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Abstract

The categorical semantics of reversible computing must be a category which combines the
concepts of partiality and the ability to reverse any map in the category. Inverse cate-
gories, restriction categories in which each map is a partial isomorphism, provide exactly
this structure. This thesis explores inverse categories and relates them to both quantum
computing and standard non-reversible computing. The former is achieved by showing that
commutative Frobenius algebras form an inverse category. The latter is by establishing the
equivalence of the category of discrete inverse categories to the category of discrete Cartesian
restriction categories — this is the main result of this thesis. This allows one to transfer the

formulation of computability given by Turing categories onto discrete inverse categories.
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Chapter 1

Introduction

1.1  Summary

A “quantum” setting has a duality given by the “dagger” of dagger categories [1,64]. On
the other hand, classical computation is fundamentally asymmetric and has no duality. In
passing from a quantum setting to a more classical setting, one may want to keep this duality
for as long as possible and, thus, consider the intermediate step of passing to “reversible”
computation — which has an obvious self-duality given by the ability to reverse the compu-
tation. It is reasonable to wonder whether one can then pass from a reversible setting to a
classical setting quite independently from the underlying quantum setting. Such an abstract
passage would allow a direct translation into the reversible world of the classical notions of
computation, as an example.

Of course, from a quantum setting, it is already possible to pass directly to a classical
setting by taking the homomorphisms between special coalgebras, where “special” means
the coalgebra must be the algebra part of a separable Frobenius algebra. That the coalgebra
should be special in this manner may be justified by regarding this as a two step process
through reversible computation. However, this leaves some gaps: How does one pass, in
general, between a quantum setting to a reversible setting and how does one obtain a classical

setting from a reversible setting? This thesis answers these questions.

1.2 Background of reversible computation

In 1961, Landauer [44] examined logically irreversible computing and showed that it must

dissipate energy, i.e., produce heat at a specified minimal level. This is due to applying a



physically irreversible operation to non-random data, leading to an entropy increase in the
computer. While there are various objections to the connection between logical irreversibility
and heat generation, summarized by Bennett [7], this led to an interest in exploring reversible
computation, because of its potential energy advantage.

Bennett, in 1973, [6] showed how one can simulate an ordinary Turing machine using a
reversible Turing machine, based on reversible transitions. Since approximately 2000, there
has been an increased interest in reversible computing. Active areas include research in
database theory, specifically the view-update problem [10,30,40] and quantum computing.
Recall that quantum computation may be modelled by unitary transforms [56], each of which
is reversible, followed by an irreversible measurement.

An important aspect of the treatment of reversible computing is the consideration of
the partiality inherit in programs, as it is possible for programs to never provide a result
for certain inputs. Some of the reversibility research referenced in this section considers
partiality to a greater or lesser degree, but none of them treat it as a central consideration.

Partiality was shown to have a purely algebraic description by Cockett and Lack in
[21-23]. They introduce a restriction operator on maps, which associated to a map a partial
identity on its domain. In [21], they recalled the concept of inverse category, a category
equipped with a restriction operator in which all the maps have partial inverses, i.e., are
reversible. Categories with restriction operators are presented in Chapter 3, while inverse
categories are explored in Chapter 4.

The semantics of reversible computing has been explored in a variety of ways, including
by developing various reversible programming languages. An early example of this is Janus
[48], an imperative language written as an experiment in producing a language that did
not erase information. However, it does not appear that any semantic underpinnings were
developed for this language. Additionally, there are special purpose reversible languages,

such as biXid [42], a language developed explicitly to transform XML [11] from one data



schema to another. The main novelty of biXid is that a single program targets two schemas
and will transform in either direction.

Zuliani [68] provides a reversible language with an operational semantics. He examines
logical reversibility via comparing the probabilistic Guarded Command Language (pGCL)
[53] to the quantum Guarded Command Language (¢GCL) [61]. Zuliani provides a method
for transforming an irreversible pGC'L program into a reversible one. This is accomplished
via an application of expectation transform semantics to the pGCL program. Interestingly,
in this work, partial programs are specifically excluded from the definition of reversible pro-
grams. The initial definition of a reversible program is strict, i.e., the program is equivalent
to skip which does nothing. To alleviate this and allow us to extract the output, Zuliani
follows the example of [6] and modifies the result so that the output is copied before reversing
the rest of the program.

In addition, a number of reversible calculi have been developed. Danos and Krivine [28]
extend CCS (Calculus for Communicating Systems) [51,52] to produce RCCS, which adds
reversible transitions to CCS. This is done by adding a syntax for backtracking, together
with a labelling which guides the backtracking. The interesting aspect of this work is the
applicability to concurrent programs.

Phillips and Uladowski [59] take a different approach to creating a reversible CCS from
that of Danos and Krivine. Rather, their stated goal is to use a structural approach, in-
spired by [2]. The paper is only an initial step in this process, primarily explaining how to
turn dynamic rules (such as choice operators) into a series of static rules that keep all the
information of the input. For example (from the paper), in standard CCS, we have the rule

X —- X
X+Y = X

To preserve information and allow reversibility, this is replaced with

X = X'
X+Y X' +Y.




In [2], Abramsky considers linear logic as his computational model. This is done by
producing a Linear Combinatory Algebra [4] from the involutive reversible maps over a
term algebra and showing these are bi-orthogonal automata. (An automata is considered
orthogonal if it is non-ambiguous and left-linear. It is bi-orthogonal when both the automata
and its converse are both orthogonal). While the paper does use reversible term rewritings
as the basis for computation, its emphasis is on how one can derive a linear combinatory
algebra. Linear combinatory algebras are themselves not reversible systems.

In [54] and [55], Mu, Hu and Takeichi introduce the language Inv, a language that is
composed only of partial injective functions. The language has an operational semantics
based on determinate relations and converses. They provide a variety of examples of the
language, including translations from XML to HTML and simple functions such as wrap,
which wraps its argument into a list. They continue by describing how non-injective functions
may be converted to injective ones in Inv via the addition of logging. In fact, they use this
logging to argue the language is equivalent in terms of power to the reversible Turing machine
of [6].

Some of the ideas of [54,55] are closely related to the theory developed in this thesis.
For example, given two functions f, g of Inv, constructing their union, f U g requires that
both dom f Ndom g = ¢ and range f Nrange g = ¢. This is an example of a disjoint join as
introduced in Section 6.3.

In [60], Di Pierro, Hankin and Wiklicky consider groupoids as their mathematical model
for reversible computations. This leads them to develop rCL, reversible combinatory logic.
This logic consists of a pair of terms, (M|H), where M is a term of standard combinatory
logic and H is a history, with a specified syntax. In standard combinatory logic, the &
term is irreversible in that it erases its second argument. In rCL, application of the k term
copies the second argument into the history, preserving reversibility. Groupoids are a specific

example of inverse categories, which are total.



A recent reversible language is Theseus, [39], by Sabry and James. Theseus is a functional
language which compiles to a graphical language [37,38] for reversible computation, based
on isomorphisms of finite sums and products of types. Their chosen isomorphisms include
commutativity and associativity for sums and products, units for product and distributivity
of product over sums. The basic graphical language is extended with recursive types and
looping operators and therefore introduces partiality due to the possibility of non-terminating
loops. Their abstract model for this language is a dagger symmetric traced bimonoidal
category [64].

Additionally, there are a number of quantum programming languages which, as noted,
included reversible operations. Our primary example is LQPL [31], a compiled language
based on the semantics of [62]. The language includes a variety of reversible operations
(unitary transforms) as primitives, a linear type system and an operational semantics. More
recently Quipper [32,33], which focuses on methods to handle very large circuits, is a quantum
language embedded in Haskell [58]. Quipper uses quantum and classical circuits as an
underlying model. An interesting aspect of reversibility in Quipper is the inclusion of an
operator to compute the reverse of a given circuit.

In much of the research on reversibility, specific conditions are placed on some aspect
of the computational model or reversible language to ensure “programs” in this model are
reversible. The variety of models and languages obscures the fundamental commonality of
reversibility. By basing the theory of this thesis on inverse categories, our treatment clarifies

the relationship between these various approaches.

1.3 Objectives

This thesis proposes a categorical semantics for reversible computing. Based upon the review
of current research as noted in Section 1.2, reversibility still lacks a unifying semantic model.

Standard computability has Cartesian closed categories [5] and Turing categories [18], while



quantum computing has had much success with dagger compact closed categories [1,63,64].
We present inverse categories as an abstract semantics for partial reversible computation.
Inverse categories admit product-like and coproduct-like structures, respectively called in-
verse product and disjoint sum. Inverse categories with an inverse product are called discrete
inverse categories. The name discrete is derived from topological spaces, where A has an
inverse only when the topological space has the discrete topology. Similarly, when A in a
Cartesian restriction category has an inverse, it will be called a discrete Cartesian restriction
category. Section 5.1 shows how the “Cartesian Completion” of a discrete inverse category
can be constructed. This enables us to create a discrete Cartesian restriction category from a
discrete inverse category. It is then shown that we have an equivalence between the category
of discrete inverse categories and the category of discrete Cartesian restriction categories.

The next step is to show how to add a disjoint sum to an inverse category and how the
Cartesian Completion results in a distributive restriction category when one starts with a
distributive inverse category.

An example of a discrete inverse category with disjoint sums is provided by the commuta-
tive Frobenius algebras in any additive symmetric monoidal category. As Frobenius algebras
are related to bases in finite dimensional Hilbert spaces [27], this provides a connection
between inverse categories and quantum computing.

Finally, we develop the structure of inverse Turing categories and inverse partial combi-
natory algebras, directly based on Turing category and partial combinatory algebras from
[18,20], using the main result of this thesis. This places the connection between reversible
and irreversible computing on a more abstract footing.

While the thesis does cover many important aspects of reversible computing, there are
interesting areas related to reversible computing that are not within the scope of this thesis.

The thesis does not, in general, consider resource usage or complexity classes. For ex-

ample, although we do mention Turing machines in the introduction, we do not develop



this further. In particular the thesis does not consider whether the Cartesian Completion
preserves a given complexity of programs when applied to an inverse category whose maps
are programs. The reader wishing to relate resource theory and the work in this thesis
could use the recent work by Coecke, Fritz and Spekkens [25], which defines a resource the-
ory as a symmetric monoidal category, as a starting point. We do look at this briefly in
SubSection 4.4.1.

Additionally, the thesis does not address the creation or invention of specific algorithms.
For example, in the quantum world, finding the “right” set of invertible transforms to produce

the desired answer is a significant problem [56].

1.4 Outline

We assume a knowledge of basic algebra including definitions and properties of groups, rings,
fields, vector spaces and matrices. The reader may consult [45] if further details are needed.

Chapter 2 introduces the various categorical concepts that will be used throughout this
thesis.

Chapter 3 describes restriction categories, an algebraic formulation of partiality in cat-
egories. We discuss joins, meets and ranges in restriction categories and their relation to
partial map categories. We describe products in restriction categories, and define discrete
Cartesian restriction categories, which will be important to the thesis. Various examples of
restriction categories are given.

Chapter 4 introduces inverse categories and provides examples of them. We show that
inverse categories with a restriction product collapse to a restriction preorder, that is, a
restriction category in which all parallel maps agree wherever they are both defined. Then,
Section 4.3 introduces the concept of inverse products and explores the properties of the in-
verse product. Inverse categories with inverse products are called discrete inverse categories.

Chapter 5 then presents the “Cartesian Completion” — a construction of a discrete



Cartesian restriction category from a discrete inverse category. Subsection 5.1.1 presents
the details of the equivalence relation on maps of a discrete inverse category needed in the
construction, while Section 5.1 contains the proof that the construction gives a Cartesian
restriction category. Section 5.2 culminates in Theorem 5.2.6 giving an equivalence between
the category of discrete inverse categories and the category of discrete Cartesian restriction
categories. Note this is not a 2-equivalence of categories. We provide some simple examples.

Chapter 6 begins the exploration of how to add a coproduct-like construction to inverse
categories. Paralleling the previous chapter, we show the existence of a restriction coproduct
implies that an inverse category must be a preorder, i.e., that all parallel maps are equal.
Section 6.2 defines a disjointness relation in an inverse category. We show that disjointness
may be defined on all maps or equivalently only on the restriction idempotents of the inverse
category. This allows us to define the disjoint join in Section 6.3.

Chapter 7 introduces the disjoint sum, an object in an inverse category with a disjoint
join, which behaves like a coproduct. The disjoint sum has injection maps which are subject
to certain conditions. When an inverse category has all disjoint sums, it is possible to define
a symmetric monoidal tensor based on the disjoint sum. The remainder of the chapter
explores what constraints on a tensor will allow the creation of a disjoint sum. We define
a disjoint sum tensor, a symmetric monoidal tensor in the inverse category with specific
additional constraints. A disjoint sum tensor allows us to define both a disjointness relation
and a disjoint join based on the tensor. Disjoint sum tensors do produce disjoint sums and
conversely, the tensor defined by disjoint sums is a disjoint sum tensor.

Chapter 8 introduces a matrix construction on inverse categories with disjoint joins in
order to add disjoint sums. The functor from X to IMAT(X) gives us an adjunction between
the category of inverse categories with disjoint joins and the category of inverse categories
with disjoint sums.

In Chapter 9 a distributive inverse category is defined as an inverse category where the



inverse product distributes over the disjoint sum. The Cartesian Completion of a distributive
inverse category turns the disjoint sum into a coproduct and, in fact, will create a distributive
restriction category.

Chapter 10 discusses commutative Frobenius algebras. The chapter starts with provid-
ing a background on dagger categories and Frobenius algebras, showing how the latter are
equivalent to bases in a finite dimensional Hilbert space. The category CFROB(X), the cate-
gory of commutative Frobenius algebras in a symmetric monoidal category X, is introduced.
CFRroB(X) is shown to be a discrete inverse category. Furthermore, when X is an additive
tensor category with zero maps, CFROB(X) has disjoint sums.

In Chapter 11, Turing categories and partial combinatory algebras are introduced as a
way to formulate computability. The corresponding structures in inverse categories, inverse
Turing categories and inverse partial combinatory algebras, are then investigated. We show
the equivalence of these structures to the ones in discrete Cartesian restriction categories.

Chapter 12 starts with a summary of the contributions of this thesis and concludes with

a short section on potential areas of further exploration.



Chapter 2

Introduction to Categories

This chapter introduces categories and fixes notation for them. More details for category

theory can be found from, e.g., [5], [19], [49] and [66].

2.1 Definition of a category

A category may be defined in a variety of equivalent ways. As much of our work will involve
the exploration of partial and reversible maps, we choose a definition that highlights the

algebraic nature of these.

Definition 2.1.1. A category A is a directed graph consisting of objects A, and maps A,,.
Each f € A,, has two associated objects in A,, called the domain, Jy(f), and codomain,
O1(f). When 0y(f) is the object X and 0y (f) is the object Y, we will write f : X — Y. For
frge Ay, if f: X ->Yand g:Y — Z, there is a map called the composite of f and g,
written fg,! such that fg: X — Z. For any W € A, there is an identity map 1y : W — W.

Additionally, these two axioms must hold:

[Ca]for f: X oY, Ixf=f = fly; (Unit laws)

[C.2]given f: X =Y, g:Y = Zand h: Z — W, then f(gh) = (fg)h. ( Associativity)

For a category A, given objects X, Y € A,, the set of maps between X and Y is referred
to as the hom-set of A between X and Y and written as A(X,Y).
Throughout this thesis, we will be working with small categories, that is, those categories

whose collection of maps and collection of objects is, in fact, a set. We will give categories

'Note that composition is written in diagrammatic order throughout this thesis.

10



of “all” sets as an example, and the reader can take that to mean all our sets are very small
and all belong to a some sufficiently large set, U.

We give a few examples of categories:

Example 2.1.2. We set 1 to be the category consisting of a single object A and the identity
arrow 1: A — A. This is obviously a category, with 1, = A and 0dy(1) = 0,(1) = A.

There is also the category 2:

1a C A ! B D 1p
where f is the only non-identity arrow.

Example 2.1.3 (Preorders are categories). Take any partially ordered set (P, <) and define

f:a—bfora,be P if and only if a < b. This is a category as we always have:
(i) a < a (Identity);
(ii) @ < b and b < ¢ implies a < ¢ (Composition).

Note that we have at most one map between any two objects in P, hence [C.1] and [C.2]

are immediately satisfied.

Example 2.1.4 (Dual Category). Given a category B, we may form the dual of B, written

B°P as the following category:

Objects: The objects of B;
Maps: f?: B — Ain B” when f: A — B in B;
Identity: The identity maps of B;
Composition: If fg =h in B, g fP = h°P.
Note the format of the previous example, where we list the four basic requirements of a

category. This is typically how we will present categories in this thesis. Depending upon the

complexity of the definition, we may add further proof that it meets [C.1] and [C.2].

11



The previous example is an important one, as we will often speak of dualizing a notion, or
that concept “x” is the dual of concept “y”. This means that when “y” holds in a category

B, the “x” holds in B°P.

2.2 Properties of maps

Many useful properties of maps are generalizations of notions used for sets and functions. We
present a few of these in Table 2.1, together with their categorical definition. Throughout

Table 2.1, e, f, g are maps in a category C withe: A — A and f,g: A — B.

Sets Categorical Definition

Property
Injective Monic f is monic whenever hf = kf means that h = k.
Surjective Epic The dual notion to monic, g is epic whenever gh = gk

means that h = k. A map that is both monic and
epic is called bijic.

Left Inverse Section f is a section when there is a map f° such that ff° =
14. f is also referred to as the left inverse of f°.

Right Inverse = Retraction f is a retraction when there is a map f, such that
fof = 1p. f is also referred to as the right inverse of
fo- A map that is both a section and a retraction is
called an isomorphism.

Idempotent Idempotent An endomorphism e is idempotent whenever ee = e.

Table 2.1: Properties of Maps In Categories

There are number of basic properties of maps enumerated in Table 2.1.
Lemma 2.2.1. In a category B,

(i) If f, g are monic, then fg is monic.
(ii) If fg is monic, then f is monic.

12



(i1i) f being a section means it is monic.
(iv) f,q sections implies that fg is a section.
(v) fg a section means f is a section.

(vi) If f :+ A — B is both a section and a retraction, then f° = f,, where f° and

fo are as defined in Table 2.1.

(vit) f is an isomorphism if and only if it is an epic section.

Proof.

(i) Suppose hfg = kfg. As g is monic, hf = kf. As f is monic, this gives us

h = k and therefore fg is monic.
(ii) See [5], chapter 2.

(iii) Suppose hf = kf. Then hff® = kff° giving us hl = k1 and therefore h = k

and f is monic.

(iv) We are given ff® =1 and gg° = 1. But then fgg°f® = ff°=1and fgisa

section.

(v) We are given there is some h such that (fg)h = 1. This means f(gh) =1 and

f is a section.
(vi) See [19], Lemma 1.2.2.
(vii) See [19], Lemma 1.2.3.

[]

Note there are corresponding properties for epics and retractions, obtained by dualizing

the statements of Lemma 2.2.1.
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Suppose f : A — B is a retraction with left inverse f, : B — A. Note that ff, is
idempotent as ff.ff. = flgfo = ff.. If we are given an idempotent e, we say e is split if
there is a retraction f with e = f f..

In general, not all idempotents in a category will split. The following construction allows

us to create a category based on the original one in which all idempotents do split.

Definition 2.2.2. Given a category B and a set of idempotents £ of B, we may create the
category of B split over the idempotents E£. This is normally written as Kg(B), and defined

as:
Objects: (A, e), where A is an object of B, e: A — A and e € E.
Maps: fq.: (A, d) — (B,e) is given by f: A — B in B, where f = dfe.
Identity: The map e.. for (A, e).
Composition: Inherited from B.

When FE is the set of all idempotents in B, we write K(B).

This is the standard idempotent splitting construction, variously known as the Karoubi

envelope (whence the notation) or Cauchy completion.

2.3 Functors and natural transformations

Definition 2.3.1. A map F : X — Y between categories, as in Definition 2.1.1, is called a

functor, provided it satisfies the following:

[F.1] F(80(f)) = 0o(F(f)) and F(B:(f)) = Ou(F(f));

[F.2] F(fg) = F(f)F(9)-

Lemma 2.3.2. Categories and functors form a category CAT.

Proof.

14



Objects: Categories.
Maps: Functors.

Identity: The identity functor which takes an object to the same object and a map to the

same map.

Composition: Given F': A — B, G : B — D, define the functor FG : A — D such that

FG(x) = G(F(z)) which is clearly associative.
Note this is often regarded as a large category, as its collection of objects is not a set. [

A functor F': B — D induces a map between hom-sets in B and hom-sets in . For each

object A, B in B we have the map:

Fap: B(A, B) — D(F(A), F(B)).

Definition 2.3.3. A functor F': X — Y is full when for each pair of objects A, B in X, and

map g : FA — FB in Y, there is a map f: A — B in X such that Ff = g.

Definition 2.3.4. A functor F': X — Y is faithful when for parallel maps f, f', if F'f = F [’
then f = f'.

We may also consider the notion of containment between categories:

Definition 2.3.5. Given the categories B and D, we say that B is a subcategory of D when

each object of B is an object of D and when each map of B is a map of D.

When B is a subcategory of D, the functor J : B — D which takes each object to itself
in D and each map to itself in D is called the inclusion functor. When J is a full functor, we
say B is a full subcategory of D.

We now have the machinery to discus the relationship between a category B and its

splitting K(B):
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Lemma 2.3.6. Given a category B, then it is a full subcategory of K(B) and all idempotents

split in K(B).

Proof. First, recall K(B) means we are splitting over all idempotents in B, including the
identity maps. We identify each object A in B with the object (A,1) in K(B). The only
maps between (A, 1) and (B, 1) in K(B) are the maps between A and B in B, hence we have
a full subcategory.

Suppose we have the map d.. : (A,e) — (A, e) with dd = d, i.e., it is idempotent in B
and K(B). In K(B), we have the maps d.q4 : (A,e) — (A,d) as edd = e(ede)d = eded =
dd = d and dg. : (A,d) — (A,e) as dde = de = (ede)e = ede = d. The compositions are

dgedeq = dgq = 1(a,q and d. 4dq. = deo. Hence, it is a splitting of the map d.. O

Functors with two arguments, e.g., F': A x A — A which satisfy [F.1] and [F.2] for each
argument independently are called bi-functors.
We will often restrict ourselves to specific classes of functors which either preserve or

reflect certain characteristics of the domain category or codomain category.

Definition 2.3.7. Given a category S, a diagram in a category B of shape S is a functor

D:S—DB.

Definition 2.3.8. A property of a diagram D, written P(D), is a logical relation expressed

using the objects and maps of the diagram D.
For example, P(f : A — B):=3h: B — A.hf = 14 expresses that f is a retraction.

Definition 2.3.9. A functor F' preserves the property P over maps f; and objects A; when:

P(fl,...,fn7A17...,Am) — P(F(fl),,F(fn),F(A1>,,F(Am))

A functor F' reflects the property P over maps f; and objects A; when:

P(E(f),...,F(f), F(A1),...,F(A,)) = P(fi,..., fu A1, ..., Ap).
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For example, all functors preserve the properties of being an idempotent or a retraction

or section, but in general, not the property of being monic.

Definition 2.3.10. Given functors F,G : X — Y, a natural transformation o : F' = G is a
collection of maps in Y, ax : FI(X) — G(X), indexed by the objects of X such that for all

f X1 — X5 in X the following diagram in Y commutes:

F(x) — p(X)
G(X1) —77 G(Xa).

In the case where a natural transformation is a collection of isomorphisms, we write

a: F= G orsimply F = G.

2.4 Adjoint functors and equivalences

Referring to Section 2.3, we consider relationships between categories. While two categories

may be isomorphic (i.e. there is an invertible functor between them), category theory nor-

mally considers two alternate relations between categories: Equivalence and adjointness.
Adjointness refers to an adjoint pair of functors. There are various equivalent ways of

defining adjoints and we will approach them using universality.

Definition 2.4.1. Given G : B — A is a functor and A € A, then an object U in B together
with a map 14 : A — G(U) is a universal pair for the G at A if whenever there is a map

f:A— G(Y), there is a unique f# : U — Y such that

A—"2-GU)
o

p QG(f)
G(Y)

is a commutative diagram.
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Consider what happens when we have the situation above, but the U in B is definable

based on the A € A.

Lemma 2.4.2. Suppose G : B — A s a functor such that for each A € A,, there is an map
on objects F': A, — B, such that (F(A),na) is a universal pair. Then:

o [ is a functor with F(g) = (gn)*;

e n4:A— G(F(A)) is a natural transformation;

® cp = 1§(B) : F(G(B)) — B is a natural transformation;

o The triangle equalities, nqpyG(eB) = lap) and F(na)epay = 1pay hold.

Conversely, if we have functors F, G with transformation n and € which satisfy the triangle

identities, then each (F(A),na) is universal for G at A.

Proof. See Proposition 2.2.2 [19]. O

When we have this occurring we say F' is left adjoint to G (and G is the right adjoint of
F). The transformation 7 is referred to as the unit and the transformation e is referred to

as the counit. This is written as:
(n,e) : F-G:A— B.

Additionally, adjoints are often defined as a one to one correspondence between hom-sets
in the following manner:

Let F, G be functors such that F': A — B and G : B — A such that there is a bijection
¢ between the hom-sets:

¢ :B(F(X),Y)— AX,G(Y)).

This is the path followed by Mac Lane in [49], where he proves this definition is equivalent
to Definition 2.4.1 above. Rather than explicitly defining the bijection, this is often written
in the form of an inference:

B(F(X),Y)
AX,G(Y)).
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Example 2.4.3 (Simple slice adjoint). Consider the simple slice category [9], B[A] defined

as:

Objects: Objects of B.
Maps: a map f4: C — D in B[A] is given by the map f: C x A — D in B.

Identity: projection — 7.

Composition: C’f—A>Dg—A>EinIB%[A] isgivenbnyAﬁCxAxA&DxA&E

in B.

