive categories and M-gaps (Definitions

13.2.7land [3.2.8]) and proved the characterization theorem of partial map categories with

joins (Theorem [3.3.6) and the completeness of join restriction categories (Theorem

3.3.7). We also showed that M-gaps can give a join completion (Proposition 3.3.11]).
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3. Meet Restriction Categories

We introduced the notion of meet restriction categories (Definition [4.1.1]), showed the
completeness of meet restriction categories in partial map categories (Theorem 4.2.3)),
and provided a free meet restriction structure for restriction categories (Theorem

4.3.4). We also studied when the free meet structure we provided preserves finite
partial products (Proposition [4.3.12]).
4. Range Categories

We generalized Schein’s representation theorem for type 3 function systems to range

categories satisfying [RR..6] (Theorem [5.2.17) and studied when a partial map cate-

gory satisfies Schein’s condition [RR.6] (Propositions [5.3.1] and |5.3.7)).

6.2 Further Work

We list here some possible directions for future work and some questions to which we

would like to know the answers.

1. In this thesis, we have studied partial products, joins, meets, ranges on restriction
categories. However, one of the objectives was to study how these structures interact
with computability. Some work in this direction has been done, see, for example,

[6, 12, [13], 5], but there remains much to do.

2. As mentioned in Subsection [5.1.3] factorization systems are related to other categor-
ical notions, such as fibrations. localizations, torsion theory, and Eilenberg-Moore
algebras. In [9], we have constructed free restriction categories using certain free fi-
brations. However, how ranges (= M-stable factorization systems in some senses)

interact with these categorical notions should be further studied.
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3. By Proposition [5.1.5] and Theorem [5.1.12 each range category X can be fully and
faithfully embedded, in a restriction and range preserving manner, into a partial map
category:

X B Split(X) ~ Par(Total(Split(X)), Esplit(x)> Mspiit(x) )-

The Yoneda embedding Y can further map Total(Split(X)) to its presheaf category
Set RIGPIX)™ O the other hand, there is a coproduct functor from the presheaf
category to Set. We conjecture that this way would lead to at least a faithful range
functor from each given range category satisfying [RR.6] to the category of sets and

partial functions, but the details need to be filled out.

4. Subsection 4.3.5| studied meets’ interactions with partial products. However, there is
much work still needed to be done on how partial products, joins, meets, and ranges

interact with each other and even with other mathematical structures.
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