Note the definition of simple slice category relies on products in categories, to be introduced
below in Section 2.7.

There is an adjunction between B[A] and B.

Define FF: B[A] = Bby F:C— Cx A F:(fa:C — D)~ (1 xA)(f x1). Define
G:B—->B[AbyG:Cw—C,G:(f:C — D) (mof)a. We see immediately there is a
correspondence ¢ of hom-sets

B(F(C),D)  _ B(CxAD)
B[A|(C,G(D))  B[A](C, D)

where ¢ : B(C x A, D) — B[A](C, D) is given by ¢(f) = fa. Thus F F G.
Now, we may consider equivalence of categories.

Definition 2.4.4. Given two categories A and B, we say they are equivalent when there

exists two functors, ' : A — B and G : B — A and natural isomorphisms such that

FG=T-A—-Aand GF=1:B— B.

The equivalence functors will also be an adjoint pair, typically they are chosen such that

F+G.
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2.5 Enrichment of categories

If X is a category, then the maps from A to B in X are denoted X(A, B). If X(A, B) is a set
for all objects in X, we say X is enriched in sets. More generally, categories may be enriched
in any monoidal category. For example a category may be enriched in abelian groups, vector
spaces, posets, categories or commutative monoids.

Specific types of enrichment may force a structure on a category. Examples:
1. If X is enriched in sets of cardinality of 0 or 1, then X is a preorder.

2. If X is enriched in pointed sets with the monoid of smash product, then X has

zero morphisms.

2.6 Examples of categories

In this section, we will offer a few examples of categories.

Example 2.6.1. A group G may be considered as a one-object category G, with object {}.
The elements of the group are the maps between {x}. As G is a group, it has an identity
e and multiplication is associative. In G, the identity map is e, composition is given by the
group multiplication and additionally, each map has an inverse. As G({x},{*}) = G, this

category is enriched in groups.
Four categories whose objects are sets are REL, SETS, PAR, and PINJ:

Example 2.6.2 (REL). REL is often of interest in quantum programming language seman-

tics:

Objects: All sets;
Maps: R: X — Y is arelation: R C X x Y

Identity: 1x = {(z,z)|xr € X};
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Composition: RS = {(z,2)|Jy.(z,y) € R and (y,z) € S}.

Note that REL is enriched in posets (see Example 2.1.3), via set inclusion. SETS and
PAR can be viewed as subcategories of REL, with the same objects, but restricting the maps
allowed — see below. PAR is also enriched in posets, via the same inclusion ordering as in

REL.

Example 2.6.3 (SETS). This is the subcategory of REL which has the same objects (sets)
but only allowing maps which are total functions, i.e., deterministic relations f where for all

x € X, there is a y such that (z,y) € f and if (z,y), (z,y’) € f, then y =¢/'.

Example 2.6.4 (PAR). This is the subcategory of REL which has the same objects (sets)

but only allowing maps which are partial functions, i.e., deterministic relations f where if

(x,y), (x,y) € f, then y =¥/

Example 2.6.5 (PiNJ). Our final example based on sets is one that will be used throughout
this thesis. The category PINJ consists of the partial injective functions over sets. Similarly
to SETS and PAR, it is a subcategory of REL. The maps f, g (relations in REL) in PINJ are

subject to two conditions:
(x,y) € f and (z,y’) € f implies y = ¢/, (2.1)

(x,y) € f and (2',y) € f implies x = z'. (2.2)

Example 2.6.6 (Tor). For aset S, P(S) is the power set of S, that is, the set of all subjects
of S, including the empty set and S itself.

We define O(T'), the open sets of T', as follows:

(i) O(T) € P(T);
(il) T € O(T) and O € O(T);

(iii) The union of any sets in O(7T') is again in O(7T);
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(iv) The intersection of finitely many sets in O(T") is in O(T).

A topological space is defined as a pair (T, O(T')) where T is a set and O(T) are the
open sets of T'. Note that we may choose different open sets for 7', resulting in different
topological spaces.

Maps between two topological spaces (T, O(T')) and (S, O(S)) consist of a set map f :
T — S such that the inverse image of any open set in S is an open set in 7. Such maps are
referred to as continuous functions.

The identity map is always continuous and composition of continuous functions yields
another continuous function, hence setting TOP, to be the set of all topological spaces and

Top,, to be the continuous maps between them gives us a category.

Our next example shows maps in categories need not always be something normally

thought of as a function or relation.

Example 2.6.7 (Matrix category). Given a rig R (i.e., a ring without negatives, e.g.,
the natural numbers), one may form the category MAT(R). For example, the category of

matrices over natural numbers is:

Objects: N;
Maps: [r;;] : n — m where [r;;] is an n X m matrix over N;
Identity: [,;

Composition: Matrix multiplication.

2.7 Limits and colimits in categories

We shall review only a few basic limits/colimits in categories, in order to set up notation

and terminology. First we discuss initial and terminal objects.
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Definition 2.7.1. An initial object in a category B is an object which has exactly one map
to each other object in the category. The dual notion is terminal object. Every object in the

category has exactly one map to the terminal object.

Lemma 2.7.2. Suppose I,J are initial objects in B. Then there is a unique isomorphism
1L — J.

Proof. First, note that by definition there is only one map from I to I — which must be
the identity map. As [ is initial there is a map ¢ : I — J. As J is initial there is a map
j:J — I. But this means¢j : I - I =1 and 52 : J — J = 1 and hence 7 is the unique

isomorphism from I to J. ]

Dually, we have the corresponding result to Lemma 2.7.2 for terminal objects — they
are also unique up to a unique isomorphism.

In categories, following the terminology in sets, we normally designate the initial object
by 0 and the terminal object by 1. A map from the terminal object to another object in the
category is often referred to as an element or a point.

We now turn to products and coproducts.

Definition 2.7.3. Let A, B be objects of the category B. Then the object A x B is a product

of A and B when:
e There exist maps mg, m; with myp: Ax B— A, m : Ax B — B;

e Given an object C' with maps f : C — A and g : C' — B there is a unique

map (f,g) such that the following diagram commutes:

A
f
)
C ........... <f’g> ““““ >.A X B
st
g
B.
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A coproduct is the dual of a product.

Definition 2.7.4. Let A, B be objects of the category B. Then the object A + B is a

coproduct of A and B when:

e There exist maps 11,11, with I, : A - A+ B, I, : B—~ A+ B;

e Given an object C' with maps h : A — C and k : B — C' there is a unique

map [h, k| such that the following diagram commutes:

A
h
10
A+ B [h’k] “““““““ C
D)
k
B.

It is possible for an object to be both a limit and a colimit at the same time:

Definition 2.7.5. Given a category B, any object that is both a terminal and initial object

is called a zero object. This object is labelled 0.

Note that any category with a zero object has a special map, 04 p between any two

objects A, B of the category given by: 045: A =0 — B.
Definition 2.7.6. In a category B, with products and coproducts, where:

1 i=j
Hﬂrj =
0 i#j
and for any two objects, A, B, A x B is the same as A+ B, then A x B is referred to as the
biproduct and designated as AH B. A category D is said to have finite biproducts when it
has a zero object 0 and when each pair of objects A, B have a biproduct A H B.

The biproduct is often written as @. This thesis frequently uses & where it is not a

biproduct, and thus uses H for biproduct instead.
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A category with finite biproducts is enriched in commutative monoids. If f,g: A — B,
define f+¢g: A— Bas (14,14) (fHBg) [1p, 15]. The unit for + is 04 5. In this thesis, when

discussing a category with finite biproducts, (1, 1) will be designated by A and [1, 1] by V.

2.8 Symmetric Monoidal Categories

Definition 2.8.1. A symmetric monoidal category [5,49] D is a category equipped with a

monoid ® (a bi-functor ® : D x D — D) together with four families of natural isomorphisms:

uy T A= A uy Al — A

aape AR (B®C) = (A®B)oC cap:A®B—-B®A

When the objects are identified in other ways, we often write the maps with the tensor as a

subscript:

ub I®A— A up AT — A

ag: (A®B)®C - A® (B () ¢ty A® B— B® A.

These maps must satisfy the coherence diagrams and equations shown in Figures 2.1, 2.2, 2.3,
2.4 and 2.5. The essence of the coherence diagrams is that any diagram composed solely of
the structure isomorphisms will commute. The isomorphisms are referred to as the structure
isomorphisms. I is the unit of the monoid. A symmetric monoidal category is called strict
when each of a4 g c, v, uf4 and cy p are identity maps.

A tensor with these properties is also referred to as a symmetric tensor.

@A,B,(C®D) A(A®B),C,D
—_— —_—

A® (B® (C® D) (A® B)® (C ® D) (A®B)®C)® D
1®GB,C,Dl laA,B,C(@l

A®(B®C)® D) (AR (BRC)®D

@A, (B®C),D

Figure 2.1: Pentagon diagram for associativity in an SMC.
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A®(I® B) st (A1) ® B

%%

A®B

and uj =ub T @1 —1

Figure 2.2: Unit diagram and equation in an SMC.

A9B-2%Bo A

N

A®B

CB,A

Figure 2.3: Symmetry in an SMC.

CA,I

AT - I®A

Figure 2.4: Unit symmetry in an SMC.

(A® B)® C 22 0 (A® B)

ai'pc ac,A,B
A®(B®C) (C®A)®B
1®cB,c cc,a®l

A®(C®B)—22%. C® (A® B).

Figure 2.5: Associativity symmetry in an SMC.
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Example 2.8.2. Any category D with a product x and a terminal object T is a symmetric

monoidal category with ® :=x and I:=T.

Example 2.8.3 (PINJ has a symmetric tensor). A symmetric tensor in PINJ is given by the

Cartesian product of sets. In detail, this means:

A® B ={(a,b)|la € A,b € B}

J®g= {((a7 C)? (bv d))l(aab) € f, (C7 d) € g}

1 = {x}, a single element set.

The symmetric monoid isomorphisms are:

ug  {(+,a)} = {a} ug + {(a, %)} = {a}
ag - {((a’ab)’c)} = {(av (b7 C))} Ce - {(CL, b)} = {(b’ CL)}
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Chapter 3
Restriction categories

Restriction categories were introduced in [21-23] as a way to give an algebraic treatment of
partiality. We will introduce restriction categories and provide a variety of results.

From this point forward in the thesis, we will use the symbol 1 to mean a function is
undefined on some value or values. For example, if f: {1,2} — {a, b, c} where f(1) = a and

f(2) is not defined, then we write f(2) is 1.

3.1 Definitions

Definition 3.1.1. A restriction category is a category X together with a restriction operator

on maps,

:A— B
A — A,

=

where f is a map of X and A, B are objects of X, such that the following four restriction

tdentities hold, whenever the compositions are defined:

f R.2] 5f = fg

g [R.4] fh = fhf.

[R.1] ff

R.3] fg

Definition 3.1.2. A restriction functor is a functor which preserves the restriction. That
is, given a functor F': X — Y with X and Y restriction categories, F' is a restriction functor
if:

F(f) = F(f).

Note that any map such that » = 7 is an idempotent, as rr = 7r = r. Such a map is
called a restriction idempotent.

Here are some basic facts (see e.g., [21] and [24]) for restriction categories.
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Lemma 3.1.3. In a restriction category X,

(i) f is idempotent; () T5=T9:
(ii) fg="Tgf; (vi) f monic implies f = 1;
(i) J9=19 ; (vii) f=9f = g7 =T
(iv) F=T;
Proof
(i) Using [R.3] and then [R.1], wesee f f = ff=f
(ii) Using [R.1], [R.3] and then [R.2], fg = ffg= [ fg = fq [.
(iii) Using (i), [R.3] and then [R.4], fg = fg f = fqf = 7.

(iv) By (i), f=1f = 1f = .
(v) Using [R.3], fg =

(vi) By [R.1] ff = 1f, hence when f is monic, f = 1.

Note that by Lemma 3.1.3, all maps f are restriction idempotents as f = ?

Definition 3.1.4. A map f : A — B in a restriction category is said to be total when

f=1a.
Lemma 3.1.5. The total maps in a restriction category form a subcategory Total(X) C X.

Proof. First, as the identity map 1 is monic, by Lemma 3.1.3, we have 1 = 1 and therefore the
identity map is in Total(X). If f, g are composable maps in Total(X), then fg= fg=f =1

and hence fg is in Total(X). Therefore, T'otal(X) is a subcategory of X. O
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Example 3.1.6 (PAR). Continuing from Example 2.6.4, PAR is a restriction category. The

restriction of f: A — B is:

x if f(x) is defined,
fz) =
Tif f(x)is T.

In PAR, the total maps correspond precisely to the functions that are defined on all elements

of the domain.

Example 3.1.7 (REL). The category REL from Example 2.6.2 is not a restriction category
with the candidate restriction of R = {(a,b)} being R = {(a,a)|3b.(a,b) € R}. The axiom
that fails is [R.4], as can be seen by setting R = {(1,1),(1,2)}, S = {(2,3)}. Then we have
RS ={(1,3)}, RS = {(1,1)} and therefore RSR = R. However, RS = R{(2,2)} = {(1,2)}.

Example 3.1.8 (PiNJ). From Example 2.6.5, we see PINJ is a restriction category and in

fact is a sub-restriction category of PAR. We will show the four restriction axioms:

[R.1) Ff = {(2,2)|3.(x,2) € [ and (z,2) € [} = {(2,2)|(z,2) € f} = [,

R.2) Fg = {(z,2)Fy.(x,y) € [ and (y,2) € g} = {(2,2)|(x,) € F and (z,2) € g} =77,
R.3] fg = {(z,y)|(z.2) € [, (x.v) € g} = {(z,2)|(z, 2)in], (v,) € 5} = [g,

R.4] fg={(z,y)|(z,y) € f,(v,y) € 3} = {(z,9)|(z,y) € f,F2.(y,2) € g}

= {(x,y)\(x,y) € f, 32(1’,2) S fg} = {(.%,y)’(.%,y) € f, ($,$) € E} :Ef

Example 3.1.9 (Tor,). This is the category of topological spaces with partial functions.

Objects: Topological spaces;
Maps: Any partial function f, where f is defined on some open subset of 9y(f);
Identity: The identity function;

Composition: Function composition;
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Restriction: The restriction of f: A — B is:

x if f(z) is defined,
flz) =
Tif f(x)is 1.
Example 3.1.10. Given S is a symmetric monoidal category, define COPY(S) as the category
whose objects are the objects of S which are commutative comonoids and maps are semigroup
homomorphisms, i.e., maps which do not preserve the unit. As noted in [21], when there is
a counit, ! : B — [ where [ is the unit of the tensor, this is a restriction category, where the
restriction is given by
AL B
i A fe1 o1 ug
A5 A=A ARA—BRA—I®A— A

We may also consider commutative monoids with semigroup morphisms, Copy(S)®.
These will have a corestriction operator, i.e., an operator G on f:A— Bwith f: B— B
fulfilling the duals of the restriction axioms.

For example, consider the category of commutative monoids in AB, the category of
abelian categories. This is the same as (COPY(AB?))” and thus is a corestriction category.
At the same time, this is the category of commutative rings with homomorphisms which do
not preserve the unit.

As another example, consider Frobenius algebras in S (defined below in 10.1.10) with
coalgebra homomorphisms that do not preserve the unit. Again, this category will have a

corestriction.

3.2 Partial order enrichment

We may use the restriction to define a partial order on the hom-sets of a restriction category.
Intuitively, we would think of a map f being less than a map ¢ if f is defined on fewer

elements than g and they agree where they are defined. This can be expressed as:
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Definition 3.2.1. In a restriction category, for any two parallel maps f,g : A — B, define

f < ¢ if and only if fg = f.

Lemma 3.2.2. Any restriction category X is enriched in a category of partial orders under

the ordering < from Definition 53.2.1 and the following hold:

(i) f<g = F<7 (v) f < gand f=7gimplies f = g;
(i) fg < f; (vi) f<1 = [=][;
(iii) f <g = hf < hg; (vii) f < g, h<k = fh<gk;
(iv) f <g = fh<gh; (viii) gf = [ implies f <g.

Proof. First, we show the enrichment by showing < is a partial order on X(A, B). With

f,g,h : A — B parallel maps in X, each of the requirements for a partial order is verified

below:

Reflexivity: ff = f and therefore, f < f.

Anti-Symmetry: Given fg = f and gf = g, it follows:

f=Fr=Ffof =Faf=39ff=9f =g

Transitivity: Given f < g and g < h,

fh=Ffgh=Ffgh=Fg=f
showing that f < h.

We now show the rest of the claims.

(i) The premise is that fg = f. From this, fg = fg = f, showing f < 7.
(ii) Computing, f297 = fg f = fg where the last step is by Lemma 3.1.3(ii).
(iii) hfhg = hfg = hf and therefore hf < hg.
(iv) fg = f, this shows fhgh = mgh = f ghgh = fgh = fh and therefore fh < gh.
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v) g=9g9=fg= /.

(vi) As f <1 means precisely f1 = f.

(vil) Fhgk = Fh Fgk = Fhfk = fhk = fh.
Assuming gf = f, we need to show fg = f. Using [R.2] and then [R.3] we have

=gf = f. Hence, f <73.

(viii)

|
Qf
Qf

]

In a restriction category X, we will use the notation O(A) for the restriction idempotents
of A, an object of X, that is, O(A) = {z : A — Alx = T}. The notation O(A) was chosen

to be suggestive of open sets, as in ToP,, see Example 3.1.9.

Lemma 3.2.3. In a restriction category X, O(A) is a meet semi-lattice — a poset with a

top element and binary meets.

Proof. The top of the meet semi-lattice is 14, under the ordering from Definition 3.2.1. The

meet of any two idempotents is given by their composition. O

Let STABLAT be the category whose objects are meet semi-lattices and maps are stable
homomorphisms, that is, they preserve the meets but not necessarily the top. From Example
13 in [21], this is a corestriction category, i.e. STABLAT® is a restriction category. We see

that the operation O is a functor, O : X — STABLAT®.

3.3 Joins

The restriction operator allows one to algebraically axiomatize the concept of “domain of
definition” for a function. With that axiomatization, we may then consider other questions
about the maps. In this section, we consider when maps are identical on their common

domain of definition. Two maps having this property are called compatible.
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Definition 3.3.1. Two parallel maps f,g: A — B in a restriction category are compatible,
written as f — g, when fg = gf. A restriction category X is a restriction preorder when all

parallel pairs of maps are compatible.

Example 3.3.2 (Compatibility in PAR). In the restriction category PAR, two maps, f,g

are compatible when (z,y) € f and (z,y’) € ¢g implies that y = ¥/

Given two compatible maps, f,g : A — B, we now want to consider if we can create a

map that combines f and ¢g. Such a map needs to have certain properties:

Definition 3.3.3. Given R is a restriction category with zero maps, then R is said to have

joins [34] whenever there is an operator V

f
A=B, f—y
g

ALl p
such that:

(i) f<fvgandg< fVy,
(i) fVg=FVvy,
(iii) f.g

(iv) h(f V g) =hf V hg.

< h implies that fV g < h and

Example 3.3.4 (Joins in PAR). In the restriction category PAR, the join for two compatible

maps is given by:

f(z)(=g(x)) when both f and g are defined;
f(z) when only f is defined;
(f v g)(z) =
g(z) when only ¢ is defined;
\T when both f and g are undefined.

34



Note that the first line of the definition requires f — g.
Showing that the conditions of Definition 3.3.3 hold is straightforward. For example,

f(fVg) = f(x) when f is defined and is undefined otherwise, giving f < fV g and similarly

forg< fVvy.

Example 3.3.5 (Joins in Top,). Recall from Example 3.1.9 that the map f: A — Bis a
continuous partial function on some open subset of A. f is the identity map on the open
subset of A where f is defined, and as such, may be identified with that open subset. As the

intersection of open subsets of A is again an open subset of A, given f,¢g: A — B, define

;

f(z) whenz e fng,
f(z) whenz e f\7,

g(z) whenze€g) f,

0 otherwise.
\

Note this is similar to the definition of V in PAR and similar reasoning may be used to show
it is a join.
When R is a restriction category with joins, this means that R(X,Y) is now a join

semi-lattice. Joins are related to the coproduct by the following:

Theorem 3.3.6 (Cockett-Guo). Given a restriction category R with joins, then

1s a coproduct if and only if:

(i) 11y and L1y are restriction monics;

(ii) I,V 1LY = 0¢ (the zero map required by the definition of join) and

(ii) 1LY v ILEY = 1.
Proof. See [15]. O
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3.4 Meets

Definition 3.4.1. A restriction category has meets if there is an operation N on parallel
maps:
!

A= B

9

A% B
such that fNg < f,fNg<g,fNnf=fh(fNg)=hfNhg.

Meets were introduced in [17]. Note that, in general, (fNg)h # fhNgh. In fact equality

only holds when h is a partial monic, as in Definition 3.5.1 below. We give the following

basic results on meets:

Lemma 3.4.2. In a restriction category X with meets, where f,g,h are maps in X, the

following are true:

(i) f<gand f<h + [<gnh
(i) fRg=gNf;
(i) fNl=fN1;

(w) (fNg)Nh=Ffn(gnh);

(v) r(f Ng) =rfNg wherer =7 is a restriction idempotent;
(vi) (f Ng)r = frNg where r =T is a restriction idempotent;
(vii) fNg < f (and therefore f N g <7);

(viii) (fN1)f=fN1;

(iz) e(e N'1) = e where e is idempotent.

Proof.
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(i) f < gand f < h means precisely f = fg and f = fh. Therefore,

flgnh)y=fgnfh=fNf=f

and so f < gnh. Conversely, given f < gNh, we have f = f(gNh) = fgN fh < fg.

But f < fg means f = f fg = fg and therefore f < g. Similarly, f < h.

(ii) From (i), as by definition, fNg < gand fNg < f.

(iii) fNl=FfN1(fn1)=(fN1f)n(fN1) < fN1 from which the result follows.

(iv) By definition and transitivity, (fNg)Nh < f, g, h therefore by (i) (fNg)Nh < fN(gNh).

Similarly, f N (gNh) < (fNg)Nh giving the equality.

(v) Given rf Ng <rf, calculate:

rfNg=rfOgrf=r(rfNg)f=rrfOrgf=r(fNg)f=rfNgf=r(fNg).

(vi) Using the previous point with the restriction idempotent fr,

(vii) For the first claim,

fngf=F(fng) ={FHng=r,ng.

The second claim then follows by (ii).

(viii) Given fN1< f:
fN1I<f < fNlf=fNnl < (fnl)f=fnl

where the last step is by item (iii) of this lemma.

(ix) As e is idempotent, e(eN1) = (eeNe) =e.
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Additionally, when a restriction category has both meets and joins, we have:

Lemma 3.4.3. If R is a meet restriction category with joins, then the meet distributes over
the join, i.e.,

hO(fvg) =(hnNf)Vv(hng).

Proof.

h(fvg) =({fVghn(fVyg)

=(fVghn(fVvy)
= (f(hn(f V)V (ghn(fVag)
=N f(fvg)V(ng(fVvg)
= (N (fVg)V(hn(fVg)).
0O
Example 3.4.4 (Meets in PINJ and PAR). The restriction category PINJ has meets given

by the intersection of the sets defining the maps. First, we note that the hom-set ordering

for PINJ is given by set inclusion. We immediately have

Jfngcf
JNgCyg
fnf=r

by the properties of sets and intersections. For the final requirement,

h(fng) ={(z 2)3y.(z,y) € h, (y,2) € f N g}
={(z,2)[Fy.(z,9) € h,(y,2) € [, (y,2) € g}
={(z,2)|(z,2) € hf,(x,z) € hg} = hf N hg.

Thus, intersection is a meet in PINJ.

Note that the calculations above apply immediately to PAR as well, therefore intersection

is a meet in PAR.
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3.5 Partial monics and isomorphisms

Partial isomorphisms play a central role in this thesis. Below we present some of their basic

properties.

Definition 3.5.1. In a restriction category X, a map f may have some of the following

properties:

o fis a partial isomorphism when there is a partial inverse, written f(=1) with
FFE =F and ff = FCT;
e fis a partial monic if hf = kf implies hf = kf;

e fisa restriction monic if it is a section s with a retraction r such that rs = 7s.

For example, consider the following maps in PAR, fi, fo, f3: {1,2} — {a,b, ¢} where

fil)=a, 1(2) =b;  fo(1) =a, 2(2) 15 f3(1) = f3(2) = a.

Then, f; is a total partial isomorphism and a partial monic and a restriction monic. f5 is a
partial isomorphism and is a partial monic but is not a restriction monic as it is not a section,
i.e., there is no map f,° such that fyf,° = 1. f3 is none of the items in Definition 3.5.1.
Finally, in the category Top,, we shall see in Example 3.10.2 that the diagonal map, A :
a — (a,a), does not have a partial inverse unless the topological space is discrete. But as A
is monic and total, it is a partial monic.

Note that restriction monic is a stronger notion than that of section. In fact, restriction

monics are the partial isomorphisms which are total.
Lemma 3.5.2. In a restriction category:

(i) f, g partial monic implies fg is partial monic;
(ii) The partial inverse of f, when it exists, is unique;
(i1i) If f, g have partial inverses and f g exists, then f g has a partial inverse;
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(iv) A restriction monic s is a partial isomorphism.

Proof.

(i) Suppose hfg = kfg. As g is partial monic, hfg = kfg. Therefore:

hfgf =kfgf [R.4]
hfgf=kfgf fpartial monic
hfg=kfg Lemma 3.1.3, (ii).

(ii) Suppose both f(-1 and f° are partial inverses of f. Then,

JOU = fenyEn = fEV el = fEUF = Ve = fEV o pe

= [OVFefo = FofON o = fffCVfe = fffOVff = [ f =

(iii) For f: A — B, g: B — C with partial inverses (=" and ¢(~" respectively,
the partial inverse of fg is ¢=Y f(=Y. Calculating fgg(=" f(-V using all the

restriction identities:
Fgg VY = gy =Taf b =Ty

The calculation of ¢ f(-1) fg = ¢(=1 £(=1) is similar.

(iv) The partial inverse of s is Tsr. First, note that 7sr =

Then, it follows that (Fsr)s =rs =75 =rsr and s(Fsr) = srs = 3.

3.6 Range categories

Corresponding to Definition 3.1.1 for restriction, which axiomatizes the concept of a domain
of definition, we now introduce range categories [16, 17,34] which algebraically axiomatize

the concept of the range for a function, in the presence of a restriction. Note this is different

40



from a corestriction category Y, which has a single operator, the corestriction, which is a

restriction in Y°P. In general, the range is weaker than a corestriction in that it may fail

R.4].

Definition 3.6.1. A restriction category X is a range category when it has an operator on

all maps
f:A—>B

f:B—B

where the operator satisfies the following:

RR.1] f = f RR.2] ff=f
RR.3] 7 = fg RR.4] fg = fg

whenever the compositions are defined.

Lemma 3.6.2. In a range category X, the following hold:

(i) 9f = fo: () ff=7:
(ii) T4 = i7; (i) f = f,
(iii) 1§ = fa: (vii) T=T;
(iv) f = 1 when f is epic, hence (viii) §fg = fg;
=1 (iz) f9= fo

Proof. See, e.g., [34]. O
Lemma 3.6.3. In a range category:
(i) ]ﬁ < f; (i) f < f implies f' < f.

Proof.
(i) Noting that h_/}f: f/L?f: hff = f/L}, we see f/L} < f.
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(ii) Calculating ?f: f’f:fﬁ’;"fzf/’\ﬁ:ﬂ = f’, we see f’ < f
]

Note that unlike restrictions, a range is a property of a restriction category. To see this,

— —~

assume we have two ranges (_) and (_). Then,

Example 3.6.4. In PINJ, f = {(y,y)|Fx.(z,y) € f}.

For a further example, see Section 4.1.

3.7 Split restriction categories

The Karoubi envelope of a restriction category, Kg(X) as defined in Definition 2.2.2 is a
restriction category.

Note that for f: (A,d) — (B,e), by definition, in X we have f = dfe, giving
df =d(dfe) =ddfe=dfe=f and fe= (dfe)e=dfee=dfe=f.

When X is a restriction category, there is an immediate candidate for a restriction in Kg(X).
If f € Kg(X)is eifes in X, then define f as given by e, f in X. Note that for f : (4,d) —
(B,e), in X we have:

df =dfd= fd.

Proposition 3.7.1. If X is a restriction category and E is a set of idempotents, then the

restriction as defined above makes Kg(X) a restriction category.

Proof. The restriction takes f : (A,e;) — (B,ez) to an endomorphism of (A, e;). The

restriction is in Kg(X) as

61(617)61 = 61?61 = W€161 = aﬁ = 617'
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Checking the 4 restriction axioms:

[R-l] 617f =ef=/

[R2] 61?61? = 6161?7 = 6161?@ = 61761?.

[R.3] ei(e1fg) = ererfger = e1fger = 61% =e1fg = eie1fg = e1feld.

[R.4] fesg = feagfes = (e1fger)f = eifqf.
]

Given this, provided all identity maps are in E, Kg(X) is a restriction category with X
as a full sub-restriction category, via the embedding defined by taking an object A in X to
the object (A,1) in Kg(X).

Proposition 3.7.2. In a restriction category X with meets, let R be the set of restriction
idempotents. Then, K(X) = Kr(X). That is, splitting over all the idempotents is equivalent

to splitting over just the restriction idempotents. Furthermore, Kr(X) has meets.

Proof. The proof first shows the equivalence of the two categories, then addresses the claim
that Kz(X) has meets.

For equivalence, we require two functors,
U:Kg(X) - K(X) and V : K(X) = Kg(X),
with:

UV = ]KR(X) (3’1)

VU 2 Iy (3.2)

U is the standard inclusion functor. V will take the object (A,e) to (A,eN 1) and the
map f: (A,e1) — (B,e2) to (egN1)f.

V is a functor as:
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Well Defined: If f : (A,e1) — (B,ez), then (e; N1)f is a map in X from A to B and
(erN(erN1)fleanl) = (esNL)(feaN f) = (1 N(fN[f) = (exnND)f,
therefore, V(f) : V((A,e1)) = V((B,e2)).

Identities: V(e) = (eN1l)e =en1 by lemma 3.4.2.

Composition: V(f)V(g) = (e1N1)f(eanl)g = (exN1)fes(eaNl)g = (e1N1)f(eaNes)g =

(e1N1)feag=(e1N1)fg=V(fg).

By Lemma 3.4.2 (e N 1) is a restriction idempotent. Using this fact, the commutativity
of restriction idempotents and Lemma 3.4.2, the composite functor UV is the identity on
Kr(X). This is because when e is a restriction idempotent, e = e(eN1) = (eN1l)e = (eN1).

For the other direction, note that for a particular idempotent e : A — A, this gives the
maps e : (A,e) - (A,enl)and enl: (A,enl) — (A, e), again by 3.4.2. These maps give

the natural isomorphism between I and VU as

(Aje) —>(A,en1) and (Aen1) <~ (A e)
S S |
(A, e) (A,en)

both commute. Therefore, UV = I and VU = I, giving an equivalence of the categories.

For the rest of this proof, functions in bold type, e.g., f, are in K(X). Functions in
normal slanted type, e.g., f are in X.

To show that Kg(X) has meets, designate the meet in Kz(X) as Nk and define f Nk g as
the map given by the X map f N g, where f,g: (A,d) — (B,e) in Kg(X) and f,g: A —> B

in X. This is a map in Kg(X) as d(fNg)e = (df Ndg)e = (fNg)e = (feNg) = fNg where

the penultimate equality is by 3.4.2. By definition f Nk g is df N g.

It is necessary to show Nk satisfies the four meet properties.

o fNkg <f: We need to show f Nk gf = f Nk g. Calculating now in X:

df Ngf =d(fNg)df =df Ndgdf = fngf=fNg
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which is the definition of f Nk g.

e fNkg <g: Similarly and once again calculating in X

df Ngg=d(fNg)dg=df Ndgdg = fNgg=fNg

which is the definition of f Nk g.
o f Nk f=1f: From the definition, thisis f N f = f which is just f.

e h(f Nk g) = hf Nk hg: From the definition, this is given in X by A(f Ng) =

hf 0 hg which in Kg(X) is hf Nk hg.
O

Consider two objects A, B in a restriction category where we havem : A — B, r: B — A
with mr = 14. In this case A is called a retract of B, which we will write as A< B. As m
and r need not be unique, we will also write A<}, B when the specific section and retraction
are to be emphasized. Since m is a section, it is a monic and therefore total. The map rm
is idempotent on B as rmrm = rlm = rm. A is referred to as a splitting of the idempotent

rm. Note there is no requirement that rm = 7m when m is simply monic.

3.8 Partial map categories

In [21], it is shown that split restriction categories are equivalent to partial map categories.

The main definitions and results related to partial map categories are given below.
Definition 3.8.1. A collection M of monics is a stable system of monics when:

(i) it includes all isomorphisms;
(ii) it is closed under composition;

(iii) it is pullback stable.
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Stable in this definition means that if m : A — B is in M, then for arbitrary b with
codomain B, the pullback
A ——A

w| lm

!
B'——B
exists and m’ € M. A category that has a stable system of monics is referred to as an

M-category.
Lemma 3.8.2. If nm € M, a stable system of monics, and m is monic, then n € M.

Proof. The commutative square

A——=A
A'——>B
is a pullback. O

Given a category B and a stable system of monics M, the partial map category, Par(B, M)

is:
Objects: A € B;

Equivalence Classes of Maps: (m, f) : A — Bwithm: A" —- Aisin Mand f: A’ — B

is a map in B. i.e., w A
N
A B

Identity: 14,14: A — A;

Composition: via a pullback, (m, f)(m/,g) = (m"m, f'g) where

m' A” I
¥~ O\
. A v B g
N N
A B ;

Restriction: (m, f) = (m,m).
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For the maps, (m, f) ~ (m/, f') when there is an isomorphism ~ : A” — A’ such that
ym' =m and yf' = f.
The proof that this is a restriction category is given by Proposition 3.1 in [21].

In [22], it is shown that:

Theorem 3.8.3 (Cockett-Lack). Fvery restriction category is a full subcategory of a partial

map cateqory.

3.9 Restriction products and Cartesian restriction categories

Restriction categories have analogues of products and terminal objects.

Definition 3.9.1. In a restriction category X, a restriction product of two objects X,Y is

an object X X Y equipped with total projections my: X XY — X, m : X XY — Y where:

Vf:Z - X,g:Z—Y, Jaunique (f,g9) : Z — X xY such

that

Definition 3.9.2. In a restriction category X a restriction terminal object is an object T

such that for all objects X, there is a unique total map !y : X — T and the diagram

commutes. That is, fly = f!y. Note this implies that a restriction terminal object is unique

up to a unique isomorphism.
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For example, in PAR, the restriction terminal object is the one object set, {x}. The
product of two sets is the standard Cartesian product, with my mapping (z,y) — =z and

m ¢ (x,y) — y. The product map (f,g) : Z — X x Y is given as:

(z,y) f(z)=zand g(z) =y

T f(z) 1 orgy) T

{(f:9)(z) =

Definition 3.9.3. A restriction category X is Cartesian if it has all restriction products and

a restriction terminal object.

3.10 Discrete Cartesian restriction categories

Definition 3.10.1. An object A in a Cartesian restriction category is discrete when the
diagonal map

A:A—>AxA

is a partial isomorphism. A Cartesian restriction category where all objects are discrete is

called a discrete Cartesian restriction category.

Example 3.10.2 (Top, is not discrete). In any topological space T', the only way that A
can have a continuous inverse is when the topology is the discrete topology. This example
is the motivating example for our terminology of discrete.

The topology of T' x T" is generated by open sets U x V where U, V are open sets of T". We
see that ANU XV = AN(UNV)x(UNV),soif A C U;U; xV;, then A C U;(U;NV;) x (U;NV;).
Thus, any open cover of A has a subcover of the form U;U; x U;. For A=Y to be a continuous
map, that means the diagonal must be an open set. But if A is open, then A = U;U; X V;
if and only if A C U;(U;NV;) x (U; N V) CUU; x U; € A So, A = U;U; x U;, which gives
us U; x U; € A, but this can only happen when U; = {x}, a singleton set. Therefore, T" has

the discrete topology.
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Example 3.10.3 (PAR is discrete). In PAR,

Az (x,x) and ACY : (2,9) —

Thus, PAR is a discrete Cartesian restriction category.

Further examples of discrete and non-discrete Cartesian restriction categories are given

at the end of the section.
Theorem 3.10.4. A Cartesian restriction category X is discrete if and only if it has meets.

Proof. 1f X has meets, then
A(ﬂ'oﬁﬂ'l) :AﬂomAﬂ'l =1Nn1=1.

As (m, m) is identity,

7T0m7Tl :Woﬂ7Tl<7T0,7T1>

= (mo N o, To () T17T1)
= <7T() N 1,70 N 7T1>

= (7'('0 ﬂ’ﬂ'l)A

and therefore, my N7y is ACD.
To show the other direction, we set fNg = (f, g) A=Y, By the definition of the restriction

product:

fg={f,h A = (f, ) ATV Amy = (f, ) AV 7y < (f, g)m0 < f-

Then, substituting m; for my above, this gives us fNg < g.

For the left distributive law,

h(f N g) = h{f,g) ATV = (hf hg) ATY = hf N hg.
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The intersection of a map with itself is

faf=HAEY = (FA)ATY = fFA = f

as A is total. This shows that N as defined above is a meet for the Cartesian restriction

category X.
O

Definition 3.10.5. In a Cartesian restriction category, a map A Iy Bis called graphic when

the maps

AYY A and AT Axa

have partial inverses. A Cartesian restriction category is graphic when all of its maps are

graphic.
Lemma 3.10.6. In a Cartesian restriction category:

(i) Graphic maps are closed under composition;
(ii) Graphic maps are closed under the restriction;

(1ii) An object is discrete if and only if its identity map is graphic.

Proof.

(i) To show closure, it is necessary to show for graphic maps f : A — B and
g: B — C that (fg, 1) has a partial inverse. By Lemma 3.5.2, the uniqueness

of the partial inverse gives

(£, 1)({g,1) x 1)) = (g, )Y x 1)(f, 1),

By the definition of the restriction product, we have (fg,1) = fg. Addition-

ally, a straightforward calculation shows that (f,1)({g,1) x 1) = (f{(g,1),1) =

flg,1) = (fg,f) = fg f = fg where the last equality is from Lemma 3.1.3.
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Consider the diagram

A gAY o BxA
(oD Rk
Cx A

Thus,

(f9, (1 x (£,1)((g, 'Y 1) (f, 1)
= (£, 1)({g,1) x D({g, DY x 1)(f, 1)V
= (£, 1)@ x DY
= (£, 1) (g x )£ 11T
= (A D@x DD
= (L7 1) x 1)
= (g x1)

showing that 1 x (f,1)((g, 1) x 1)(f, 1) is a right inverse for (fg,1).
For the other direction, note that in general (hk)™" = kCDh(D and that
we have (fg,1) = (£, 1)((g, 1) x (1 x (£,1)7"), thus (1x {£,1))((g, )

1)(f, 1) will also be a left inverse and (fg, 1) is a partial isomorphism.

(i) This follows from the definition of graphic and that (f,1) = f = ? = (f,1).

(i) Given a discrete object A, the identity on A is graphic as (1,1) = A and
therefore (1,1)™) = ACD. Conversely, if (1,1) = A has an inverse, A is

discrete by definition.
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Lemma 3.10.7. A discrete Cartesian restriction category D is precisely a graphic Cartesian

restriction category.

Proof. The requirement is that for all f € D,, both (f,1) and (f,1) have partial inverses.
For (f,1) the inverse is (1 x f)ADr;.
To show this, calculate the two compositions. First,

(£, D1 x fFAEDm = (f, HACH(f, )m = FAAED(f, hmy = f{f, )m = f.

The other direction is:

(1 x HACHT (1) = (1 x AT f, (1 x FYACDT)

— (X HATI( x f)m, [T x FJACIm)

= (1 x /AT (1 x f)AEDT)

= (1 % f)ATDmg, (L% [)ACDm)

= (1 x /) AED(L x f)mo, (1 x f)ACm)

= (1 x /A7, (1 x f)AED 7))
= (1 X f)A(71)<7T0,7T1>

= (1 x f)AED.
The above follows in a discrete Cartesian restriction category, as we have
A = ACYAT = ACY = ACY AR, = ACD g,
For (f, 1), the inverse is le. Similarly to above,

<77 1>771 - 7

I
el

(£, D1 x FAEDm = (F, YACD(F, 1ym = FAACD(F, 1)m
The other direction follows the same pattern as for (f, 1). O

To conclude this section, we give a few examples of Cartesian restriction categories, of

both the discrete and non-discrete variety.

52



Example 3.10.8 (Terminal object is discrete). In any Cartesian restriction category, the

terminal object, 1, is discrete as 1 x 1 = 1.

Example 3.10.9 (Semi-lattice is discrete). As the product is the meet of the semi-lattice
and ANA = A, we have A = 1 and, therefore, is always invertible. Note that a total
discrete Cartesian restriction category must be a semi-lattice. Also, we see that any Cartesian

restriction category which is a restriction preorder will also be discrete.

Example 3.10.10 (Non-discrete Cartesian restriction categories). Besides the example of

Top, given at the beginning of this section, the following are not discrete:

(i) Any total non-trivial (i.e., not a semi-lattice) Cartesian category is not discrete.
(ii) Par(X, M) is not discrete unless A : X — X x X is in M.

(iii) sTABLAT? is not discrete.

We will give the details for STABLAT”. Recall STABLAT is the category of meet semi-lattices
whose maps preserve the meet, but do not necessarily preserve the top, T. The corestriction
of f: Ly — Lyis given by f: Ly — Lo, f(y) = y A f(T). Hence, the total maps are those
which preserve the top element.

The restriction product in STABLAT is given by the coproduct of the semi-lattices,

which is also the product as the category has biproducts. In STABLAT, we have the maps
in0:L0—>LO><L1 and Z-’I’LliLQ%[qXLQ

where

ing: L (¢, T) anding:m— (T,m).

Then, m; = in;°? are the projections in STABLAT?’. Again considering STABLAT, for f : Ly —
Lo, g : Ly — Lo, there is the map [f, g] : Lo X L1 — Ly where [f,g] : (¢,m) — f(€) A g(m).

The product map in STABLAT?, (f°P, ¢°?) is [f, 9] : Ly — Lo X L.
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Using the standard notation of V for the map [1, 1] in STABLAT, we see A : L1 — L1 X I3
in STABLAT? is VP, For this to have an inverse, we need amap h : L1 — Li X L in STABLAT
such that Ah? = 1;,, i.e., hV =1, in STABLAT. In STABLAT, we may write h as having
two components, that is, h(x) = (hi(x), ha(x)).

As we know that © Ay = V(h(z A y), we have that h(T) A (x,y) = h(x A y). But this

gives us (hi(T) Az, hao(T) Ay) = (hi(z Ay), ha(z Ay)). Therefore:

hi(x ANy)=hi(T) ANz and

ha(z Ay) = ha(T) Ay.
But then we have
e ANy=hi(xAy) ANho(z ANy) =hi(T)ANho(T) ANz Ay

which means that hy(T) A he(T) = T, which gives hy(z Ay) = = and ho(z Ay) = y. In
any lattice where there is a non top element p, this produces a contradiction as hyi(p) =
hi(p A T) =pand hy(p) = h1(T Ap) = T which can only happen when T = p. This shows
that the only discrete object in STABLAT® is the one element semi-lattice, {T }.

Thus, the map h does not exist in general and STABLAT® Is not discrete.
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Chapter 4

Inverse categories and products

This chapter will introduce inverse categories. We first give a few results about inverse
categories and then proceed to show an inverse category which has restriction products is a
restriction preorder.

Given this fact, the chapter then focuses on adding product-like structures to an inverse
category, which we call inverse products. These will be defined below in Subsection 4.3.1.
Inverse products are given by a natural structure on a tensor product which includes a
diagonal but lacks projections. The diagonal map is required to give a natural Frobenius

structure on each object.

4.1 Inverse categories

Definition 4.1.1. A restriction category in which every map is a partial isomorphism is

called an nverse category.
Lemma 4.1.2. In an inverse category, all idempotents are restriction idempotents.
Proof. Given an idempotent e,
g =eel™Y = eeel™V = e = EEe = Ee = e.
O

Lemma 4.1.3. An inverse category X is a range category (Definition 3.6.1), where f =
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F0D = gEUFCD = gD = ()0 = T,

]

For an inverse category X, as ()" is an involution, the range (7) is in fact more than
just a range, it is a restriction in X.

The property of being an inverse category is preserved by splitting.
Lemma 4.1.4. When X is an inverse category, Kp(X) is an inverse category.

Proof. First recall that in the split category, for f: (A,e;) — (B, ez), we have f = e; fes =
erf = fey and by Proposition 3.7.1 the restriction of f : (A,e;) — (B, ey) is e; f. Then, the

inverse of f: (A, e;) = (B,ez) in Kgp(X) is £V as
FED =g fe,t™) = e, D D (5D — ¢, (=D,
Note the last equality uses Lemma 4.1.2. Additionally, we have

FFOY =erffD = eif and fOUf = epf D f = epf.
]

Example 4.1.5 (PINJ is an inverse category). For any map f, fV = {(y,2)|(z,y) € f}.
Note that (-1 is a map in PINJ due to the two dual conditions on maps as given in

Example 2.6.5.

Example 4.1.6 (PAR is not an inverse category). PAR, while it is a restriction category, is
not an inverse category. For example, let A = {1,2}, B = {1} and f = {(1,1),(2,1)} in
PAR. The restriction of fis f = {(1,1),(2,2)} = 14. There is no partial function g : B — A

such that fg =14.
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Example 4.1.7. Generally, let R be a restriction category, and INV(R) the subcategory of
R having the same objects as R but only the partial isomorphisms as maps. Then, INV(R)

is an inverse category.

Example 4.1.8. A groupoid, which is a category in which every map is an isomorphism, is
an inverse category. As all maps in the groupoid are total, the partial isomorphisms are all
isomorphisms.

As well, we note that for X any inverse category, Total(X) is a groupoid.

Example 4.1.9. Given a category P, create a partial map category as in Section 3.8, where

the stable system of monics, M, contains of all isomorphisms in P. Then the partial isomor-

/! /
phisms are the maps of the form "/ \ml , where m’ € M. Its inverse is m,/ DN
A B B A
oy . m~im A m~im . . . . . . .
The composition is Z O\ , which is the identity when m is an isomorphism. The
A

partial isomorphisms will have either m or m’ in M, but may not be an isomorphism. Taking

just the partial isomorphisms gives us an inverse category.

Example 4.1.10. A semigroup [57] is a set with an associative binary operation. A semi-
group need not have an identity. An inverse semigroup is a semigroup where each element

x has an associated element x* such that:
r=zxzx'r and z* = z*xz".
In much the same way that a group may be viewed as a one object category, an inverse

semigroup is a one object inverse category, where the elements are the maps. For any map

x, we have (-1 = z*.

Example 4.1.11 (Equivalence relations). Equivalence relations of finite sets are repre-

sentable as a pair of surjective functions onto another set. That is,

i c c
A~ B y \\g = [f,ng
A B A+B

57



Define the category EQR with objects being finite sets and maps being equivalence classes

of the relations Ejs g : A ~ B. The equivalence classes are given by the following:

C

N

A b B <= Ejg = Epr g

That is, whenever there is a bijection b : C' <+ C’ such that the above diagram commutes,
then the relations are equivalent.

The identity is given by FE[; 3 and composition is by pushout. The restriction of a
relation is given by restricting it to the first element only, i.e., m = Ejy,p. This is an
inverse category with the partial inverse of a relation given by swapping the maps f, g. That

is, E[ﬁg](’l) = Ej4,5. The total maps are those where f is a bijection.

Example 4.1.12 (Partial isometries). In a finite dimensional Hilbert space, endomaps which
are self-adjoint and idempotent are called projectors. Endomaps in FDHILB also form a
lattice where the meet of two maps, f A g is given by lim, . (fg)".

If we are given a map f : H; — H, between finite dimensional Hilbert spaces, then when
ff*: H — H; is a projector, then f is called a partial isometry [36]. In general, partial
isometries are not closed under composition. However, if composition of f : H; — Hy and
g : Hy — Hj is defined as:

fa=f(f"fNngg)g,

then Hilbert spaces with partial isometries form an inverse category. This is shown in
Theorem 9.5.4 of [36]. The construction of the composition for this inverse category is an

application of a general construction for inverse semigroups given by Lawson [46].
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4.2 Inverse categories with restriction products

We start by showing that an inverse category with restriction products is a restriction pre-

order and thus, is a very restrictive notion.

Proposition 4.2.1. Given an inverse category X, if it has restriction products, it is a

restriction preorder as in Definition 3.3.1. That 1s,
f

A__ B = [—g
g

Proof. Notice that for 7 : Ax A — A, 1Y = Amym Y = A7 = A. This gives m D =1
and therefore 7; (and similarly, my) is an isomorphism.

Starting with the product map (f, g),

(f,9)=1([.9)
(f, 9>7T17T1(_1) =(f, 9>7T07To(_1)
fgm Y =gfmY
f9A =gfA

fg=9f

which shows that f and g are compatible. O]

Corollary 4.2.2. X is an inverse category with restriction products iff Total(K(X)) is a

meet preorder.

Proof. Total(X), the subcategory of total maps on X, has products and therefore every pair
of parallel maps is compatible. As total compatible maps are equal, there is at most one map
between any two objects. Hence, Total(X) is a preorder with the meet being the product.

By Lemma 4.1.4 and Lemma 4.1.2, K(X), the split of X over all idempotents, is an inverse
category.

Similarly, from [21] and [23], Total(K(X)) has products and is therefore also a meet
preorder. This shows the “only if” side of the corollary.

For the other direction, if Total(K (X)) is a meet preorder, then the product is the meet

of the maps and the terminal object is the supremum of all maps. O
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Corollary 4.2.3. Every inverse category with restriction products is a full subcategory of a

partial map category of a meet semi-lattice.

4.3 Inverse products

4.3.1 Inverse product definition

Definition 4.3.1. An inverse product on an inverse category X is given by a symmetric
tensor product, based on a restriction bi-functor, - ® _: X x X — X. Recall the structural

maps of the tensor are the following natural isomorphisms:

1:1 X
ui1@AS A uh A1 A
g (AQB)®C S A® (B C) e A® B> B® A.

The tensor makes X a symmetric monoidal category as per Definition 2.8.1 and there is a
natural diagonal map A, which is canonical. If an inverse category has inverse products, it
is called a discrete inverse category.

The diagonal map Ay : A — A ® A must be total and create a cosemigroup. It must

satisfy Diagrams (4.1), (4.2), (4.3) and (4.4) below.

A L AwA  AeA—2"Y 4 (4.1)

\\\\\\TK\\\\& Jeo Jee ,///757?:///7

AR A AR A

Cocommutative and Commutative;

A > Ao A A® (A A)—tea ARA  (42)
A‘ ‘1®A a®(l>\ A1)
AR A AR (A®A) (AA)®A A
A®1 % AM NG
(AR A ® A A®A
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Coassociative and Associative;

A@ A (Bl A®(A® A) (4.3)
K
(18A)ag (1) A L®ACD
\
(A A)® A e AR A

A is Semi-Frobenius.

If we define the map:
ey = a5(1®as )18 (e ®1)(1®ag)ag ™) : (AR B)® (C®D) = (A®C)® (B® D)
then we have:

A® B

(A2 A)® (B® B) (4.4)

(A® B)® (A® B)

A is canonical.

Thus, A is a cocommutative, coassociative map which together with A=Y forms a special
semi-Frobenius algebra. We use the prefix “semi-" since we are not requiring the unit laws

of a Frobenius algebra as presented in Definition 10.1.10.

Note also, cocommutativity implies commutativity, i.e., that cx A = ACD . One can

see this as:

AcgATY) = (Acg)ATY = AACYD = A and

(coAUNA = (cg ATY)(Acg) = cg ACD.

This means that both ACY and ¢y AV are partial inverses for A and are therefore equal.
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Similarly, coassociativity implies associativity, in that (1® ACAED = q,D(AED @
DAY as
A(1® A)agVATY @ 1)AEY = A(A ® 1)agas "V (ATY @ 1)ACY
= AA®1)(ATY @ 1)AEDY
= AIACD =1,
Example 4.3.2 (PiNJ is a discrete inverse category). In the inverse category PINJ (see
Examples 2.6.5 and 4.1.5), we saw in Example 2.8.3 that Cartesian product is a symmetric
tensor.

Define A4 = {(a, (a,a))|a € A}. Then PINJ is a discrete inverse category with the inverse
product of ®. The required properties of cocommutativity, coassociativity and exchange are
immediately obvious. To show the Frobenius rule for A, first note that ACY is defined only
on the elements of A ® A which agree in the first and second coordinate. We show the upper

triangle of the Frobenius diagram in detail. Equation (4.5) shows the result of applying

AED followed by A.
AATY(A® A)) = A{al|(a,a) € A® A}) = {(a,a)|(a,a) € A® A}. (4.5)
Applying (A ® 1)ag to A ® A is shown in Equation (4.6).
ax(A® LA ® A)) = as({((a,a),d')[(a,d') € A® A} = {(a, (a,d))|(a,d’) € A® A}. (4.6)
Finally, applying 1 ® AV to the result of Equation (4.6) gives us Equation (4.7).
(1@ AN {(a, (a,d))|(a,d) € A® A} = {(a,a)|(a,a) € A® A}. (4.7)
Thus, we have ACVA = (A ® 1)ag(1 ® AY) and the Frobenius condition is satisfied.

Example 4.3.3 (Top, does not give a discrete inverse category). Recalling Top, from

Example 3.1.9, we know that the partial isomorphisms of TOP, form an inverse category —
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INV(Tor,). Additionally, Top, has a product, given by the standard Cartesian product.
However, as noted in Example 3.10.2, ToP,, is not a discrete Cartesian restriction category.
The product of Top, does work as a tensor in INV(Top,), but A is not a map in

INV(Topr) and hence we do not have a discrete inverse category.

Inverse products are extra structure on an inverse category, rather than a property. An

example to demonstrate this is given next.
Example 4.3.4 (Inverse products are additional structure).

Any discrete category (i.e., a category with only the identity arrows) is a trivial inverse
category. To create an inverse product on a discrete category, add a commutative, associative,
idempotent multiplication, with a unit.

Let D be the discrete category with four objects a, b, c and d. Then, define two different

inverse product tensors, ® and ®, with d the unit of each as shown in Table 4.1.

sVl IV RV VR | eV
o|T|T| || T
olo|T |0
YD
TV | T || T
ololy|o|lo
oo | T || &

Table 4.1: Two different inverse products on the same category.

As D is discrete, A is forced to be the identity. One can check easily that each of the

conditions for being an inverse product are satisfied by ® and by ® with the trivial diagonal.

4.3.2 Diagrammatic Language

While it is certainly possible to prove results about inverse products using direct algebraic
manipulation, it is much more understandable to use circuits or string diagrams. See [65]

for a comparison of various graphical languages for monoidal categories. As shown in [41],
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diagrammatic reasoning is equivalent to reasoning algebraically for symmetric monoidal cat-
egories.

In the diagrams, we will use the following representations:

e A will be represented by an upward pointing triangle: /\.
e AV by a downward triangle: /.

Maps by a rectangle with the name of the map inside: 7]

Use of the tensor: ®.

Unit introduction (often referred to as an n map): o.

e Unit removal (often referred to as an € map): .

String diagrams in this thesis are to be read from top to bottom. Note that unit introduction
and unit removal maps are not required in a discrete inverse category. However, when they
are present they will be represented diagrammatically as above.

The axioms of Definition 4.3.1, as string diagrams, become:

A |
Cocommutativity, coassociativity, exchange, Frobenius.

The diagram for commutativity is obtained by flipping the diagram of cocommutativity
vertically. Similarly, the diagram for associativity is obtained by flipping the diagram for

coassociativity vertically.

4.3.3 Properties of discrete inverse categories
We now present some properties of discrete inverse categories.

Lemma 4.3.5. In a discrete inverse category X with the inverse product @ and /A, where

e = e is a restriction idempotent and f, g, h are arrows in X, the following are true:

64



(i) e = Ale @ 1)AY;
(i) eA(f®g)=Aef ®¢g) (and = A(f ® eg) and = Alef ® eg));

(iii) (f @ ge)ATY = (f @ g)ATVe (and = (fe® g)AY and = (fe ® ge) A );

() A(f @ g)ACD = A(l @ gfD)AD;

(v) If A(h @ g)ATY = A(h© g)ACY then (A(h @ g)ATD)h = A(h @ g)ATY;
(vi) A(f@l)=Algel) = f=y;

(vir) (f®1)=(9@1) = f=g.

Proof.

(i1) This equality uses the previous equality, the commutativity of restriction idem-

potents ([R.2]) and the identity AAGD = A,




The second equality (eA(f ® g) = A(f ® eg)) follows by cocommutativity.

The third equality, (eA(f ® g) = A(ef ® eg)) follows by naturality of A.

(iii) As in (ii), details are only given for the first equality. This proof is obtained

by reversing the diagrams of (ii).

The other equalities follow for the same reasons as in (ii).

(iv) Here, we start by using the fact that all maps have a partial inverse, therefore

we have:

A(f® g)ACD = A(f @ ) ACYA(FED @ gAY,

Now, we proceed with showing the rest of the equality via diagrams.

(v) Beginning with the assumption that A(h ® g)AY equals its restriction and
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by item (iv), we have:

AN AN
njopl{msn
Y Y

(vi) Our assumption is that:

AN
ﬁ = and by cocommutativity, é} =

$44-0-4-

(vii) Use the same diagrammatic argument as in item (vi)

H.’

Hence,

Proposition 4.3.6. A discrete inverse category has meets, where f N g = A(f ® g)AY.

Proof. fNng< f:

fOf=A(fe HATY = FAACY = f.
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h(fNg) =hf N hg:

h(fNg) = hA(f @ g)AY Definition of N
= Ah@h)(f ® g)AY A natural
= A(hf @ hg)AY compose maps
=hfNhg Definition of N.

4.3.4 The inverse subcategory of a discrete Cartesian restriction category

Given a discrete Cartesian restriction category, one can pick out the maps which are partial
isomorphisms. Using results from Subsection 4.3.3 and from Section 3.10, we will show that

these maps form a subcategory which is a discrete inverse category.

Proposition 4.3.7. Given X is a discrete Cartesian restriction category, the partial isomor-
phisms of X, together with the objects of X form a sub-restriction category which is a discrete

inverse category. For the restriction category X, we denote this subcategory by INV (X).

Proof. As shown in Lemma 3.5.2, partial isomorphisms are closed under composition. The
identity maps are in INV (X) and restrictions of partial isomorphisms are also partial iso-
morphisms.

The product on the discrete Cartesian restriction category X becomes the tensor product
of the restriction category INV (X). Table 4.2 shows how each of the elements of the tensor
are defined. Note that the last definition makes explicit use of the fact we are in a discrete
Cartesian restriction category and hence the A of X possesses a partial inverse.

The monoid coherence diagrams follow directly from the characteristics of the product in
X. Similarly, A is total as it is total in X. It remains to show cocommutativity, coassociativity

and the Frobenius condition.
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X INV (X) Inverse map

AxB A®B
T 1
w1 T XA—A u%:l@A—LA (L1)
T AXT—A u%:A@l—)A (1,1

ax=(mom0,(mom1,m1)):(AXB)XxC—=AX(BXC) ag:(AB)®QC—AR(B®C) ({mg,m1m0),m171)

ex=(m1,m0):AX B—+>Bx A cg:AQB—B®A (m1,m0)

Ax: A AXA A:A—AQA Ax (=D

Table 4.2: Structural maps for the tensor in INV(X)
Cocommutativity requires Acg = cg. We have
AX<7177"0> = <AX771aAX7TO> = <1, 1> = Ag,

giving us the required cocommutativity.
Coassociativity requires A(1® A) = A(A® 1)ag. Expressing this in X it is the require-
ment that

Ax(1 x Ax) = Ax(Ax x 1)ax.
Recalling that f x gmg = mof and f x gmy = w19, we have:
Ax(Ax x 1)ax = Ax(Ax x 1){momo, (mom1, m1))
= (Ax(Ax x D)momo, (Ax(Ax x 1)momy, Ax(Ax X 1))
= (AxmoAxmo, (AxmoAxmy, Axmi1))
=(1,(1,1)) = Ax(1 x Ax)

and shows that we have coassociativity.

The semi-Frobenius requirement is two-fold:

ATDA = (A®1)ag(l @ ACY), (4.8)

ATYA = (1® A)agV(AEY ©1). (4.9)
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In X, these become:

AxTVAx = (Ax x 1)(momo, (momy, 1)) (1 x AxTY), (4.10)

AxTVAx = (1 x Ax)((mo, mmo), mm ) (Ax T x 1). (4.11)

We will give the details of the proof for Equation (4.10). Proving Equation (4.11) is similar.
Note first that A(1x!) (and A(!x1)) is the identity. Second, we see that maps to a product
of objects may be expressed as a pairing — i.e. if f: A — Bx B, then f = (f(1x!), f(!x1)).

Using this we see that the left hand side of Equation (4.10) may be computed as follows:
AxTYAx = (AxTYAx(1x]), AxTYAx(! x 1)) = (AxY, Ax D),

Similarly, removing the associativity maps, the right hand side of the same equation becomes:

(Ax x 1)(1 x AxY) = ((Ax x 1)(1 x AxED)(1x1), (Ax x 1)(1 x AxCD) (1 x 1))
= ((Ax x 1)(1 x AxTY)(ax!), AxEY)

= ((Ax x 1)(1 x AxTY)(1 x Ag)(1x!x1), AxTY)

= ((Ax x 1)(1 x AxED)(1xIx!), AxY)

= ((Ax x 1)1 x AxTY(1xIx!), AxY)

= ((Ax x 1)(1 x AxTY)(Ax x 1)(1x!x!), AxY)

= {(Ax x 1)(1 x AxT)(1x1), A7)

= ((Ax x 1)(1 x AxED)(Ix 1)(1x1), AxTY)

= (AxTV(1x!), ATV

— <AX(_1)AX(1><!), AX(_1)> — <Ax(_1), Ax(_1)>

and therefore we see that the first equation for the Frobenius condition is satisfied. Thus,

INV(X) is a discrete inverse category. [l
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4.4 The “slice” construction on a discrete inverse category

Throughout this section, we will assume X is a discrete inverse category.

In a discrete inverse category, suppose we are givenamap h : A® B — A®C. We define
hS: A® B — A®C as the composite (A ®1)(1®h)(ATY ®1). We want to consider those

maps where h = h%. In our graphical language, this means

=

I
<P

=]

Maps of this form satisfy a variety of closure properties, as shown in the lemmas below.

Lemma 4.4.1. For any map h in a discrete inverse category, h%@ = h5.

Proof.
VAN
VAN
w3 - | (A -
V4
N

]

The self-closure aspect of maps where h = h$ allows us to show all restriction idempotents

have this property:

Corollary 4.4.2. Whene=2¢: AQY — AQY, then e = €5.

Proof. Using Lemma 4.3.5 and the exchange rule, whene=¢: A®Y - A®Y, we have

A AN AA
f
e=0)=11) )= (). (4.12)
VAR vAvAIR VAV

But then the same graphical argument as shown in Lemma 4.4.1 applied to the right

hand term of Equation (4.12) gives e = eg. O
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There are a variety of other closure properties:

Lemma 4.4.3. In a discrete inverse category X with the object A define AS as the set of

maps h: ARY — A® Z where h = h5. Then AS has the following properties:
(i) It is closed under partial inverses;
(i) it is closed under composition;
(#1) it contains all maps of the form 1 @ k where k 1Y — Z;
(iv) it contains A : AQ B— A® B® A® B;

Proof. For (i), if h = h&, then

K= (Aenaena o) =
A ) PaenAas )Y = (A )1 eh ) A 1),

To show (ii), we compose h and g:

AL

For (iii), this follows immediately from

hl— |kl =1%h.

To show (iv), recalling the exchange rule, we have

PR
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Because of these closure rules, rather than stating h = h5 we may equivalently say
he AS when h=hg: A X - AQY.

From Lemma 4.4.3, we see that we will be able to form a category based on maps h
such that h = h5. Of course, this category is dependent upon the choice of the object A,
hence we will label it X[A], as it is reminiscent of the simple slice category of Example 2.4.3
over an object A for an ordinary Cartesian category. We make this precise in the following

proposition:
Proposition 4.4.4. Given a discrete inverse category X, define X[A] as the restriction
category:
Objects: The objects of X;
Maps: Amaph=h5: AX - ARY in X is a map from X toY in X[A];
Identity: 1 ® 1 in X;
Composition: Composition in X;
Restriction: h in X[A] is given by h in X.
Then, X[A] is a discrete inverse category.

Proof. Given Lemma 4.4.3, we see immediately that X[A] is a category. By Corollary 4.4.2,
we know h = E@. We must show that X[A] has a tensor and a Frobenius A.

The tensor of objects X ® Y in X[A] is the element A ® X ® Y in X. For two maps h, g
in X[A], h®g is given by the X map (A®101)(1Q¢s®1)(h®¢)(1Qce @ 1)(ACY @1®1).

This is a map in X[A]:
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The A in X[A] is given by the map 1 ® A in X. The various identities required of A hold

in X[A] as they hold in X, therefore X[A] is a discrete inverse category. O

We note that there are functors between X and X[A], given by:
G:X—=X[A; G:B— B, G:f—1f
and
F:X[A-X; F:B—A®B; F:f—f

However, these do not form an adjoint pair as the relation is
XA X, ARY) that is, X(F(X),F(Y))
X[A)(X,Y) X[A|(X,G(Y))

rather than the required
X(F(X),Y)

X[AI(X, G(Y)).

Example 4.4.5. In PINJ, note that the slice over the object {*} just gives us a category
where the maps are in bijective correspondence with the maps of PINJ, as {x} is the identity

for the inverse product.

4.4.1 The interpretation of the slice construction in resource theory

Although resource theory is generally not in the scope of this thesis, the slice construction of
this section may be examined from the viewpoint of resource theory as given in Coecke, Fritz
and Spekkens [25]. Coecke, Fritz and Spekkens describe a mathematical theory of resources
inspired, in part, by the pragmatic approach exemplified in chemistry — understanding
something means being able to make use of it. Specifically in chemistry, this means under-
standing chemicals as resources. The way to model this mathematically is with a symmetric

monoidal category:

Definition 4.4.6 ( [25], Definition 2.1). A resource theory is a symmetric monoidal category
(R, ®), where the objects R, represent the actual resources and the morphisms f : A — B

represent the transformation of resource A into resource B which can be done with no cost.
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In this definition, composition of maps then represent sequential composition of transfor-
mation, the operation ® represents parallel composition of transformation and the identity
I of ® denotes an empty resource.

An important question in such a theory is “Given a resource A, is it possible to transform
it to a resource B?” Of course, answering such a question will depend upon the details of
the category and the difficulty of answering such a question may vary greatly. This may be

reduced to a question of resource convertibility:

Definition 4.4.7 ( [25], Definition 4.1). A theory of resource convertibility (R, +,>,0) is a
set R with a binary operation +, element 0 € R such that when a ~ b:=a = b and b > a,
then

a+(b+c)~(a+b)+c a+b~b+a a+0~0+a

and

ar-b c-d = a+c>=b+d.

When R is a resource theory, then if we set R:=R,, +:=®, a = b:=R(a,b) # () and
0:=1, then (R,+,>,0) is a theory of resource convertibility.

From this, it is possible to define what is meant by a catalyst:

Definition 4.4.8 ( [25], Definition 4.8). Given R is a theory of resource convertibility, then

a resource a € R is a catalyst for b,c € R when b i cbuta+b>a+c.

Lifting this definition to a resource theory says the object A is a catalyst for objects B, C
when thereisamap f: A® B— A® C, but no map g: B — C. We might call such maps
f, catalytic transformations and objects A, catalytic objects.

Here, we begin to see the connection to the slice category in a discrete inverse category.
As a discrete inverse category is also a symmetric monoidal category, it is therefore also a
resource theory and hence may generate a theory of resource convertibility.

However, given X is a discrete inverse category, the slice category X[A] does not corre-

spond directly to the catalytic transformations as defined above for two reasons:
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(i) For two objects B,C in X[A] with f : B — C in X[A], there is no guarantee

that we do not have a map g : B — C' in X.

(ii) There may be maps f: A® B — A® C in X, which are not in X[A] since

they do not preserve A.

Continuing with the inspiration of chemistry, we note that X[A] may perhaps be consid-
ered as an alternate way of describing “the catalytic transformations” for A. In chemistry,
one of the requirements is that the catalyst is not changed by the transformation in any way.
The theory of resource convertibility from Definition 4.4.7 handles this by considering the
resource as an indivisible item. In a resource theory, one way to specify that the catalytic
object has not changed is to identify a subcategory of “reversible” transformations and then

to require the catalytic transformation be in X[A].
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Chapter 5

Constructing a Cartesian restriction category from a

discrete inverse category

The purpose of this chapter is to prove that the category of discrete inverse categories is
equivalent to the category of discrete Cartesian restriction categories. We will show how to
construct a discrete Cartesian restriction category, §~§, from a discrete inverse category, X.
The construction, to be called the “Cartesian Completion”, is reminiscent of the technique
generally used to make a computation reversible — one adds a history to the function to

make it reversible: Here we know how to add the history to make it invertible!

5.1 The restriction category X

We begin by giving the construction of X.

Definition 5.1.1 (Cartesian Completion). When X is a discrete inverse category, define X,

the Cartesian Completion of X, as:

Objects: objects as in X

Maps: A map (f,C): A — Bin X is the equivalence class of the map f:A=>BC
in X (detailed below in Definition 5.1.2). We have the following relationship

between maps in X and X:

A —>(f’C) Bin X
AL BeCmnX;

Identity: by .
(ug ™11

A A
uL )

(-1
A2 S AR,
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Composition: given by

A (f,B") (9:€")

B C
ALBeB, BL oo

A f(g®l)ag C® (C/ ® B/)
A (f(g®1)a®,C'/®B/)\ C

When considering an X map (f,C) : A — B in X, we occasionally use the notation

f:A=DBec(=f:A=Bx().

5.1.1 Equivalence classes of maps in X

Definition 5.1.2. In a discrete inverse category X, the map f is equivalent to f’ in X when

f = f"in X and Figure 5.1 is a commutative diagram for some map h € BS.

A h

T~

B®C

Figure 5.1: Equivalence diagram for constructing maps in X.

Notation 5.1.3. When f is equivalent to g as in Definition 5.1.2 via the mediating map h,

this is written as:
h
[~y

Lemma 5.1.4. Definition 5.1.2 gives a symmetric, reflexive equivalence class of maps in X.

Proof.
Reflexivity: Choose h as the identity map.
Symmetry: Suppose f & g. Then, f =g and fh = ¢g. Applying =", we have

ght™V = fhh™Y = fh=fhf =gf = ff = [.
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p(=1)

Thus, g ~ f.

Transitivity: Suppose f ~ f" and f' ~ f” ie., fh = f and f'k = f”. Therefore,
fhk = f'k = f” and by Lemma 4.4.3, we know hk = (hk)@ and therefore we
have an equivalence, f 2 .

]

Although Definition 5.1.2 above does not require a unique h, we may always find a

minimal such h.
Lemma 5.1.5. Suppose f ~ g. Then f s g and fhg < h.

Proof. We know that h = hS. But by Lemma 4.4.3 and Corollary 4.4.2, we may pre-compose
and post-compose h with restriction idempotents, thus, fhg = (fhg)@. By f < g, we have
fh = g. Therefore,

f(fhg) = fhg=gg=g.
This gives us that f fég qg.

The inequality fhg < h follows by applying Lemma 3.1.3 twice and then [R.4]:

fhgh = fCORgEDh = fCDpg-D] = fFCDhg-D fFDh = fFCDRgD = fhg.

]

-1

Corollary 5.1.6. Given f,g in a discrete inverse category, if f ~ g, then f f<:>g g and
Vg is minimal among all h such that f < qg.

Proof. First, it is necessary to show that f(-Yg = (f(_l)g)é. We have fh = g and h = hS.
This means fCV fh = f(Dg. As fCU f = f is a restriction idempotent, we have f(-Yg =
(f(_l)g)é. As ffVg = fg =gg = g, the required diagram of Definition 5.1.2 commutes.

Given another h such that f ~ g, we have fhg < h and

fVgfhg = FNgf U fhg = fVgfhg = fTVg99 = V.
Thus, by the transitivity of the ordering f(~Y¢ < h and is the minimal such map. m
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5.1.2 Xis a restriction category

Lemma 5.1.7. X as defined above is a category.

Proof. The maps are well defined, as shown in Lemma 5.1.4. The existence of the identity
map is due to the tensor ® being defined on X, a discrete inverse category, hence ug@(_l) is
defined.

It remains to show the composition is associative and that (ug@(’l), 1) acts as an identity
in X. For all of these, we will make use of Lemma 4.4.3 (iii), which states 1® f € AS for all
f.

Associativity: Consider

9.0, (D),

C 7 D-

PR

To show the associativity of this in 32, we need to show in X that

(flg®1)ag)(h®1)ag = f(((9(h ® 1)ag) ® 1)ag)

and that there exists a mediating map between the two of them.
To see that the restrictions are equal, first note that by the functorality of ®, for any two
maps v and v, we have uv ® 1 = (u® 1)(v ® 1). Second, the naturality of ag gives us that

ag(h®1)=((h®1)® 1)ag. Thus,

flg®Dag(h©1ag = f(g @ ag(h ©@ 1)ag Lemma 3.1.3
= flg® 1ag(h®1) g =1
= flgaD((h®1)®1)ag ag natural
=flge)(hol)®1) Lemma 3.1.3
=flg@)((h®1)®1)(ag @ 1) Lemma 3.1.3
= f((g(h @ 1)ag) ® 1) see above
= f((g(h @ 1)ag) © 1)ag ag = 1.
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For the mediating map, see the diagram below, where the calculation is in X. The path,
starting in the top left at A and going right to D pgcrep), is grouping parentheses to the

left. The path which starts with A, then goes down to (Djprgcr), . followed by continuing

‘Bl?
right to Dy(p/gcnep is grouping parentheses to the right. The commutativity of the diagram
is shown by the commutativity of the internal portions, which all follow from the standard

coherence diagrams for the tensor and naturality of association.

f(g®1)a® a®

A———————=Clogp (D|D’)|C/®B/ D|D/®(C/®B/)
f(go1) :
f a® ag
(h®1)®1 :
B|B’ (C‘C/)|B’ ®—)®> ((D|D’)|O/)‘B, §1®a®<*1)

(g(h®1)a®)®1 %
v

(D|D/®C/)|B/ D‘(D’@C’)@B’-

a®
Therefore, we can conclude

1®ag (1)

(flg®1)ag)(h®@1)ag =~ [f(((g(h®@1)ag)® 1)ag)

which gives us that composition in X is associative.

Identity: This requires:
(£,C) (1) = (£.0) = (up,"", 1)(£,C)
for all maps A —= ) BinX. In X, this corresponds to requiring;:

ffl Y ®@1)ag and (5.1)

f Nug@( Q) (f ® 1)ag. (5.2)

For Equation (5.1), by Lemma 3.1.3 we have f(ul"" ® 1)ag = f. Then, calculating in X,
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we have a mediating map of 1 ® ué@ as shown below.

ul, L1
I .BwCc-=

A

B1)9C—=2 >B®(1x0)
1®u€®(_1) |

ol

v
B&C.

Similarly, for Equation (5.2), uf Y (f ® 1)ag = f by Lemma 3.1.3 and u, "V is natural.

The diagram

ur, (1) "
A—2 A®1 "l BeC) o1  SB®(C®1)
!
B&®C §1®u§®
A BeC

shows our mediating map is 1 ® uf.
Hence we have shown both Equations (5.1) and (5.2) hold and therefore (u, (Y, 1) is the

identity map in X. O]
Now that we have shown X is a category, we may define a restriction:

Lemma 5.1.8. The category X with restriction defined as

(f,C):==(Fui, ™V, 1)

18 a restriction category.

Proof. First we note that for (f,C): A — B, we have (f,C): A — A. The four restriction
axioms must now be checked. For the remainder of this proof, all diagrams will be in X. We

make use of Lemma 4.4.3 (iii), which states 1 ® f € A% for all f.
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R.1] ((f,C)(f,C) = (f,C)). Calculating the restriction of the left hand side in X, we

have:

FurCY(f @ Dag = ful, "V (f @ 1) Lemma 3.1.3
- 7fug§(_1) uf@(fl) natural
— 7 Lemma 3.1.3.

Then, the following diagram

A

Fup, (=D a
S A1 —IBRO)®1I—2 B (Co1)

N(I)T

B®C

shows Ful, D (f @ g~ f in X and therefore (£, 0)(f,C) = (f,C) in X.

R.2] ((g9,D)(f,C) = (f,C)(g,D)). We must show

Fur V(g ) @ D)ao = gu, CV(Fu, ) @ Das. (53

The restriction of the left hand side equals the restriction of the right hand side as seen

below:
Fur, TV (Gup ™) @ 1)ag = Flgup™V)ugag u; Y matural
= gfun,Cunag [R.2] in X
= gut, Y ((Fus, V) @ 1)ag uf, " Vnatural.
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The below diagram commutes by the naturality of v, and the tensor coherence,

A Sl as

(Apl)®l A®(1®l)
1®id§
(gui, )@t e
Al)®l s A®(\1®1)
which allows us to conclude (g, D)(f,C) = (f,C)(g, D) in X.
R.3] ((f.C)(g. D) = (£.C)(g. D) ). We must show
(fur D) (g ® Dagug, ™ = (Fup, ™) (gui, ™" © Das. (5.4)

As above, the first step is to show that the restrictions of each side of Equation (5.4) are the

same. Computing the restriction of the left hand side in X:

(ful"Y) (g ®@ Dagul, ™Y = (ful,"Y) (g ® 1)ag Lemma 3.1.3
= (fur, V) (g ® ag Lemma 3.1.3
= foul,TVay ul, Y natural
= E Lemma 3.1.3
= fg [R.3] in X.

The restriction of the right hand side of Equation (5.4) computes as:

(fup ") (Gus™) @ 1ag

— (fu%(*l))(gu%(*l) ®1) Lemma 3.1.3
= fgup, DY u%(_n natural
— 7_5 Lemma 3.1.3
= fg Lemma 3.1.3.
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Additionally, we see (f,C)(g, D) in X is expressed in X as:

(fui, ") (g ® Dagug, ™

= four,Vagul, ™Y ul, Y natural
=f gur( 2 ug@(_l), ag isomorphisms
= 7@1[@(_1) R.3].

The following diagram in X follows the right hand side of Equation (5.4) with the top

curved arrow and the left hand side of Equation (5.4) with the bottom curved arrow, using

the proviso that (ful,"9)(g ® 1)agul ™) = fgul " as shown above.

Ful, "V (gur, "V e1)ag

r(-Dg

¥’ ul (=1 a1 U
f ® g Aol ®

A A A®1

Ao el — - Ag(1o1)

Cl®ug

®u® —

(ful, =) (gur, ™Y ® 1)ag and therefore E =fg

Hence, in X, (ful,"Y)(g ® 1)agu, "V

in X.
R.4] ((f,C)(g,D) = (f,C)(g,D)(f,C)). We must show

Fgun, Y @ ag ~ flg@ Dul, "V (f @ 1)ag. (5.5)

85



The restriction of the left hand side of Equation (5.5) is:

fgup Y @ 1)ag = f(gu ™ @ 1) Lemma 3.1.3
=f ?u%(_l) R f ® restriction functor
=fgef Lemma 3.1.3
=fG®1)

and the restriction of the right hand side of Equation (5.5) is:

Flg@Dus(f @ 1)ag = fg@ Dul, "V (f @ 1) Lemma 3.1.3
= flg®1)fur=Y ul, Y natural
= f(g® Lup Y [R.4] for X
= f(g® 1up Y ® a restriction functor
= fgel) Lemma 3.1.3.

Computing the right hand side of Equation (5.5) in X

flg® Dagul, TV (f @ Dag = fg@ 1) fuzVag up, ™Y natural,
=fg® 1)ug(71)a® [R.4], ® a restriction functor.
Thus,
gut, D1 a
A B&C e Bol)oC—2 B2 (1®0)

ag(1®cg)ag (~) F1®cg

;
B®(C®1)

f
u%(*l)(@l
f

a®

1®c®

giving us f(g ® Dagul, "V (f ® ag = (@ Dul,Vagy ~ f(gul ™Y @ 1)ag and hence,

X is a restriction category. O

5.1.3 Xis a discrete Cartesian restriction category

Lemma 5.1.9. The unit of the inverse product in X, a discrete inverse category, is the

terminal object in X.
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Proof. The unique map to the terminal object for any object A in X is the equivalence class

1 (=1

of maps given by (uy ', A) and is designated as !4. For this to be a terminal object, the
diagram
70 .
X (£,0) X 'x T
l(M
ly
Y
must commute for all choices of f. Translating this to X, this is the same as requiring
7 up ) ul ™Y
X X X®1 1o X®1
lf REI)
Y
Y®C = 1Y ®d
e

to commute, which is true by [R.1] and from the coherence diagrams for the inverse product

tensor. n

Next, we show that the category X has restriction products, given by the action of the
Cartesian Completion on the ® tensor in X.

First, define total maps my, m; in X by:

m:  AeB Y24 (5.6)
. (c®,4)
m: AeB@dp (5.7)

Definition 5.1.10. Given a discrete inverse category X, suppose we are given the maps

7 Y 4 and 72 9 Bin X. Then define ((f.0),(g,C"))as

(A(f®9)(18cg®1),CRC"

Z L A® B (5.8)

where associativity is assumed as needed. Note that with the associativity maps, this is

actually:

7 (A(f®9)ag (18ag ~)(18(ce®1)) (18ag )ag (~1),CRC)

A® B. (5.9)

Lemma 5.1.11. For X a discrete inverse category, ® s a restriction product in X with

projections my, ™ and the product of maps f, g being (f,g).
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Proof. To show that the tensor is a product in X, we must show three things:

(i) That the maps my and 7 are total;

(if) That ((f,C), (g, D)) = (f,C) (9, D);
(iii) That {(f,C), (g, D))mo < (f, C) and {(f,C), (g, D))m < (g, D).

For (i), as 1 and ¢g are isomorphisms, the maps m, m; are total.

For (ii), to show ((f,C), (g, D)) = (f,C) (g, D), first reduce the left hand side in X:

(f,C),(9,D)) =A(f®g)(1®cyg® l)ug@(_l) in X, definition of restriction

ST

= A(f @ g)u ®(*1) from Lemma 3.1.3
= A(? 9)ug (=1 ® is a restriction functor
= mu%(_l) Lemma 4.3.5((ii)) twice
_ Eu&)(—l) Lemma 3.1.3
_ fgu%(*l) Lemma 3.1.3.

Then, the right hand side of (ii) reduces as:

(f,C)(g,D) = fug(fl)(ﬁuf@(fl) ® 1)ag in X by definitions

fgu® =Dy ( Dag ug@(*l) natural.

Thus, to show the equality of (ii) in X, we need only show that fﬁu%(_l) is equivalent
to fgu’"( Q) C@(’l)a@) in X. The restriction of both of these, in X, is %, via Lemma 3.1.3.

Thus, using the mediating map 1 ® ug, we have

1®u®

Faup Y = faul Vg ag.

This shows ((f,C), (g, D)) = (f,C)(g, D) in X.
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Finally, for (iii), to show ((f,C), (g, D))m < (f,C) (and ((f,C), (g,D))m < (g9,D)), it

is required to show ((f,C), (g, D))mo(f,C) = ((f,C), (g, D))m. Calculating the left side, we

see:

((f,C), (g, D))mo(f, C) = ((f, C), (9, D))ol f, C) Lemma 3.1.3
=((£.C), (9, D)(}.C) 7 is total
=(£.0) (9, D) (f.C) by above
= (9, D)(f,O)(f,C) R.2]
=(9,D)(£,C) [R.1].

Now, turning to the right hand side:
(f,C), (g, D))o =A(f®9) (1 ®cy @ 1)1 in X, by definition.

To show these are equal in X, we need to first show the restrictions are the same in X and
then give a mediating map. For (g, D)(f,C), in X, this is gul, " (f ® 1). Calculating the

restriction, we have

gu, Y (fe 1) =gfur"Y =3f = fg.

For the right hand side, calculate in X:

A(feg(l®cy®1)=A(f®g) Lemma 3.1.3
= A(f@g)(fCV gAY X is an inverse category
= A(feogAaty

= fgAACY Lemma 4.3.5(ii) twice

The diagram below shows the required mediating map. By Lemma 4.4.3, A € A%,

89



1®k € AS and A$§ is closed under composition.

A®C

v
Z ARC®A®C

/ @D

Y
Z AeCw®Z

101®g
i@@%\ |

v
AC®B®C ARC®B®C

1®cxp®1
1®ce® V

ARBRC®C.

To see that this commutes, we will use the diagram language introduced in SubSec-
tion 4.3.2, where we drop the common term of 1 ® ¢y, ® 1. Then we have gfA(1® fV)(1®

l®g) =

At this point, we have shown that X is a restriction category with restriction products.

This leads us to the following theorem:

Theorem 5.1.12. For any discrete inverse category X, the category X is a discrete Cartesian

restriction category.

Proof. The fact that X is a Cartesian restriction category is immediate from Lemmas 5.1.7,
5.1.8,5.1.9 and 5.1.11.
To show that it is discrete, we need only show that the map (Aug@(_l),l) is in the

same equivalence class as X's A(= (1,1) = ((ur, =Y, 1), (ur,=Y,1)). As both A and uf, ™
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are total, the restriction of each side is the same, namely 1. The diagram below uses

Lemma 4.4.3 (iii) and shows that the two maps are in the same equivalence class:

AR A®1
Auz, (1)
° SEXACH

v
A A(ul, Y @ul, D) (10cg®1) A Al® L

5.2 Equivalence between the category DInv and the category DCartRest

This section will show that DInv, the category of discrete inverse categories with functors
that preserve the inverse product, is equivalent to DCartRest, the category of discrete
Cartesian restriction categories with restriction functors which preserve the product.

Here are the steps:

1. Give a functor INV from discrete Cartesian restriction categories to discrete

inverse categories and show that it is full and faithful.

2. In
X T INV(X) (5.10)
» INV (F#)
INV (D)

we show that there exists a functor F# : X — D which makes the diagram
commute. As we have INV full and faithful, we may conclude it is unique

and that Diagram (5.10) is a universal diagram.

3. Show that n in Diagram (5.10) is an isomorphism. Note this also follows

directly from the previous point by Proposition 2.2.6 in [19].
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Once we have completed these steps, we may then conclude that there is an equivalence.
In the following, X will always be a discrete inverse category, D and B will be discrete
Cartesian restriction categories.
The functor INV maps a discrete Cartesian restriction category to its inverse subcate-
gory. It maps a functor between discrete Cartesian restriction categories to a functor having

the same action on the partial inverses. That is, given G : B — D, then:

INV(G) : INV(B) — INV(D)
INV(G)(A) =GA (all objects of D are in Inv(D))

INV(G)(f) =G(f) (restriction functors preserve partial inverse).

Lemma 5.2.1. The functor INV from the category of discrete Cartesian restriction cate-

gories to the category of discrete inverse categories is full and faithful.

Proof. To show fullness, we must show INV is surjective on hom-sets. Given a functor
between two categories in the image of INV, ie., G : INV(B) — INV(D), construct a

functor H : B — D as follows:

Action on objects: H(A) = G(A),

Objects on maps: H(f) = G({f,1))my, where (f,1) is the product map of f and 1 in B.

H is well defined as we know (f, 1) is an invertible map and therefore in the domain of
G. To see H is a functor:
H(1) =G((1,1))m = Apmo = 1,
H(fg) = G((fg,1))m = (G(fg), )mo = G(f){G(g,1))mo
= (G(f), Dmo(G(g), o = G((f, 1))meG (g, 1))mo = H(f) H(g).

But on any invertible map, H(f) = G((f,1))mo = (G(f),1)mo = G(f) and therefore
INV(H) = G, so INV is full.
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Next, assume we have F,G : B — D with INV(F) = INV(G). Considering F'(f) and
F(g), we know F({f,1)) = G({f,1)) as (f,1) is invertible. Thus, as the functors preserve

the product structure, i.e., F(m) = mp = G(mp), we have

F(f) = F({f, )ymo) = F((f, 1)) F(mo) = G((f,1))G(m0) = G(f).
Thus, INV is faithful. O]

Next, define n : X — INV(X) as an identity on objects functor. For a map f in X,

n: f (ful,"Y,1). This is a functor as

n(1) = (V1) and

n(fg) = (fgur Y, 1) = (fup, "V, 1)(gui, ™, 1) = n(f)n(g).

Now, we may define the functor F# : X — D. Recall that INV(D) is a subcategory of
D having the same objects, but only the invertible maps. Given a functor F' : X — INV (D)

define F# as follows:
On objects: F# : A F(A) € D,.
On maps: F# : (f,C) — F(f)m € D,y,.
We will now show (5.10) is a universal diagram.
Lemma 5.2.2. Diagram (5.10) above commutes and is a universal diagram. That is,
nINV(F#) = F

and F7 is unique.
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Proof. Using our definitions above, given a map f in X, then:

INV(E#)(n(f)) = INV(FF)((fuz ™", 1))
= F*((fu, ", 1))
= F(ful," )

= F(f).

As 7 is identity on the objects, Diagram (5.10) commutes. The uniqueness of F# follows

immediately from Lemma 5.2.1, i.e.;, INV is faithful. O]

Corollary 5.2.3. The category X and functor n : X — INV(?NQ) 1 a universal pair for the

functor INV.

Proof. Immediate by Lemma 5.2.2. m

We may now proceed to show 7 is an isomorphism, but we need a lemma first showing

that all invertible maps in X are the equivalence class of the form ( fug@(_l), 1) for some f.

Lemma 5.2.4. For any discrete inverse category X, all invertible maps (g,C) : A — B in

X are in the equivalence class of (fur, =Y 1) for some f: A — B.

Proof. As (g,C) is invertible in X, the map (g, C)(_l) : B — A exists. The map (g,C)(_l)
must be in the equivalence class of some map k : B — A ® D. By construction, the map
(k, D) is in the equivalence class of the map Eu’f@(’l) : B — B®1in X. This means, in X,

there is an n such that

B Y ~A®D mlB@C@D

n
x v

B®1

commutes.
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Starting with g : A - B ® C', construct the map f in X with the following diagram:

g

BC

A®1

B B®C
10k®1
BRA®D®C
1QgR1®1
BBC®DC
ADRIRcg
BC®C®D
1A R1
,gHB®C®D

A-

i
nu®

B.

\\

By its construction, f : A — B in X and ( fu%(_l), 1) are in the same equivalence class as

(9,0).

Lemma 5.2.5. The functor n: X — INV(X) is an isomorphism.

Proof. As n is an identity on objects functor, we need only show that it is full and faithful.
Referring to Lemma 5.2.4 above, we immediately see that 7 is full. For faithful, if we assume

(fur, =Y, 1) is equal in X to (gus, ™Y, 1). This means in X, that f = g and there is a h € BS

such that
jn B (5.11)

But as h = (A® 1)(1® h)(ATY @ 1), and letting ¢ = u}, "V hul,, Diagram (5.11) equates

to g = fA(1 ®)AEY. But by Lemma 4.3.5(iv), A(1® £)ATY = A(1® £)AD, Setting
A(1® 0)ATY as k, we have g = fk. This gives us:
g=fk=Ffkf=fkf=a9f=ff="
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This shows 7 is faithful and hence an isomorphism between X and INV(X). O

Theorem 5.2.6. The category DInv of discrete inverse categories is equivalent to the cat-

egory DCartRest of discrete Cartesian restriction categories.

Proof. Letting T : X — X be the functor that takes X to its Cartesian Completion, then

from the above lemmas, we have shown that we have an adjoint:
(n,e) : THINV : DInv — DCartRest. (5.12)

By Lemma 5.2.5 we know 7 is an isomorphism. But this means the functor T is full and
faithful, as shown in, e.g., Proposition 2.2.6 of [19]. From lemma 5.2.1 we know that INV
is full and faithful. But again by the previous reference, this means ¢ is an isomorphism.
Thus, by Corollary 5.2.3 and Proposition 2.2.7 of [19] we have the equivalence of the two

categories. O

Thus, we may now draw out the relationship between Cartesian restriction categories,

discrete Cartesian restriction categories and discrete inverse categories: where the arrow from

— - T
DCartRest——— CartRest

|

DInv

Figure 5.2: Functors between Cartesian restriction categories and inverse categories.

discrete Cartesian restriction categories to Cartesian restriction categories is the standard
embedding and the reverse arrow picks out the discrete objects in the Cartesian restriction

category. Of course, the terminal object is always discrete, as noted in Example 3.10.8.

5.3 Examples of the Cartesian Construction

Example 5.3.1 (Different inverse products produce different §~§)
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Continuing from Example 4.3.4, recall the discrete category of 4 elements with two dif-
ferent tensors. Completing these gives two different lattices: The straight line lattice and
the diamond semi-lattice. Below are the details of these constructions.

Recall D has four elements a, b, ¢ and d, and there are two possible inverse product tensors,

given in Table 4.1. (Repeated here for your convenience).

Ol || oo
Ol |||
Ty | T e || T
olo|lv|lo|lo
oo | T || &

Table 5.1: Two different inverse products on the same category.

Define A as the identity map. Then, for the first tensor, ® of Table 4.1, D has the

following maps

(ids0) (=(id0)=(ide)=(id)), . , (i), b , (i), N RGO
p () (S(id.0=(idd), b GO . CION

‘ (id,c) (=(id,d)) . Cﬂ)d

RN

resulting in the straight-line (e — b — ¢ — d) lattice. The tensor in D becomes the meet
and hence is a categorical product in D. Note that the only partial inverses in D are the
identity functions and that for all maps f, (f, 1) = id.

With the second tensor, ® from Table 4.1, we have:

(id,a) (=(id,b)=(id,c)=(id,d)) (id,a) (id,a) (ida)

a a, a — b, a —> ¢, a——>d
b (id,b) (=(id,d)) b, b (id,b) d

c (id,c) (=(id,d)) ¢, c M d

d 9 g
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e
resulting in the “diamond” lattice, a\ /d. Once again, the tensor in ID becomes the

meet.

Example 5.3.2 (Lattice completion). Suppose we have a set together with an idempotent,
commutative, associative operation A on the set, giving us a lattice, L. Further suppose the
set is partially ordered via < with the order being compatible with A.

Then, we may create a pullback square for any =’ < z, 3/ < x with
x
/ \
x’ y'
\ /
AT

Considering IL as a category, we see that all maps are monic and therefore, we may create
a partial map category Par(LL, M) where the stable system of monics are all the maps.

—_—

Then Par(IL, M) becomes the completion of the lattice over A.

Example 5.3.3 (ISI\I\TI is PAR). Noting that the objects of both PINJ and PAR are sets, we
simply need to show that any partial function is in the equivalence class of some f, a map
in PINJ.

Suppose we are given g : A — B = {(a,b)|a € A,b € B}, a partial function in sets. Of
course, if it is a partial injective function, then g is in the equivalence class of (g, {*}) and
we are done. If it is not injective, that means there are one or more elements of B which

appear in the right hand element of ¢ multiple times. Construct a new function h as follows:

h:={(a, (b,a))|(a,b) € g}. (5.13)

By its definition, h : A — B ® A is injective, (h, A) : A — B coincides with ¢ and therefore

we see that using the Cartesian Construction on PINJ results in PAR.
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Chapter 6

Disjointness in Inverse Categories

This chapter explores coproduct like structure in inverse categories. It starts by showing, that
similar to the product, having coproducts is too restrictive a notion for inverse categories:
An inverse category with a coproduct is a preorder. Nonetheless it is possible to define
coproduct like structures in an inverse category. To introduce this structure we define a
“disjointness” relation between parallel maps of an inverse category and whence a “disjoint
join” for disjoint maps. The next chapter will then show how a tensor satisfying certain
specific conditions gives rise to both a disjointness relation and a disjoint join. Such a tensor

provides the replacement for “coproducts” in an inverse category.

6.1 Coproducts in inverse categories

A restriction category can have coproducts and an initial object. For example, PAR (sets

and partial functions) has coproducts.

Definition 6.1.1. In a restriction category R, a coproduct is a restriction coproduct when

the embeddings II; and Il are total.
Lemma 6.1.2. A restriction coproduct + in R satisfies:

(i) f+ g = f +7 which means + is a restriction functor.
(ii) V: A+ A— A is total.

(iii) 7 :0 — A is total, where 0 is the initial object in the restriction category.

Proof.
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(i) + is a restriction functor. Consider the diagram:

f

u \

+ B ........................................ > A/ + B,
In order to show f + g = f+7, it suffices to show that IT, f + g = II,(f+g) =

114

A

N

B

g

Uy f+g=1Lh(f+g)L [R.4]
= fINLII, coproduct diagram
= fILII, Lemma 3.1.3[(i77)]
= fII, 1T} total.

(ii) V: A+ A — A is total. By the definition of V (= (1]1)) and the coproduct,

the following diagram commutes,

A+ A
A
v

A A A

resulting in:

I,V =1L, VI, =111, = 1II,.
Similarly, II,V = II,, hence, the restriction of V is 1 and therefore V is total.

(i) 7:0 — A is total. This follows from

0—2 A40

A

so 7 can be defined as the total coproduct injection.
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]

Recall that when an object is both initial and terminal, it is referred to as a zero object
and denoted as 0. This gives rise to the zero map 045 : A = 0 — B between any two
objects. Note that for all f: D — A,g: B — C, we have f04 59 = Op ¢ as this factors

through the zero object.

Definition 6.1.3. Given a restriction category X with a zero object, then 0 is a restriction

zero when for each object A in X, 044 = 04 4.

Lemma 6.1.4 (Cockett-Lack [23], Lemma 2.7). For a restriction category X, the following
are equivalent:
(i) X has a restriction zero;

(17) X has an initial object 0 and terminal object 1 and each initial map z4 is a

restriction monic,

(i1i) X has a terminal object 1 and each terminal map t is a restriction retraction.

6.1.1 Inverse categories with restriction coproducts

Proposition 6.1.5. An inverse category X with restriction coproducts is a preorder.

Proof. By Lemma 6.1.2, V is total and therefore VV(Y = 1. From the coproduct dia-
grams, II;V = 1 and I,V = 1. But this gives V(*l)Hl(*l) = (H1V)(_1) = 1 and similarly
VEDILY = 1. Hence, VY =11, and VY = I1,.

This means for parallel maps f,g: A — B,

f :Hl[fug] = v(_l)[fag] :H2[fag] =49

and therefore X is a preorder. O
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6.2 Disjointness in an inverse category

This section and the next add a relation, disjointness, and an operation, disjoint join, on
parallel maps in an inverse category with a restriction zero and zero maps. The disjoint
join is evocative of the join as defined in Section 3.3. In later chapters, we shall see how
the disjoint join will allow us to add a tensor to a discrete inverse category, which will then
become a coproduct via the Cartesian Construction from Chapter 5. This section will begin
by defining disjointness on parallel maps and then show this is equivalent to a definition of
disjointness on the restriction idempotents.

From this point forward in the thesis, we will work with a number of relations and
operations on parallel pairs of maps. Suppose there is a relation { between maps f,g: B —
C,ie., fOg. Then, ¢ will be referred to as stable whenever given h : A — B, then hfQhg.

As well, ¢ will be referred to as universal whenever given k : C' — D, then fk{Qgk.

Definition 6.2.1. In an inverse category X with zero maps, the relation | between two

parallel maps f,g : A — B is called a disjointness relation when it satisfies the following

properties:
[Dis.1] Forall f:A— B, f L0 (Zero is disjoint to all maps)
[Dis.2] f L g implies fg = 0; (Disjoint maps have no intersection)
Dis.3] fLg, f<f, ¢ <gimplies f' L ¢’ (Disjointness is down closed)
[Dis.4] f L g implies g L f; (Symmetric)
[Dis.5] f L g implies hf L hg; (Stable)
[Dis.6] f L g implies f L g and f 1 g; (Closed under range and restriction)
[Dis.7] 7 L1g, hLFkimplies fh L gk (Determined by restriction/range).

When f L g, we will say f is disjoint from g.
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Lemma 6.2.2. In (.2.1, given [Dis.1-5], the axioms [Dis.6] and [Dis.7] may be replaced

by:
[Dis.6”) f L g ifand onlyif f LG and fLg.

Proof. Given [Dis.6] and [Dis.7], the only if direction of [Dis.6’] is immediate. To show
the if direction, assume f L g and f L §. This also means that ? 1 g. Then, by [Dis.7],
ff L gg and therefore f L g, showing [Dis.6] and [Dis.7] imply [Dis.6’].

Conversely, assume [Dis.6’]. Then, [Dis.6] follows immediately. To show [Dis.7], assume
FLg hLlk Asfh<Tandgk<g, by [Dis.3], it follows that fh L gk. Similarly, fh < h
and §E < k, giving us ﬁb L EE Then, from [Dis.6’] we may conclude fh L gk, showing

[Dis.7] holds. O

Lemma 6.2.3. In an inverse category X with L a disjointness relation:
(i) f L g if and only if fCY L gtV
(i) f L g implies fh 1 gh (Universal);
(iii) f L g implies fg =0;
(iv) if m,n are monic, then fm L gn implies f L g;

(v) if m,n are monic, then mYf L ntVg implies f L §.

Proof.

(i) Assume f L g. By [Dis.6], f L gand f L . Since f = fCD and f = f-1),
this means f-1 1L ¢(-1 and f/(*\l) 1 g/(*T) By [Dis.6’] from Lemma 6.2.2,
fED 1 gD, The converse follows with a similar argument.

(i) Assume f L g. By (i), f&Y L ¢V, By [Dis.5], AU f=D | p=DgED)]

giving (fh)(fl) s (gh)(fl). Applying (i), we now have fh L gh.
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(iii) Assume f L g. From (i) and symmetry, we know that ¢~ L f=1 and
therefore g= f(=1 = gf=1) = 0. However, in an inverse category, 0(-1) =0
and therefore 0 = (ﬁf(_l))(il) = fg"=Y = fg.

(iv) Assume fm L gn where m,n are monic. By [Dis.6], this gives fm L gn. By
Lemma 3.1.3, fm = fm = f1 = f and therefore f L 3.

(v) By assumption, we have m(~" f L n(=Yg and therefore fCYm L ¢CYn. By

(iv), this means f1 1 ¢t and hence f L §.

]

We may equivalently define a disjointness relation by a relation on the restriction idem-

potents, O(A).

Definition 6.2.4. Given an inverse category X, a relation L, C O(A) x O(A) for each

A €X,,is an open disjointness relation when for all e, e’ € O(A)

[Odis.1] 1L, 0; (Zero disjoint to identity)
[Odis.2] el ¢ implies ee’ = 0; (Disjoint implies no intersection)
[Odis.3] el e, e <e, € <€ implies e; L €; (Down closed)
[Odis.4] el ¢ implies e’ L e; (Symmetric)
[Odis.5] e.L, ¢ implies ﬁ;B fel forall f: B — A; (Stable).

Note that as we are in an inverse category, [Odis.5] immediately implies that e L ¢’ gives

us €g L, e/’Z] for all g : A — C by simply taking the inverses and recalling that g = g(-b.

We will normally write _L

rather than L where the object is clear.

Proposition 6.2.5. If L is a disjointness relation in X, then L =1 N(UaexO(A) x O(A)),

the restriction of 1 to the restriction idempotents, is an open disjointness relation.
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Proof.

[Odis.1] This follows immediately from [Dis.1] by taking f = 1.
[Odis.2] By [Dis.2], 0 =ee’ = ee'.

[Odis.3] Assuming e L ¢’ and e; <e, ¢} < ¢, by [Dis.3], e; L €.
[Odis.4] Symmetry follows directly from [Dis.4].

[Odis.5] Given e L ¢, this means fe L fe’ by [Dis.5]. Then, [Dis.6] gives a conclusion of

fe L fe.

Therefore, L =1 N(UaexO(A) x O(A)) acts as an open disjointness relation on O(A)?2.

O

For the converse, if L is an open disjointness relation in X, then define a relation , L, C

Ua,sexX (A, B) x X(A, B) on parallel maps by
falyg < fLlgand fLy.

Note the use of the f L1 g. By [RR.1], f = f and therefore it is a restriction idempotent in

O(B). The relation , L, is a disjointness relation:
Proposition 6.2.6. If L is an open disjointness relation in X, then
falsg <= flgand fLg

1s a disjointness relation in X.

Proof.

[Dis.1] This requires showing f L 0 for any f. The assumption is that 1 L0 and therefore

fL0and f;O, as f <1 andf§ 1. This gives f L 0.

[Dis.2] Assume f L g, ie., fLg. Then, fg= fgg=0g=0.
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[Dis.3] This axiom assumes f L g, f' < f and ¢ < g. By Lemma 3.2.2[(i)] f/ < f and

7 <g. Then, f' Lg¢ by [Odis.3], as f Lg. By Lemma 3.6.3[(ii)], both < fand

Y

¢ < § and by [Odis. 3], ' Lg as fL§ This means f/ L ¢.
[Dis.4] Symmetry of L follows immediately from the symmetry of L.

[Dis.5] Assume f L g, ie., fLgand fLg. By [Odis.5], hf Lhg. By Lemma 3.6.3[(i)],

hf < f and hg < §. Therefore hf L hg by [Odis.3] and therefore hf L hg.

[Dis.6] Assume f, 1 g which gives both f 1§ and f£§]. By Lemma 3.6.2 for any map h,
ﬁ = h and by Lemma 3.1.3 we have 7= Thus, we have both ?£: and ?£§ and
therefore f, 1 ,g. Similarly for any map h, [RR.1] gives h = h and Lemma 3.6.2
gives ;L = h. This means ?;5 and f;é which gives fBJ_Bﬁ.

[Dis.7] Start with the assumption f L g and h L k, which gives f1g and hLk. By
Lemma 3.2.2[(ii)], both fh < f and gk < g. Therefore, fh L gk by [Odis.3]. By
Lemma 3.6.3[(i)], ﬁz < h and 5% < k, giving us ﬁl£ﬁ also by [Odis.3]. This

means fh L gk.

[]

Theorem 6.2.7. To give a disjointness relation 1L on X is to give an open disjointness

relation L on X.

Proof. This requires showing there is a bijection between disjointness relations and open
disjointness relations. That is, give a disjointness relation 1, it generates an open disjointness
relation, L. We then need to show that the disjointness relation generated from _L is in
fact L.

Starting with the disjointness relation L, by Proposition 6.2.5, this is an open disjointness
L =1 NUaexO(A) x O(A)).

By Proposition 6.2.6, , L, defined from _L is a disjointness relation on X.
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Assume f L g. By [Dis.6] and Proposition 6.2.5, f L g and f L §. Then by its definition,
we have f, 1, g.

Assume f, 1 g, which required that both f L g and f 1 §. Therefore f L g and f 1 g.
By Proposition 6.2.3, f L g.

We have shown f 1L g <= f,Ll,9. We may also conclude that if we started with
an open disjointness relation L and used it to construct ,1,, then the relation , 1, N
(UaexO(A) x O(A)) would again be L.

Hence there is a bijection between disjointness relations and open disjointness relations

on an inverse category X. ]

Disjointness is additional structure on a restriction category, i.e., it is possible to have
more than one disjointness relation on the category. To see this, consider the trivial disjoint-
ness relation, where f 1o g if and only if f =00or¢g=0. As0=0=0, f<0 < f=0
and h0 = 0 for any map h, axioms [Dis.1] through [Dis.7] are immediately satisfied. L, is
definable on any inverse category with zero maps, hence is definable on PInJ.

However, PINJ does have a more useful disjointness relation:

Example 6.2.8 (PINJ has a disjointness relation). Consider the inverse category PINJ,
introduced in Example 3.1.8 and Example 4.3.2. Note the restriction zero is the empty set,
(). Recalling that a map f : A — B in PINJ is given by the set {(a,b)|la € A,b € B} (see
Example 2.6.5), we see the initial map 74 : ) — A must be {}, i.e., the empty set. Similarly,
l4: A — 0 must be the partial map also given by () and therefore 04 p = 0.

Define the disjointness relation L by f L ¢ if and only if fNg =0 and fN g = 0.
It is then reasonably straightforward to verify [Dis.1] through [Dis.7]. For example, take

[Dis.7]:
Proof. We are given 7 1 gand h L k. This means
fNng=0and hnk =0.
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As discussed in Example 3.4.4, both mn C m and mn C n. Hence,

Therefore, fh L gk. [
The open disjointness relation, L, on the idempotents is given by e L ¢’ <= ene’ = 0.

Although disjointness is additional structure, one can use the disjointness structure of

the base categories to define a disjointness structure on the product category.

Lemma 6.2.9. If X and Y are inverse categories with restriction zeros and respective dis-

jointness relations 1. and L', then there is a disjointness relation L, on X x Y.

Proof. The restriction, the inverse and the restriction zero on the product category are

defined pointwise.
e If (f,g) isamap in X x Y, then (f, g)(fl) = (fCY, g1y,
e If (f,g) isamap in X x Y, then (Tg) =(f,9);
e The map (0x,Oy) is the restriction zero in X x Y.
Following this pattern, for (f,¢) and (h, k) maps in X x Y, (f,g) L« (h, k) iff f L h and
gL'k
Verifying the disjointness axioms is straightforward, we show axioms 2 and 5. Proofs of

the others are similar.

[DiS.Z] : Given (f7 g) Ly <h7 k)? (f, g)(hv k) = (77 g)(ha k) = (7h7§k) = (070) =0.
[Dis.5] : The assumption is (f,g) L« (h,k). For the map z = (z,y) in X x Y, [Dis.5] in

the base categories gives zf | xh and yg L yk. Thus

2(f,9) = (xf,yg) Lx (xh,yk) = z(h, k).
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6.3 Disjoint joins

This section will now consider additional structure on the inverse category, the disjoint
join, dependent upon the disjointness relation. Although we have only considered binary
disjointness up to this point, extending disjointness to sets of maps is done by considering

disjointness pairwise: L {fi, fa, ..., fu}:=fi L fr whenever i # j.

Definition 6.3.1. An inverse category X with a restriction 0 and a disjointness relation |

has disjoint joins when there is a binary operator on disjoint parallel maps:

f:A—=>B, g:A—B, flg
fug:A—B

such that the following hold:

DJ.1] f<fuUgandg< fUg;
[DJ.2] f<h, g<hand f L gimplies f g < h;
[DJ.3] Ah(fUg)=hfUhg. (Stable)

(DJ.4] L {f,g,h}if and only if f L (g U h).

The binary operator, U, is called the disjoint join.
Given a specific disjointness relation on a category, there is only one disjoint join:

Lemma 6.3.2. Suppose X in an inverse category with a disjointness relation L, then if LI

and O are disjoint joins for L then U = [J.

Proof. [DJ.1] gives us:
frg<fUgand f,g < fUg.

By [DJ.2], fug < fOgand fOg < flUg, hence fUg= fOg. O
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Lemma 6.3.3. In an inverse category with disjoint joins, the disjoint join is a partial asso-
ciative and commutative operation, with identity 0. Additionally, it respects the restriction

and is universal. That is, the following hold:

(i) fuo=f;

(i) f Lg, g Lh, fLh implies that (f Ug)Uh = fL(gLUh);
(iii) fUg=fug;

(iv) (fUg)k = fkU gk (Universal);

(v) f L gimplies fUg=gL f.

Proof.

(i) Identity: By [DJ.1], f < fU0. As0 < fand f < f, by [DJ.2], fUO < f

and therefore f = f L O.

(ii) Associativity: Note that [DJ.4] shows that both sides of the equation exist.
From [DJ.1] fUg,h < (f Ug) U h, which also means f,g < (f Ug) U h.
Similarly, g U h < (fUg) U h and then fU (gUh) < (f Ug)Uh. Conversely,
fy9,h < fU(gUh) and therefore (fUg)Uh < fU (gUh) and both sides are

equal.

(iii) Commutativity: Note first that both f and g are less than or equal to each of
fUgand gU f, by [DJ.1]. By [DJ.2], fUug<gU fand gU f < fUg and

thus fUg=gU f.

(iv) As f,g < flUg, [DJ.2] gives fLUG < fUg. To show the other direction,
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consider

f(fug(fug) = (ffufa(fug) [DJ.3]
= (ffU0)(fUg) [Dis.2]
= f(fug) (i), Lemma 3.1.3
=f.

Hence, f < (fUg)(f U g) and similarly, so is g. By [DJ.2] and f LI g being a

restriction idempotent,

fug<(fug(fug) < fuyg

and therefore f Lig = (fUg)(fUg). By Lemma 3.2.2, fUg < fUg and so

fug=Ffug.

First consider when f, g and k are restriction idempotents, say eg, e; and es.
Then, (egLleg)es = ea(egLler) = eaeq U ege; = epea L eres. Next, note that for
general f,g,h, by [DJ.2] fkUgk < (fUg)k as both fk,gk < (f Ug)k. By

Lemma 3.2.2, we need only show that their restrictions are equal:

(FU9k=FUg(fUgk R.1]
=fUg(fugk [R.3]
=(fug(fugk previous item
=f(fugkug(fugk idempotent universal
= F(fUgkUG(fUg)k R.3]
— TR U gk [DJ.3]
= Fk U gk

Therefore, as the restrictions are equal, (f U g)k = fk U gk.
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Note that the previous lemma and proof of associativity allows a simple inductive argu-
ment which shows that having binary disjoint joins extends to disjoint joins of an arbitrary
finite collection of disjoint maps.

Recalling our notation for disjointness of a set of maps, U{ f;} will mean the disjoint join

of all maps f;, i.e., fid fold---U f,.
Lemma 6.3.4. In an wnverse category X with disjoint joins,

(i) LA{f:} if and only if U{f;} is defined,
(ZZ) Zf fz’,gj A — B and Lie[ {fz} and Ljej {gj}; then I_Iiel{fi} 1 l_,jej{gj} Zf

and only f; L g; foralli €I and j € J.

Proof. For (i), using [Dj.4], proceed as in the proof of Lemma 6.3.3[(ii)], inducting on n.
To show (ii), first assume U{f;} L Li{g;}. By [Dj.4] and associativity, L{f;} L g; for
each j. Using the symmetry of L, [Dj.4] and associativity, f; L g; for each i and j.
Next, assume f; L g; for each ¢ and j. Then by [Dj.4] and associativity, f; L L{g,} for

each i. Applying [Dj.4] again, L{ f;} L LW{g;}. O
Clearly the product of two inverse categories with disjoint joins has a disjoint join:

Lemma 6.3.5. Given X,Y are inverse categories with disjoint joins, LI and LV respectively,

then the category X X Y is an inverse category with disjoint joins.

Proof. From Lemma 6.2.9, X XY has a disjointness relation that is defined point-wise. Define

Ly the disjoint join on X x Y by

(f,9) U (h, k) = (f U R, g U k). (6.1)

It remains to prove each of the axioms in Definition 6.3.1 hold.

[DJ.1] From Equation (6.1), since f,h < fUh and g,k < gU'k, both (f,9) < (f,9)Ux (h, k)
and (h, k) < (f,g) Ux (b, k).
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[DJ.2] Suppose (f,g) < (z,y), (h,k) < (x,y) and (f,g9) L« (h,k). Then regarding it

point-wise, (f,g) Ux (h,k) = (fUh, g k) < (z,y).

[DJ.3] Calculating,

(,9) ((f,9) Ux (B, k) = (x(f U h),y(g U k) =
(zf Uah,yg U yk) = (xf,yg) Ux (vh,yk) =

((z,9)(f,9)) Ux ((z,y)(h, k)).

[DJ.4] Given L[(f,9),(h, k), (x,y)], both f L (hUz)and g L’ (k' y). Hence, (f,g) L«

((h, k) Ux (z,y)). The opposite direction is similar.

]

Example 6.3.6 (PINJ has a disjoint join). Continuing from Example 6.2.8, we show that
PinJ has disjoint joins. If f = {(a,b)} and g = {(a’,V')} are disjoint parallel maps in PINJ
from A to B, define f U g:={(a",b")|(a",V") € f or (a",b") € g}, i.e., the union of f and g.

This is still a partial injective map, due to the requirement of disjointness. Recall that
f L g means that fNg=0and fN§ =0 and that the respective meets will also be (). The
empty meet of the restrictions means that f Ll g is still a partial function, as each a” will
appear only once. The empty meet of the ranges gives us that f U g is injective, because
each b” is unique.

The axioms for disjoint joins all hold:

[DJ.1] By construction, both f and g are less than f U g.

[DJ.2] f < h, g <h means that h must contain all of the (a,b) € f and (¢’,V') € g

and therefore f Ll g < h.
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[DJ.3] Suppose h: C' — A ={(c,a)}. Then

h(fUg) ={(c,b)|(3a,a.a=a,(a,b) € f (c,a)eh)
or (3d,a.a = d', (d',b) € g, (c,a) € h)}
={(c,b)[3a, a.6 = a, (a,b) € f,(c,a) € h}| ]
{(c,D)|3d,a.a = d', (') € g,(c,a) € h}

= hf U hy.

[DJ.4] Suppose L [f, f', f"], f={(a,b)}, f/ = {(d, )}, f" = {(a”",0")}. Then the set
{a} does not intersect either {a’} nor {a”} and similarly for the sets {b}, {b'}

and {b"}. Thus we have f 1 (gllh). The reverse direction is argued similarly.
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Chapter 7
Disjoint sums

This chapter introduces the disjoint sum and shows how it may be used to define a symmetric
monoidal tensor in an inverse category. Conversely, it goes on to then show how a tensor @
may be used to create a disjointness relation and a disjoint join in an inverse category — at

which point we can prove that A & B is a disjoint sum with respect to this structure.

7.1 Disjoint sums

This chapter explores what conditions will allow the definition of a tensor in an inverse
category which already has a disjoint join. As we shall see, it is sufficient to have “enough”

disjoint sums, as defined below.

Definition 7.1.1. In an inverse category with disjoint joins, an object X is the disjoint sum
of A and B when there exist maps i; : A — X, i3 : B — X such that:

(i) i1 and i9 are total (equivalently — monic);

(11) ’il(—l)il 1 7:2(_1)2'2 and il(—l)il L ’iQ(_l)’iQ = 1X‘

The maps i; and iy will be referred to as the injection maps of the disjoint sum. This
arrangement may be visualized as:
A—>=X<""B
~N~——7 ~—__7
i1 (=D i1 (=1

Lemma 7.1.2. The disjoint sum X of A and B is unique up to isomorphism.

Proof. Assume there are two disjoint sums over A and B:

A—-x<2-p  and  Als-y <2
N— ~—_—7 ~—0 ~—7

i1 (=1 io(=1) §1 =D jo (=1

B.
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We will show that the map z’l(’l)jl L ig(’l)jQ : X — Y is an isomorphism.

Note by the fact that i;,is are monic and [Dis.2], 0 = i1 D410, = 4, (D75, =

iD= 713,CD . But then 413500 = i14132CY = 10 = 0. Similarly, isi; Y = 0,

i
71727V = 0 and j2j, 7Y = 0.

Next, by Lemma 6.2.3, zl(—_l) 1 12(—_1) as both 7; and iy are monic. By the same lemma,
g1 L gpas 1Y, 5oV are the inverses of monic maps. Then, from [Dis.7], i, V5, L i)"Y,

hence we may form 195y Ui ™V, - X — V.

Similarly, we may form the map j; Y115, Vi, : ¥ — X. Computing their composition:

(il(_l)jl L 2'2(—1)]‘2)(]'1(—1)2'1 |_|j2(—1)7;2)
= (i V(i U Vi) U (2 (Vi 1 i)
= i1 515 TP Ui T 150y 1io T a5y TV 13 iy TV
=i i Ui TV 04y Uit 04, Ui Y 1y

=434 Ui iy = 1.
Computing the other direction,

(Vi 1 o Vi) (11 Wi )
= (Vi (i TV UiV 2)) U (G Via (i T iV )
e N L N TR T A Al S W Sl Py Al TN A E P Pl
=i U 0505 05 0 1

(1) (1)

=J1 ‘nUg V=1
This shows that the map between any two disjoint sums over the same two objects is an

isomorphism. O

When there are “enough” disjoint sums in a category, this gives rise to tensor. In antici-

pation of the result, henceforth we will write A @ B for the disjoint sum of A and B.
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First, the next lemma shows how to construct maps between the disjoint sums:

Lemma 7.1.3. Given X an inverse category with all disjoint sums and suppose f : A —
Cand g: B — D inX. Then iy"Yfi; L is0 iy : A® B — C @ D and therefore

21(_1)fi1 L ig(_l)gig A9 B—CoD.

Proof. Note that z'l(_l)fil = il(_l)f < ;Y and similarly ig(_l)gig < gy, Then, by
[Dis.3], we have i1 Y iy L iy Vgiy. Similarly, as i, fi; < i, and iy Dgiy < 22, this

gives z'l(’l)fil 1 iQ(’l)gig and by Lemma 6.2.3, the conclusion is il(’l)fil L ig(’l)gzg and

therefore the disjoint join i1~ fi; Uiy("Ygiy is a map between the two disjoint sums. [

The argument in the above lemma is one we will used from time to time. In particular,

this means il(_l)g 1 i,""Yh for arbitrary g, h and that 152\1 1 k/:z\g

Proposition 7.1.4. Given X is an inverse category where every pair of objects has a disjoint

sum, then the tensor & where A® B is a disjoint sum of A, B is a symmetric monoidal tensor.

Proof. 1t is necessary to show that @ is a bi-functor and that the required structural maps
exist.

First note that f @ ¢ is given by i1 fi; Ui,V gis as shown in Lemma 7.1.3. By the
definition of the disjoint sum, identity maps are taken to identity maps and by the stability
and universality of the disjoint join, composition is preserved and therefore & is a bi-functor
as required.

We must now show the restriction zero is the unit of @ and then give the structural maps.

Considering the disjoint sum A @ 0, we see that i, = 0, the zero map. This gives

1AEBO = Z-l(il)l'l |_|Z'2(71)?:2 = le(il)lll Lo = ’l.l(il)’l.l = 2'1(71), meaning Zvl(il) is total. ThllS, ’lvl(il)
is an isomorphism and is ug,. Similarly, i = uEB 0d A — Ais an isomorphism.

For the symmetry map, note cq = i1 "Yiy Uiy ™4, : A& B — B® A is a symmetry map
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and that

(i1 Mg Wiy V4) (3, Vi Ui Vi)
= i34y (3, Vi Li V4 UV (5 TV iy LTV
= i1 i TV Uiy T D4y Wiy iyd T Wi, 144,004
=0U1U1LO

=1.

Thus, cgeq = 1.
For associativity, set ag = i1 Viyi; Uiy "Yi; Vigiy UiV Viy - A (B O) —

(A® B) @ C. To visualize this,

21(71) 12
BeC B Ae B
(=D C 11
\
ADB®C) Yo>(AoB)®C
il(*l) i1
A : A@ B.

1
The inverse of the ag is obtained by taking the inverses of the arrows in the above diagram,
yleldlng 2’1(71)2’1(71)2'1 L Z‘l(il)ig(il)l‘lil L Z‘Q(il)igig.

Thus, @ is a symmetric monoidal tensor on X. O]

7.2 Disjointness via a tensor

The next objective is to characterize when a symmetric monoidal tensor provides a disjoint
sum. The first step will be to show how a disjointness tensor, defined below, may be used to
create a disjointness relation in an inverse category. This is done by first determining when

it is possible for maps to work separately on the components of the tensor. This ability to

118



separate the action of the maps will allow us to define when the restriction and range of
functions are disjoint, and therefore when the maps are disjoint.

Suppose X is an inverse category with a restriction zero, and @ is a tensor product on
X. As in Definition 2.8.1, we are assuming the following naming for the standard monoidal

tensor isomorphisms:

ul@:OEBA—>A ué:A@O—)A

ag: (A@B)®aC - Ad (Ba () o A®B— B&A.

Definition 7.2.1. Given an inverse category X with restriction zero and a symmetric

monoidal tensor &, the tensor @ is a disjointness tensor when:

(i) It is a restriction functor —ie., _® _: X x X - X.

(ii) The unit is the restriction zero. (0 : 1 — X picks out the restriction zero in
X).

(i) Define IT; = uf," V(10 0): A — A® B and I, = u, "V (0@ 1): A - Ba A.
The maps II; and I, must be jointly epic. That is, if II; f = I1;¢g and I, f =
g, then f = g.

(iv) Define ITj ;= (1® 0)uly : A® B — A and IT5 := (0@ 1)ul, : A® B — B. IIj
and IT5 must be jointly monic. That is, whenever fII7 = glIj and fII} = gII}
then f = g. (Note this is derivable by taking the inverses of maps in (iii), as

will be shown below).

Example 7.2.2 (PiNJ has a disjointness tensor). In PINJ, the disjoint union, W, is a dis-
jointness tensor. Designate elements of the disjoint union as pairs of the elements of the

original sets and the order in the disjoint join. That is, when

A={a},B={b}, then AW B ={(z,n)lne{l,2},n=1 = z€ An=2 = z € B}.
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Setting @ as W, the identity for the tensor is (). The action of the tensor on maps f: A —
C=A{(a,0)},g: B— D ={(b,d)} is given by:

f®g:A®B—Cd®D={((z,n),(v,m))|(z,v) € f or (x,v) € g}.

From our definitions above, define our tensor structure maps:

ub 0@ A— A (a,2) — a,
Uy : A0 — A (a,1) — a,
ag: (A®B)dC — Ad (Ba ) ((a,1),1) = (a,1)

((0,2),1) = ((0,1),2)
(¢,2) = ((¢,1),2),
o A®B— B® A (a,1) = (a,2)

(a,2) — (a,1).

The map II; = u},"Y(1®0) is given by the mapping a € A — (a,1) € A® B. Similarly,
I, = ul@(_l)(() @ 1) is given by the mapping a € A+ (a,2) € B@® A. From their definitions,

IT, and II, are jointly epic. Similarly, II; ™Y and 11,V are jointly monic.

Lemma 7.2.3. Given an inverse category X with restriction zero and disjointness tensor @,

then the map 0 ®0: A B —-C®D isthe map0: A& B —C®D.

Proof. Recall the zero map factors through the restriction zero, i.e. 0: A — B is the same
as saying A Lo0L B Additionally, as objects, 0 & 0 = 0 — the restriction zero.

Therefore the map 0 0: A® B — C & D is writable as
AaB %0002 caD,

which may then be rewritten as

ub D

ul
AeBZ 000202 S000 & 0D,
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But by the properties of the restriction zero, (I®!)ul, =! and uéB(fl)(? @®7?7) =7 and

therefore the map 0 0: A® B — C @ D is the same as themap0: A B —-CoD. O

Lemma 7.2.4. Given an inverse cateqgory X with restriction zero and disjointness tensor @,

I =11, and 11 = 1LY and the following identities hold:
(i) I, = I and ILIT = 11; = 1;
(ii) T;1T; = 0 and 11T = 0
(iii) 1,115 = 0, ILITE = 0, II,IT; = 0 and 11,115 = O;

(iv) the maps 11y and Iy are monic.

Proof.
(i) Recalling that the restriction zero is its own partial inverse,
LY = (. V1e0) " = 1@ 0) = (1@ 0)ul, =11;.

Similarly,

(=1

LY = @t " P0e1) =0l =11

Hence, calculating the restriction of I,
ILIT = wf, "V (1@ 0)(1 @ 0)ul, = (uh, V(1 @ 0))uly = 1ul,THul, = 1.

The calculation for 1T and II, is analogous.
(ii) To show IT{IT; = 0 and IT;I1} = 0,
MGG = (1@ 0)u,(0e ul, =Ta0(0@ 1), = (1@ 0)(0 e 1)ul, = (0@ 0)d,, =0,
and

TGIT; = (0@ ub(1 & 0)ug, = (06 1)(1 & 0)ul, = (0& 0)uf, = 0.
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(iii) ILIT; = 0, ILIT = 0 when i # j,
LI = (uf, V(1@ 0) (0 Duly = u, V(0@ 0)uly =0
and
* 1 (=1 ro__ 1 (=1) ro__
LI = (ug (0@ 1))(1@®0)uy =ug (06 0)ug = 0.
As Il =1®0 and IT = 0 @ 1, we see the other two identities hold as well.

(iv) The first requirement is to show II; is monic. Suppose fII; = gII;. Therefore we

must have
f=fILIL Yy = (FI)ILCY = (gU)ILEY = g(ILILEY) = g.

The proof that II; is monic follows via a similar argument.

]

As the above proof showed I} = 11,7V, the explicit notation of IT;\™" will be used for

the remainder of this thesis.

Corollary 7.2.5. In an inverse category X with a restriction zero and disjointness tensor,

the following identities hold:

(i) L (f © gLV = f; (iii) 1L(f @ g)IL Y = 0;
(i) Th(f ® gL, = 0; (iv) Ty(f & g) LY = g.

Additionally, ift : A® B — C @ D is a map such that there are maps t; : A — C and
ty : B — D with:

Hztﬂj(_l) -

0 : 1=7,

then t = tl @tg
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Proof. The calculations for f @ g follow from Lemma 7.2.4. For example, IT; (f @g)ﬂl(*l) =
FILILCY = £,

For the second claim, note that ITy (tIT1,"Y) = t; = 11, (t; @ t2)1, Y and I, (tI1,(7Y) =
0 = Iy(t; & t2)H1(71), hence 11,9 = (t; & t2)H1(71). Similarly, LY = (t; & tg)HQ(*l)

and therefore t = t1 & ts. O

Definition 7.2.6. In an inverse category X with a restriction zero and disjointness tensor,
define a partial pairing and a partial copairing operation on arrows in X. First, for arrows
f:A— Band g: A— C, define f Vg as being the map that makes Diagram (7.1) below

commute, when it exists.

A (7.1)

f f;vg g

v
B<—71)B€B0f>0.
¢

11 € 1)
Thenfor h: B — A, k: C — A, define h A k as the map that makes Diagram (7.2) commute,

if it exists.

C (7.2)

Due to IL, ™Y and I, being jointly monic, f V ¢ is unique when it exists. Similarly, as

IT; and II, are jointly epic, f A g is unique when it exists.

Example 7.2.7 (PiNJ). Continuing from Example 6.3.6, f V g can only exist when fNg =
0, as it must be a set function, i.e., fV g of some element a must be either (b, 1) when
f(a) =be Bor (c¢,2) when g(a) =c € C.

Similarly, i A k can only exist when h Nk = 0, otherwise h A k would not be injective.

The partial pairing and copairing of Definition 7.2.6 will provide our mechanism for

defining disjointness and eventually the disjoint join of maps. As we are operating in an
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inverse category, the existence of the pairing map f Vg ensures the restrictions of f and
g are disjoint, while the copairing map f A d exists only when the ranges of f and g are
disjoint.

To arrive at the disjointness relation we first give the following lemma detailing properties

of the two operations V and A:

Lemma 7.2.8. Given X is an inverse category with a restriction zero and a disjointness
tensor & then the following relations hold for vV and A:
(i) If fV g exists, then gV [ exists. If f A g exists, then g A [ exists.
(i) fv0 and f AO always exist.
(iis) When f ¥ g exists, f(fVg)=fvVO0, fg=0,5(fVg) =0vVg andgf =0.

(iv) Dually to (iii), when f A g exists, (ng)f = A0, gf =0, (frg)g

and fg=0.

OAg

(v) When fV g exists, fVglh® k)= fhVgk.
(vi) Dually to (v), when f A g exists, (h@ k)f Ag=hf Akg.

(vii) When fV g exists, then h(f V g) = hf V hg and when f A g exists, (f A g)h =

fh A gh.
(viii) If fV G exists, then f AG exists and is the partial inverse of f V.
(ix) If fV g exists and f' < f, g < g, then f'V ¢ exists.
(x) When f A g exists, (f Ag)(f Ag)(fl) =f®7.

(i) Given fV g and hV k exist, then (f@h) V(g k) = (fVg) D (hVEk). Dually,

the ezistence of f A g and h Ak implies (f ®h) AMgd k) = (fArg)® (hAK).

Proof.

(1) gV f=(fVg)cgand gA f=co(fAg)
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(i)

(iii)

(iv)

Consider fII;. Then fII; ILCY = f and f I ILCY = f0 = 0. Hence,
fII; = fvO.

Consider Hl(_l)f. Then Hlﬂl(_l)f = fand HQHI(_l)f = 0f = 0 and therefore
IL,CVf = (f40).

Using Lemma 7.2.4

fo = v I(f v, = (fv o)L VLY = 0.

Similarly, f = f v gIL, VI, Y = 0.
Recall that Hl(_l) and H2(_1) are jointly monic. Then, 7(f \V, g)Hl(_l) = Tf =

f=(fvo)IL,“Y and f(fv gL = fg = 0= (f v0)I,"Y. Therefore,

f(fvg)=fvO0. Similarly, g(f Vg) =0V g.

Using Lemma 7.2.4

of = Th(f 2 ) (I (f 5.9)) = To(f A 9)(f &.9) V1LY =
I, (f 8 9)(f 2.9) VLY = IL,(F A g)IL TV 1L (f A g) =

ILIL Y (fag), (fag) =01, (fag)=0.

Similarly, fg = 0.

Recall that IT; and IT, are jointly epic. Then ITy(f A g)f = ff = f = I1,(f A 0)
and I, (f Ag)f —gf=0= Is(f A 0). Therefore, (ng)f = f A Q. Similarly,
(fag)g=0ay.

Calculating,

fvgh@k)ILY = fvgll, Y = fh

and

fvgh® k)Y = fvgll, Yk = gk,

which means that f V g(h@k) = fh V gk by the joint monic property of II; =1,

,Y,
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(vi) The proof for this is dual to (v), and depends on the joint epic property of 11y
and Ils.

(vii) The assumption is f V g exists, thus f = (f v ¢)I"" and g = (f v g)IL,Y.
But this means hf = h(f vV ¢)II;"Y and hg = h(f v ¢)IL,Y, from which we
may conclude hf V hg = h(f V ¢) by the fact that II;=Y and 11,7 are jointly

monic. The proof of (f A g)h = fh A gh is similar.
(viii) The assumption is f = f v gll; =Y. Therefore,
=77 =g —m(Fvg .
Similarly, § = II,(f v y)(fl). But this means (f v g)(*l) =fAg
(ix) Note that (v) implies f Vg = f Vg(f®g). By assumption, f' < f and ¢ < g.
This gives f'f = ', ¢dg = ¢, f'f = f and ¢ g = ¢’. Consider the map

fva(f®gd)(f®g). Calculating,

fvgfed)feg)=rvgfegd)(Fed)(f®g)

QI

(x) From the diagram for A, we know:

f(—l) = (f Ag)(*l)ﬂl(—l) and

oD = (f & g) I,
As well, from the diagram, I1;(f A g) = f and I1;(f A g) = g. Therefore:

L (fAg)(fag) ™ MILEY =Fand 1, (fag)(fag) VLY =7
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As f1_g, by [Dis.2] fgi=Y = fgg"=Y = 0g"Y = 0 and therefore,

I (f & 9)(f &) PILEY = 0 and 1L (f 4 g)(f 49)"VILEY = 0.
By Corollary 7.2.5 this means (f A g)(f A g)(*l) =fa7.

(xi) The fact that (f vV ¢) @ (hVE)IL,Y = (fvg) and (fVg) @ (hV kLY =
(h V k), implies that (f V ¢g) ® (h V k) satisfies the diagram for (f ®h) V(gD k).
Dually, as I (fAg) ® (hAk) = (fag) and Ih(fAg) @ (hAak) = (RAK),
(f & g) @ (hAk) satisfies the diagram for (f @ h) A(g @ k).

]

We are now set up to prove that it is possible to create a disjointness relation based on

the existence of our pairing and copairing maps:

Lemma 7.2.9. Define fL_g (f is tensor disjoint to g) when f,g: A — B and both fV g
and f A g exist. If X is an inverse category with a restriction zero and a disjointness tensor

@ then the relation 1 is a disjointness relation.

Proof. The proof requires us to show that | satisfies the disjointness axioms. We will use
[Dis.6’] in place of [Dis.6] and [Dis.7] as discussed in Lemma 6.2.2.

[Dis.1] The requirement is f L 0. This follows immediately from Lemma 7.2.8, item (ii).
[Dis.2] Show f_L_g implies fg = 0. This is a direct consequence of Lemma 7.2.8, item (iii).

[Dis.3] This requires that fL_g, f' < f, ¢ < g implies f'1L_¢. From Lemma 7.2.8, item
(ix), f' vV ¢’ exists. Using a similar argument to the proof of this item, f’' A ¢’ exists

and hence f'L_g¢'.

[Dis.4] Commutativity of L _ follows from the symmetry of the two required diagrams, see

Lemma 7.2.8, item (i).
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[Dis.5] Show that if fL_g then hfL_hg for any map h. By Lemma 7.2.8(vii), when f Vg
exists, hf V hg exists. Assuming f A g, by (vi) of the same lemma, (hf) A(hg) exists
and equals (h @ h)(f A g) and therefore hf L_hg.

[Dis.6’] This requires showing f L g if and only if 7J_®§ and f 1.g. This follows directly
from Lemma 7.2.8(v) and (vi), which give us fvVg = fVvg(f @ g) and fAg =

(fedg) f A g, where the equalities hold if either side of the equation exists.

]

Example 7.2.10 (_L_ in PINJ). Referring to Example 7.2.7, f V g exists when fNg = 0 and
that f A g exists when f N § = 0. But this agrees with the initial definition of disjointness
(L) in PINJ from Example 6.2.8 and hence L is the same relation as 1 in PINJ.

Note that this is due to the actual choices of the tensor and L. If we had initially chosen

a different L, such as Lo, where f Lo g iff f or g are 0, then L #1,.

7.3 Disjoint joins via a tensor

The operations V and A are sufficient to define a disjointness relation on an inverse category.
However, when attempting to extend this to a disjoint join, the two relations are insufficient
to prove [DJ.4], That is, requiring that L _[f, g, k] implies fL_(g U, h).

Therefore, we must add one more assumption regarding our tensor in order to define

disjointness.

Definition 7.3.1. Let X be an inverse category with a disjointness tensor @ and a restriction
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zero. Consider the commutative diagrams (7.3) and (7.4).

A- (7.3)
XepYpZ—XpZ
]_[1’3(—1)
Iy ,2¢ ) I, (b
XoV————X
(7.4)

X@Y—EZX@YQZ

11, I3

X

T XaZ

Then @ is a disjoint sum tensor when the following two conditions hold:
e « exists if and only if fIL,™Y v gIL ™Y exists;

o [ exists if and only if IIxh A Ilsk exists.

Example 7.3.2 (In PINJ, & is a disjoint sum tensor). In PiNJ, Diagram (7.3) means that
f and g must agree on those elements of A that map to (z,1) in either X @Y or X & Z.
The statement that fI1,"Y v gIT,(" exists means that if f(a) = (y,2), then g(a) must be

undefined and vice versa. In such a case « exists and is defined as:
(

(x,1) f(a)=(z,1) e X®Y and g(a) = (z,1) e X B Z

o(a) =14 (y,2) f(a)=(y,2) € XY and g(a) }

\(2,3) g(a)=(2,2) e X® Z and f(a) 1.
For the converse, assume «a exists, meaning «(a) must be one of (z,1),(y,2) or (z,3).

As fHQ(_l) = aHl’g(_l)H2(_1) and gﬂg(_l) = aHLg(_l)Hg(_l), this requires that fﬂg(_l) N

gIL, ™Y = 0 and therefore fII,(7Y v gII,(7Y exists.

The reasoning for Diagram (7.4) is similar.
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Lemma 7.3.3. Let X be an inverse category with a disjoint sum tensor as in Definition 7.5.1

where f,g,h: A — B with L_[f,g,h]. Then both fV(gV h) and f A(g A h) exist.

Proof. As all the maps are disjoint, we know the maps V and A exist for each pair. Consider

the diagram

I, (—1

BeB®B——>B®B
]_[173(—1)

]_[1’2(*1) 11, (=1

where we claim a = (g V h) V f.

The lower part of the diagram commutes as it fulfills the conditions of Definition 7.3.1.
The upper rightmost triangle of the diagram commutes by the definition of ¢ V f. Noting
that IIo,"" : B&@ B® B — B® B is the same map as II,™" : (B B)® B — (B® B) and
I, V1L,V : B@ B® B — B® B — B is the same map as 1LY : (B® B) ® B — B,
therefore v does make the vV diagram for ¢ V h and f commute. Therefore by Lemma 7.2.8,
fV(gVh) exists and is equal to acg 01,2}

A dual diagram and corresponding reasoning shows f A(g A h) exists. [
Lemma 7.3.4. In an inverse category X with a disjoint sum tensor, when L_[f, g, h], then:

(i) fVv(gVh)=((fVg)Vh)ag and both exist,

(i) fA(gah)=((fAg)Ah)ag and both exist.
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Proof. Consider the diagram

Bo B

1, (=1

which gives us @« = (fVg)Vh: A — (B® B)® B and aag, : A - B® (B @ B). Next

consider the diagram

(7.6)

B&B———B
;-

which gives us y¢g = fV(gVh): A— B& (B® B).
From Diagrams (7.5) and (7.6):

vesll™) = f = aagl, ™Y
veell VY = g = aag T, 91T, Y

By the assumption that IT; ™Y, IT,(™Y are jointly monic, a = yegag. Therefore f V(gVh)=

(f V g) V h, up to the associativity isomorphism. ]
We may now state the main result of this section:

Proposition 7.3.5. An inverse category with a restriction zero and a disjoint sum tensor

has disjoint joins.
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Given two maps f,g with fL1_g, the candidate for disjoint join is the map f U, g =
fvalfog) f A g. The proof that this is a disjoint join will follow after giving an example
and a lemma detailing the properties of L.

For reference, the map f LI, g may be visualized as follows:

A B (7.7)
? ]_[1(*1) Hl f
AT f ,7?)14@14 fog B&® B - fag ~ B
R ]_[2<*1) H2 ~
g
A B

Using Lemma 7.2.8, this may be rewritten in a variety of equivalent ways:

fUsg=(vafeg(fad (7.8)
= (fvg)(fn9) (7.9)
=(fvy) (fag) (7.10)
= (fvg(fTVegd ) (fag). (7.11)

In particular, note that fLI_g= (fvg)(fag) asg=7.

Q>

Example 7.3.6 (Disjoint sum tensor in PINJ). Using Equation (7.10) for fU_ g, calculate:

_ @1) Fa)=agt
79 5(a) = ’ (7.12)

(a,2) gla)=a, 1

and

fag(an)) = (7.13)

Combining Equation (7.12) with Equation (7.13) then gives the same definition as that of LI

as given in Example 6.3.6.
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Lemma 7.3.7. Let X be an inverse category with a disjoint sum tensor and restriction zero.

Let X have the maps f,g: A — B with f L_g. Then U_ has the following properties.

(i) For all maps h: A — B, fhU, gh= (fU, g)h.

(i) fU,g=FfU, g

Proof.

(i) By Lemma 6.2.3 (ii), fhL_gh, hence the disjoint join exists: fh L, gh. Also,

noting that

hfh = hh(DF = hhCOFh = hfh = fhh = Th,
we may then calculate from the left hand side as follows:
Thu, gh = (Fhv gh)(fh o gh)
= (Fvg)(hfh & hgh)
= (fvg)(fhagh)

=(fvg)(fagh
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We may now complete the proof of Proposition 7.3.5:

Proof. [DJ.1] This requires f,g < f U, g.

FFvDfag=FvoLt(Ffvarfag

Thus, f < fU, g. Showing g < f LI, g proceeds in the same manner.

[DJ.2] The requirement is that f < h, ¢ < h and fL_g implies f U, g < h.

FO.gh=FfhU, ghh
= (FU, 9)hh
= (T U, )
=T Dh(Fu, 9h
= (T U, 9h (U, 9h
= (fU.9h
= (fhu, gh)

=(fU; 9).

[DJ.3] This is the stability of U, i.e., that h(f U, g) = hf U, hg.
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h(fU, 9) =h(fV9(fog)
= (hfvhg)(fog)
= (hfhV hgh)(f & g)
= (hf v hg)(h & h)(f 5 g)
= (hf v hg)(hf & hg)
= hf U, hg.

[DJ.4] This requires L_[f, g, h]if and only if f L _(gU, k). For the right to left implication,
note that the existence of g L h implies g L _h. By [DJ.1] g,h < gU_ h , as shown
in this proof. This gives that fL_g and fL_h, hence L_[f,g,h|.

For the left to right implication, use Lemma 7.3.3. As L_[f,g,h], this means
fv(gVvh)and f A(gAh) exist.
Recall that g, h = (gVh)(gA h). Then the map

f9(gvh 1®(§ah)

A A\ BoBa B 2UM pap

makes the diagram for f V(g U, h) commute.
Recalling that g U, h = (g V h)(g & h), this gives

fa(gah)

A A2 AgAg A B

provides the witness map for f A(g U, h) and hence fL_(gU, h).

]

Next, we show that the disjoint sum tensor is universal with respect to the disjoint join.

Lemma 7.3.8. Given an inverse category X with a disjoint sum tensor &, then & preserves

the disjoint join. That s,
fLlog, hL k implies f ®hl_g®k, (7.14)

flog, hl k implies (f U, g) @ (hU, k)= (f®h)L, (9@ k). (7.15)
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Proof. For Condition (7.14), suppose fL_ g and h.Ll_k. From Lemma 7.2.8(xi), both (f &
h) V(g @ k) and (f @ h) A(g ® k) exist, hence (f®h) L (gD k).

For Condition (7.15), compute from the right hand side:

(FORU, (9@ k) = (fon) vigak([Foh algoh)

—(fVg) @ (hVk) (f@h /%))
— (179 @ (hvk) ((fag) e (hak)
((ng (frg) (hV k)( hAk)

=(fu,g) @ (hu, k).

The second and third lines above again use Lemma 7.2.8(xi).

7.4 Disjoint sums via a disjoint sum tensor

The significant amount of technical machinery of Section 7.2 and Section 7.3 now allow us
to show that a disjoint sum tensor will produce disjoint sums in a category and conversely,

having all disjoint sums in a category produces a disjoint sum tensor.

Proposition 7.4.1. A disjoint sum tensor in an inverse category X gives disjoint sums, i.e.,

for each pair of objects A, B, A® B is a disjoint sum.

Proof. Setting i; = II; and z; = IL,Y and setting X = A & B produces a disjoint sum in
X. We show this satisfies the four conditions of Definition 7.1.1.

(i) From Lemma 7.2.4, both II; and II; are monic maps.

(i) I, : A= A®B, 1, : B — A®B, I,V : A@B —» Aand 1LY : ApB — B.

(iif) I,Y =1,V and IL,Y = 11,0V,
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(iv) 10V =1@0L,0® 1 =iy"Viy as
180v0el =, Veu, ) and1a0a081 =1L & ILY).

For their join,

(1 @ O) |_|EB (O @ 1) —= (ug}(_l) @ ul@(fl))(ﬂl(—l) @ Hz(_l)) —

ul, COIL Y @ uga(_l)ﬂz(—l) —101l=

Finally, to complete the cycle:

Proposition 7.4.2. Given X is an inverse category where every pair of objects has a disjoint

sum, then the tensor @ derived from the disjoint sum of A, B is a disjoint sum tensor.

Proof. Proposition 7.1.4 showed that & was a symmetric monoidal tensor. Therefore, it only
remains to show that it is a disjointness tensor and that it satisfies Definition 7.3.1, i.e., is a
disjoint sum tensor as well.

First note that we immediately have that it is a disjointness tensor as:
(i) Proposition 7.1.4 shows it is a restriction functor.
(ii) Proposition 7.1.4 shows that the unit is the restriction zero.

(iii) From the above, II; = 4y and Iy = i5. Assume II; f = II;¢ and Il f = Il,g.

As Hl(il) H1 |_|H2(71)H2 = 1,

f= (Hl(_l) I, |—|H2(_1)H2)f =1,V 11 fu 11,V 11, f=

VL g UL I, g = (1LY 1L ULV b)g = g

and therefore I1; and Il; are jointly monic.

(iv) 1LY and 11,7V are jointly epic by a similar argument as (iii).
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Note that we may also immediately conclude that the original disjointness relation on X
is the same as the one generated by &. This is because f V g will be equal to f II; Uglly, and
f g will be equal to IL, Y £ LU TT,"Yyg, therefore, fV g and f A g will exist if and only if
fLlg.

To show it is a disjoint sum tensor, we must show the existence of the maps a and [
from Definition 7.3.1.

For Diagram (7.3), assuming fII,(7Y v ¢gIT,(™ exists, then
a = (fIL, V) I U((fIL,Y v gl Y)I)

satisfies the diagram. If a does exist, then oI,V satisfies the diagram for fHQ(’l) v gﬂg(’l).
The argument for satisfying Diagram (7.4) is analogous.

Therefore, @ is a disjoint sum tensor. O]

138



Chapter 8

Matrix categories

Inverse categories with all disjoint sums are, in fact, Unique Decomposition Categories [35].
However, what about inverse categories with disjoint joins? The previous chapter showed
that in the presence of a disjoint sum tensor, an inverse category X with disjoint joins also

has disjoint sums. This chapter will show how to add a disjoint sum to such an arbitrary X.

8.1 Matrices

In this section, we will show that when given an inverse category X with a disjoint joins, one
can define a matrix category based on X, called IMAT(X). Furthermore, we will show that
IMAT(X) is an inverse category with disjoint sums and that X embeds within this category.

The types of matrices allowed in the matrix category are subject to certain constraints:

Definition 8.1.1. Suppose X is an inverse category with disjoint joins, then a disjoint
sum matriz in X is a matrix of maps [f;;] where ¢ € {1,...,n} and j € {1,...,m} with

fij + A; = Bj which satisfy the two conditions:

Rows: For each i, L {fi;j}j=1...m- (8.1)

Columns: For each j, L {E}Zzln (8.2)

In other words, for each column, the ranges of the functions in that column are disjoint and

for each row the restrictions of the functions in that row are disjoint.

We will show that this type of matrix corresponds to maps in the category IMAT(X).
In IMAT(X) the composition is given by “matrix multiplication”, with the operations of

multiplication and addition replaced with composition in X and the disjoint join respectively.
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Definition 8.1.2. Given an inverse category X with disjoint joins, we define the inverse

matrixz category of X, IMAT(X), as follows:
Objects: Lists of the objects of X;
Maps: Disjoint sum matrices [f;;] : [4;] — [B;]. In such a matrix each individual map
fij + A; = Bj is a map in X
Identity: The disjoint sum matrix / — A diagonal matrix with 1 : A; — A; at the 4,4
position and zero maps elsewhere;

Composition:  Given [fi;] : [Ai] — [B;] and [gj] : [Bj] — [Ckl, then [hu] = [fis]lgix] :
[Ai] = [Cy] is defined as hix = ||; fi;g;1;

Restriction: We set [f;;] to be [f/;] where f/; = 0 when i # j and f}; = L, f3;.

In the following, we will use the notation diag[d;] for diagonal matrices where the 7, j entry
is d]
Lemma 8.1.3. When X is an inverse category with disjoint joins, IMAT(X) is an inverse
category.
Proof. We need to show the following:

e Composition is well defined and associative.

e The restriction is well defined.

e Each map must have a partial inverse.

Composition is well defined: Consider [hiy| = [fi;llg;x] where [fi;] @ [A1,..., 4] —
[By,...,By] and [gji] : [B1,...,Bn] — [C1,...,C. As each of [f;;] and [gjx] are dis-
joint sum matrices, by [Dis.7] we know that L {f;;g;,} for each choice of i and k. Hence,

we know the composition hy, = | | ; fiigjk is defined and hy, : A; = C). We must now show

140



that the h;, satisfy Equation (8.1) and Equation (8.2). Calculating the restriction of row
elements,
h_ik = |_|fijgjk = U%
J J

By [DJ.4], these are disjoint for the i’s when each component is disjoint. But each component
is of the form m and by Lemma 3.2.2, it is less than or equal to f_zy each of which are
disjoint by assumption. Therefore, by [Dis.3] the restriction of each of the entries in a row
of [h;] are disjoint. By a similar argument, the range of each of the entries in a column of
[hix] are disjoint.

Thus the matrix [hi] is a disjoint sum matrix and is in the category. Therefore compo-
sition is well-defined.

Associativity of composition. We have

(fisllgiwD) [hae] = (U fijgjk)] [Pkt

= |_|(|_| fijgjk)hM]

k

= |_| fij(l_l gjkhke)]

= [fi;]([gjx] [re])-

The restriction axioms.

(Uifi)f o (Uif1) fin
R.1] [fi]lf] = : = [fij]-
(T R (WY

R.2] [fi;]9;; = Gi;lfi;] as diagonal matrices commute and U is commutative.
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(R3] [fi]lg5k) = diag[U; frj - Uj gl 9]

|—|jf_1j911 ujf_ljglk

l—ljijgnl - ujijgnkz

= diag[uk(Uj (f_ljglk))7 ceey l—'k('—'j(fn_j)gnk)]

= diag[Lp (U (f1j)T1%)5 - - - Uk (L5 (fnj ) Gr) ]

= diag[ (L (F1;) Uk G1%), - - - (U;(Fry) Uk )] = Lfis] Tn).

[R.4]  [fillgjr] = [fij] diag; [ Gix]

_fn Uk 91tk -+ Jin Uk Gnk

_fm1 Uk ik -+ Jon Uk Gnk

_kanm oo Uk finGnk

|Ukfmi@ik -+ Uk frnGnk

- Usfugiefir - UefinGok fin
_uk%f ml o Uk fomnGnkfon

-|—|j Uk%fn T Ukmfln
|Uj L Jmi@ieSm1 - Uy Uk FoniGinfonm

= [fisllgjx] [ fis]-

Thus, IMAT(X) is a restriction category.

Ezistence of partial inverses. The inverse of the map f = [f;;] is the map f(=V ::[fji(_l)].
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For the off diagonal elements of ff(-1, they are a disjoint join of X maps of the form
fijfgj(fl). By the definition of a disjoint sum matrix E € ﬁ;, thus by Lemma 6.2.1 (iii),

0= fijfej = fijfej. Then,
fijffj(_l) = fz‘jfijf@j(_l)feg'(_l) = fz‘jfz‘jfejféj(_l) = fz‘jofej(_l) =0.

Therefore all off-diagonal elements are 0. The ;™ diagonal element is Ll f;x fjk(_l) = I_IH

and thus ff-1) = diagj[ukﬂ] = f. ]
Furthermore, IMAT(X) is actually a disjoint sum category:

Theorem 8.1.4. Giwen X an inverse category with disjoint joins and restriction zero,

IMAT(X) is an inverse category with disjoint sums.

Lemma 8.1.3 shows that IMAT(X) is an inverse category. We will prove IMAT(X) has

disjoint sums in a series of lemmas.

Lemma 8.1.5. Given X is an inverse restriction category with a restriction zero and a

disjoint join, then IMAT(X) has a restriction zero.

Proof. The restriction zero in IMAT(X) is the list [0] where 0 is the restriction zero in X.

For the object A = [A;,..., A,], the 0 map is given by the n x 1 matrix [0,...,0]. The
0

map from 0 is given by the 1 x n matrix

]

Lemma 8.1.6. Given X is an inverse restriction category with a restriction zero, 0, and a

disjoint join, then the monoid & defined by list catenation of objects is a disjointness tensor.
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Proof. We first note the monoidal isomorphisms:

’LLZEBZ[O,Al,AQ,...,An]—)[Al,AQ,...,An] ul@ =

U%Z[Al,AQ,...,An70]—)[Al,AQ,...,An] uga =

ag (A@B)aC — Asd (BaO) ag = id

Omxn -[TLXTL

Cg - [Al,...,An,Bl,...,Bm] — [Bl,...,Bm,Ah...,An] Cg =

]me O’I’LX’I’)’L

The action of @ on maps is given by:

[fis] 0
0 [gex]

With this definition, we see that & is a restriction functor:

[fij] © [gex] =

Ix @ 1y = Ixay,

Jigr 0 fi 0l |g O
191 @ f292 = = = (1 ® f2)(91 © g2)-
0 fago 0 fo 0 g
1 0] |1 1
Following Definition 7.2.1, we note IT; "V = (1®0)uf, = = and similarly
0 0f |0 0
. 0
Y = . Suppose we have f = [f;;] and g = [g;;] where i € {1,...,n} and j € {1,2}.
1

Further suppose fIL(7Y = ¢IL,™Y and fII,Y = ¢I1,"Y. Therefore, fII;7Y = [fa] =
[gi1] = gIL Y and fILEY = [fio] = [gi2] = ¢I1,"Y, but this means that f = g and we may
conclude IT; ™Y and I1,~Y are jointly monic. Similarly, IT; = [1 0] and II, = [0 1] are jointly

epic. ]

Lemma 8.1.7. Given X is an inverse category with a disjoint join and restriction zero, then

IMAT(X) has a disjoint sum tensor.
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Proof. By Lemma 8.1.6, we know that the tensor defined by list catenation is a disjointness
tensor. To show that it is a disjoint sum tensor, we must show the diagrams and conditions

of Definition 7.3.1 hold.

For the diagram below we show that a exists if and only if fIL,(™Y v ¢IT,(~Y).

(X, Y]

1, b
The existence of fII,("Y v gIT,("Y means there is an h = [y, ho] : [A] = [V, Z] such that
ALY = fILEY and ALY = ¢ILY. From the diagram, given that f = [f1, f2] and
g = g1, 92|, we know that f; = fILEY = gIL, Y = g, We also have hy = fo and hy = gs.
If we set « to the matrix [f1, f2, g2], the diagram above commutes. We need only show that

a is a map in IMAT(X). As f,¢g and h are maps in IMAT(X), we know that:

flI—[l J— f2H2
(f1ll; =)g: 10, L golly

(f2H2 Z)h1H1 1 ho Iy (Z 92H2)-

From this, we can conclude L [fi111;, folls, goIl3].

Conversely, suppose we have an a = [ay, as, a3 that makes the above diagram commute.
Then h := [o, as] is a map in X. Since [y, as] = ¢ and [a, o] = f, we have hIT,D =
FILEY and ALY = gITL, Y hence h = fII,07Y v gIT, 7Y,

The proof that £ in the diagram below exists if and only if IIsh A Ik follows similar
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reasoning.

We are now ready to prove Theorem 8.1.4, that IMAT(X) has disjoint sums.

Proof. By Lemma 8.1.7, we know IMAT(X) has a disjoint sum tensor and therefore by
Proposition 7.3.5, it has a disjoint join. By Proposition 7.4.1 we know that [A, B] = A® B is
a disjoint sum of A and B for any two objects in IMAT(X), and hence, IMAT(X) has disjoint

sums. O

8.2 Equivalence between a disjoint sum category and its matrix category

This section starts by giving a functor from an inverse category with disjoint joins to its
matrix category, followed by exhibiting a reflection between inverse categories with disjoint

sums (Disjoint Sum Cats) and categories with a disjoint join (Disjoint Join Cats). That is,

Matrix

— T T

Disjoint Sum Cats“——— Disjoint Join Cats. (8.3)

Then, we will provide a restriction functor from the matrix category of an inverse category
with a disjoint sum to itself, i.e., IMAT(X) — X. Furthermore, we will show in the case where

X is an inverse category with a disjoint sum, X = 1MAT(X).

Definition 8.2.1. Given X has disjoint joins and restriction zero, define M : X — IMAT(X)
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On objects: M(A) := [A].

On maps: M(f) :=[f] — The 1 x 1 matrix with entry f.

Lemma 8.2.2. The map M from Definition 8.2.1 is a restriction functor.

Proof. From the definition of IMAT(X), we have

f:A— Bifand only if M(f): M(A) — M(B) (ie., [f]: [4] — [B]),
M (ids) = [id4] = idpy (A),

M(fg) = [fg] = [fllg] = M(f)M(g), and

M(f) = [f] =[] = M(F).
O

Let us represent the category of inverse categories with disjoint sums as DSUM and the
category of inverse categories with disjoint joins as DJOIN.

Note that any inverse category with disjoint sums is an inverse category with disjoint
joins. Hence, we have the obvious forgetful functor U : DSum — DJOIN. From above,
we also have a functor Mat : DJOIN — DSum given by Mat : X — IMAT(X). From the
definition of IMAT(X), we see that we have the correspondence

DSuMm(IMAT(X),Y)
DJoIN(X,Y)

meaning that we have an adjunction, Mat F U : DJOIN — DSuUM, as noted at the beginning
of this section.
Let us now consider when we apply the matrix construction to an inverse category which

already has a disjoint sum:
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Definition 8.2.3. Given X has disjoint sums with restriction zero 0, and disjoint sum tensor

@, define S : IMAT(X) — X by:

Objects: S([A1, Ag,..., Ay)) = A DA d-- DA,

Maps: S([f;;]) : |_|H (U, fi115).

Lemma 8.2.4. The map S from Definition 8.2.53 is a restriction functor.

Proof. From the definition of IMAT(X), where A = [A;, As,..., A,], B = [By, Bs,. ..

and f = [f;;] we have
S(ida) = S([ida]) = | |ILT(UIL)) = idga

f:A—=B < S(f):S(A) = S(B) <

|_|H (Uifill) Ay @A, = B @ @ By,

M(f) = [f1 = /1= M(f).

For composition, we have
S(f)S(g) = |_|H»<-1> U fis11; |_|H D (Ungell)
= |_|H = |_||_|f” T T (UggyreTTe)
= |_| I,V |_| Jij(Urgjelly)
i J
= | IV | () fiigalie)
i k

= S([U;fi;g5x])
= S(f9).

The functors S and M provide an equivalence:
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Proposition 8.2.5. Given an inverse category X with a disjoint sum tensor & and restric-

tion zero, then the categories X and IMAT(X) are equivalent.

Proof. The functors of the equivalence are S from Definition 8.2.3 and M from Defini-

tion 8.2.1.

First, we see that MS : X — X is the identity functor as
Objects: S(M(A)) = S([A]) = A,
Maps: S(M(f)) = S([f]) = 1.
Next, we need to show that there is a natural transformation and isomorphism p such that

p(SM) = Iniar(x)- For each object A = [Ay, Ay, ..., A,], set py = {]_[1(—1) S | A

Note that the functor SM has the following effect:

On objects: M (S([A1,...,An]) =MA & - B A,)=[A1 DDA,

On maps: S([fi;]) |_| 1LY (U, £3,10)) = [|_| 1LY (U £5,115)].
We can now draw the commuting naturahty square for f = [fy;] : [A] — [Bj]:
[Hﬁ” Hnu)}
SM([Ai]) == [®:Ai] A -
SM(f) f

SM([B;]) == [&;B)]
[le .. Hmu)}

Following the square by the top-right path from [@;A4;] to [B,], by the definition of the

maps in the category IMAT(X), we see each B, = uiHi(il)fij(@iAi). Following the left—

bottom path, composing SM(f) with [Hl(—l) Hm(_l)} gives us the map
uiHi(il)(Ujfinj>Hl(71) l—liHi(l)(l—ljfinj)Hm(l):| =
|:l—|iHi(1)fi1 e ALY fi | -
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Applying this to [, 4;], we see each B; = UiHi(*l)fij(@iAi) and the two directions are equal.
I

Finally, we know that p4, (" = | : | and defines an isomorphism between any object

11,
of the form [@®;A;] and the object [A44, ..., A,]. O

Note that as we have an equivalence, we have the adjoint equivalence between hom-sets

of

as S is the left adjoint of M.

Example 8.2.6. We may obtain a matrix representative of any map f: A®@ B — C & D
by applying the construction of Definition 8.2.3 in reverse.

Then given a function f: A@® B — C' ® D define

I fI, D IO fIL, 0
Ju =
1L fI1, 7Y I, 11,0

Thus, applying the functor S from Definition 8.2.4, we have

S(far) = LTV L Y I oI fILC VL) LT, (T f1L, OV 1 U T, f1,0V10)
= I, Y 11, (11, Y 10 U, VI U I, Y 1L, £(10 Y 1T Ul YI,)
= 11,9 114 fu 1,V 11, f
= (I, 10y UIL VI, £

= f.
In particular, we note that we may represent f : A — B by the matrix

1f1 1£0 f 0

0f1 0f0 0 0
as AZ A@0and B = B@0. Equivalently, this is the matrix [ f} )
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Definition 8.2.7. A unique decomposition category [35] is a category where any
h:A®B—-C&D
is uniquely determined by the four maps:

ILAILCY A= ¢, ILAILCY: A — D,

ILAIL Y . B — €, ILAILCY: B — D.

That is, it is writable as the matrix:

IV I T 1
CA®B—C®D.

LA™ LAY
The map from 0 in the category corresponds to the 0-dimensional matrix,

0l B

Corollary 8.2.8. If X is an inverse category with disjoint sums, then it is a unique decom-

position category.

The fact that we get a unique decomposition category is important as Proposition 4.0.11
of [35] gives a formula for computing a trace, when it exists. In a unique decomposition

category, for a function f: X @ U — Y @ U, which may be represented by the matrix

fll f12
f21 f22

the unique inductive trace is given by the formula:

Trg](,y(f) =fu+ Z fr2 30 fo1, (8.4)
n=0

whenever this sum exists. Therefore, for example, an inverse category with countable disjoint

sums will have a trace.
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Chapter 9

Distributive inverse categories

We now consider inverse categories with both a disjoint sum and inverse product, where the
inverse product distributes overs the disjoint sum in a specific way. This chapter will show
that the Cartesian Completion of such a category is a distributive restriction category where

the product distributes over the coproduct.

9.1 Distributive restriction categories

Definition 9.1.1. A Cartesian category B with coproduct + and is called a distributive [14]
category when

(AXxB)+(AxC)=2Ax (B+C).

Definition 9.1.2. A Cartesian restriction category D (as in Definition 3.9.3), with a restric-
tion zero and coproducts is called a distributive restriction category [23] when there is an

isomorphism p such that
Ax (B4+C)5 (AxB)+ (AxO).

If D is a distributive restriction category, then Total(D) is a distributive category as in

Definition 9.1.1.

9.2 Distributive inverse categories

Definition 9.2.1. A distributive inverse category D consists of the following:

e [ is an inverse category;
e D has an inverse product with tensor ®, per Definition 4.3.1;
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e DD has a disjoint sum tensor, @, per Definition 7.3.1 and

e There is a family of isomorphisms, d, such that

A®B (9.1)

111, (-1
M THI(—D

A® (BaC) ¢ s (A®QB)®(A®C)

(=1)

A®C,

commutes in D for any choices of objects A, B, C.

Example 9.2.2 (PiNJ is a distributive inverse category). The following defines the isomor-

phism d of Diagram (9.1):

d((a> (:Ca n)) = (9.2)

Note that as we are operating in an inverse category, we also have the inverse of dia-

gram (9.1) available to us. That is,

A® B (9.3)

1®11
Hll \

(AeB) e (AC) LY _Ag(BaC)

1T

A®C

is also a commuting diagram in D.

Definition 9.2.3. Suppose X is an inverse category with a disjoint sum tensor & and a
restriction zero. Then for maps f : A — B and g : A — C with f L G, define the map
[f,g] : A — B® C as (fII;) U (glly). This is well defined as I, L II, and therefore by
[Dis.7], fII; L ¢Il,.

Lemma 9.2.4. Suppose X is an inverse category X with:
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e q disjoint sum tensor @,

e q restriction zero, and

e an inverse product & which distributes over disjoint joins, (that is, f®(gUh) =
(f@g)u(f®h))

Then, X is an distributive inverse category.

Proof. By assumption, we have the first three items of Definition 9.2.1. Therefore, we need

to construct an isomorphism d such that diagram (9.1) commutes. We claim that the map

d=[1®ILY 1®11,Y] does this.
First, note that the typing of d is correct. By Definition 9.2.3,

d= (1L, N)U(1QILENIL) AR (B&C) = (A B)® (A C)

as

AeBeo) B Ao M Ae B e (A 0),

AgBac) L 4o (4eB)e (40 0).

Next, we need to show d is an isomorphism. We will do this by showing both d = 1 and

d=Y) = 1. As a consequence of Lemma 6.3.3, we know the inverse of d is

(1 eILENI) ™Y U (1 e L)L) ™Y = (LY (1 e ) U (LY (1 © I1L)).

Having ® distribute over the disjoint sum means that for any maps f,h, k with h L k,

we have f® (hUk) = (f®@h)U(f ®k). We use this in the calculation of the restriction of d:

(1L U (1@ L,ED,) = (1@ L)) U (1o H,C9)I,)

=(1® ]_[1(—1)> U(1l® Hg(_l))

= (1@ (ILY UILY)
1@ ((1®0)u(Oal)

=1®1=1
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The calculation for d(=V also shows it is 1:

(LY@ h))u LV (1 e ) = (LY (1 e ) u (LY (1 e 1))

= (I,"V(1 @) u (L1 1))

= (L") uIL"Y)
— (10 U0 1)
= 1.

Hence, [1 QIT, Y, 1®1I1,"Y] is an isomorphism. Finally, we must show that diagram (9.1)

commutes:
At Y = (19 IO U (1 @ T 9)I) ) 11,
= (o L)) ) U (10 L)), Y)
(Gem1) u(aem D))
=(1® Hl(_l)) L0
=-1® Hl(—l)

and

dIL, ) (((1 © LI U (1@ H2<—1>)H2)) 11,V

= (e mE)m)ILE ) u (1@ L)L) L)

This shows the fourth condition is satisfied and X is a distributive inverse category. O

We have seen that a second tensor distributing over the disjoint joins implies that we

have an inverse distributive category. We now show the converse is true.

Lemma 9.2.5. Given an inverse distributive category X, then h@ (f vV g) = (h® f)V(h®g)

whenever fV g exists and h @ (f Ag) = (h® f) A(h® g) whenever f A g exists.
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Proof. Let h: A— B, f:C — D and g : C — FE. Consider the following diagram:

B®FE

11, (=1
Tolr, (-1 !

h®&(f v g)

oY

A C B® (D& E) (B D)® (B®E)
111, (=1 )
o I, (=1
B® D.

The two leftmost triangles commute by the diagram for f Vv g. The right hand triangles
commute as per Definition 9.2.1. By the uniqueness of the V operation we see h® (f V g) =
(he f)v(h®g),

The argument for showing h ® (f Ag) = (h® f) A(h ® g) follows the same pattern. [

Lemma 9.2.6. Given an inverse distributive category X, then ® distributes over the disjoint

join.

Proof. First recall the definition of f U g = (fVg)(f Ag). In order to show h ® (f LI g) =

(h® f)U (h® g), we need to show that
ho (fvg(fog)=hefvheg)(h® fAR®g). (9.4)

Since h@ (FVvg)(farg)=(ha(fvg)(h®(fAg)), Equation (9.4) follows directly from

Lemma 9.2.5 and the fact that ® is a restriction functor. n
Corollary 9.2.7. Suppose we have an inverse distributive category X. Then,

(i) if f L g, then (h® f) L (h® g) for any h,

(i) if fLg:A— Bandh Lk:C — D, then (f®h) L (¢g®k).

Proof.
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(i) As f L g, we have f Ag and fVg. By Lemma 9.2.5, both h® f Ah® g and

h® fVh® g exist and therefore h® f L h® g.

(ii) By the previous item, we have that ((fUg)® h) L ((fUg) ® k). Then, by

[DJ.1] and [Dis.3] we have (f® h) L (¢ ® k).

9.3 Discrete inverse categories with disjoint sums

We now consider the case where we have a discrete inverse category with inverse product ®
and a disjoint sum &, where the ® tensor preserves the disjoint join.

Recall that the Cartesian Completion, from Definition 5.1.1, when applied to the discrete
inverse category X produces the discrete Cartesian restriction category X. A map in X is
related to a map in X in the following way:

ALY pin X

AL B X

Our goal is to show that a disjoint sum in a distributive inverse category becomes a

coproduct in X.
Lemma 9.3.1. Given X is a distributive inverse category, then X has a restriction zero.

Proof. Recall from Theorem 5.2.6 that X is equivalent as a category to X under the identity

on objects functor

A A
T: X=X, jf — l(fu%(_l),l) :
B B

In X, we know 0 is a terminal and initial object, with maps A 145 0 and 0 24 A, where

O0aa=044=1taza.
First we note that 0 is both initial and terminal in 32, with the terminal maps being

T(t4) and initial maps being T'(z4).
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As was also shown in Theorem 5.2.6, T is a restriction functor, so in X we have

OA,A = T(tA)T(ZA) = T(tAZA) = T(OA,A> = T(OA’A) = T(OAA) = OA,A-
Hence, 04 4 is a restriction zero in X. ]
Lemma 9.3.2. In a distributive inverse category X, the following hold:

(i) Given f : A —- Y ® C we can construct maps f' : A - Y @ (C @ D) and

" A=Y ® (E®C) for some objects D, E such that f ~ [ and f ~ f".

(1)) Given f : A —->Y®C,g: A—Y®D, thenthe f' : A - Y ® (C® D),

¢":B—Y ®(C®D) as constructed in (i) satisfies 11, ™Y f L I,V g

Proof.

(i) Set f' = f(1®1l;). To show f ~ f’, we must first show their restriction is the

same:

flelh) =f1ellh)=f1=7F.

The mediating map between f and f’ is, of course, 1 ® I1;:

Y C
f
A §1®H1
Y @ (C® D).

By the same reasoning we may also create f”: A — Y ® (D @ C') by setting
= f1e).
(ii) First note we have IT,"V " 1L,("V¢" : A& B — Y ®(C'@® D). In order to show

I,V 1 1,V g”, we will proceed by showing their restrictions and ranges

are disjoint. As 1,59 1L 1L,5Y and Hl(’l)f’ <11, and Hg(’l)g’ < Hz(’l),

we immediately have II; ™Y f7 1 I,V g
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For the ranges, we have

—_—

O = 1L ) = (Lo I 0) FE0)I,

= (1emY)fey

< (1Y)

and similarly

—

]_[2(*1)9// < (1 ® H2(*1))_

Using Lemma 6.2.3 we know that (II; =") L (IT,"V). From Corollary 9.2.7 we

conclude that (1 ®I1I;"Y) 1L (1 ® I1,0"Y) and giving us I,V f7 L 11,0V g7

and therefore IT, ™Y f7 L 11,7V ¢”.
O

Theorem 9.3.3. Given X is a distributive inverse category, then the category X has coprod-

ucts.

Proof. The tensor object A @ B in X will become the coproduct of A, B in X.
The injection maps of the coproduct are i; = (Hlug@(_l), 1) and iy = (HQ'U/%(_I)’ 1).

Consider the following diagram in X:

A
\ (£,0)
1
A fan) B h ........... > Y
2
/ (9,D)
B
In X, this comes from the diagram:
f
YoC (9.5)

N

1
A®B
>
g
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where the extraneous unit isomorphisms are removed.
This corresponds to the conditions of Lemma 9.3.2. Hence by that lemma we may revise

Diagram (9.5) as

Hl(fl)f/uHQ(fl)g//

A® B Y ® (Ce® D)

I

11

B
where f’ and ¢” are respectively equivalent to f,g.
Lifting Diagram (9.6) to X, we see this corresponds to the desired coproduct diagram,
where h in X is the map (IL Y UILEYg” (C @ D)).

By construction, in X, we have
Hl(]—[l(_l)f, L H1H2(—1)gl/) — <H1H1(—1)fl) L (]:[1]_[2(—1)9//) — fl L0 = f/
and
H2<H1(—1)f/ L H1U2(_1)g'/) — g//.

Hence, in X, we have (i1ugy, 1)h = f and (iquy, 1)h = g.

All that remains to be shown is that h is unique.

Suppose there is another (k, F) in X such that it satisfies the coproduct properties, i.e.,
that i1(k, E) = (f',C @ D) and i2(k, F) = (¢",C® D). n X, k: A® B - Y ® E and we

have

Ik~ f and

Hgk’ ~ g/.
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Since equivalence is a transitive relation, this means we have

where the maps ¢ : YRC — Y®FE and ¢o : Y ®D — Y ® F fulfill the respective equivalence
diagrams.

Explicitly for k, f and ¢y, this gives us:

/ ‘
A Q1

1k v
Y ®FE.

Now, we turn out attention to showing that k ~ h = II, ™Y f/ U II,("V¢”. Consider

C’EBD) (9.7)
I, (- D f7 HW
Y®E.

As X is an inverse category, we know there is a map ¢ that makes this diagram commute,
namely t = (I, £/ LI 11, 1)g”) k. However, we must show this is in Y&.

Next, recalling Definition 7.2.6 consider

Yoo— veCeD) <22 _ygD
» qu -
v
Y ®E.

The map q; A ¢o exists iff ¢ L ¢. But, the map ¢t from above does make the diagram
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commute. This can be shown by

(1)

(1@ )ALV UL Vg Vk

=(1leo)(ILVf1lelL) UL V(1 ©11))
= (1)1, OV Ul @ M,0D)g Ik
= (1o 1)V U1 ®0)g" V,)k
= [V k
=q1
and similarly for ¢o. Therefore, ¢; L ¢s.
This means we may form the map ¢ Age : Y ® (C @ D) — Y ® E. But then the map

(q1 A q2) makes Diagram (9.7) commute. At the same time, ¢, ¢ € Y&, which gives

=(1e)(ga %)@-

Similarly, ¢ = (1&115)(q1 A qg)é giving us q; A g € Y& by the uniqueness of the A operation.
Therefore ¢; A go provides an equivalence between & and II; ™Y f/ L I,V ¢”. meaning the

coproduct is unique. O

Corollary 9.3.4. When X s a distributive inverse category, X is a distributive restriction

category.

Proof. As X has restriction products by Lemma 5.1.11, restriction coproducts by Theo-
rem 9.3.3 and the equations for distributivity follow directly from the distributivity of the

base tensors, we see X is a distributive restriction category. ]

162



Chapter 10

Commutative Frobenius algebras and inverse categories

10.1  The category of Commutative Frobenius Algebras

Dagger categories generalize the category of Hilbert spaces which is often used to model
quantum computation. These were introduced in [3] as strongly compact closed categories,
an additional structure on compact closed categories.

Before introducing dagger categories, we define compact closed categories.

Definition 10.1.1. A compact closed category D is a symmetric monoidal category with
tensor ® where each object A has a dual A*. Additionally, there must exist families of maps

na: 1 — A*® A (the unit) and €4 : A® A* — I (the counit) such that

A—" AT — A0 (A" ©A) and A" —2 > T A* 22 (A7 @ A) @ A*

H laA,A*,A

A ]@AW(A@A*)@@A A*

1
laA*,A,A*

A*®]WA*®(A®A*)

—1
A*

—1

UA u

commute.

Given a map f : A — B in a compact closed category, define the map f*: B* — A* as

upx*

B To B —™M% A+ o Aw B

f*l j1®f®1

€B

—1
A*

u

10.1.1 Dagger categories

Although dagger categories were introduced in the context of compact closed categories, the

concept of a dagger is definable independently. This was first done in [64].
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Definition 10.1.2. A dagger on a category D is a functor { : D — D, which is involutive,
that is, fTT = f and which is the identity on objects. A dagger category is a category that

has a dagger.

Typically, the dagger is written as a superscript on the morphism. So, if f : A — B is
amap in D, then fT: B — Ais a map in D and is called the adjoint of f. A map where

1 = ftis called unitary. A map f: A — Awith f = f1is called self-adjoint or Hermitian.

Definition 10.1.3. A dagger symmetric monoidal category is a symmetric monoidal cate-

gory D with a dagger operator such that:

(i) Forallmaps f: A— Band g: C = D, (fog) = flog : BoD - AxC;

(ii) The monoid structure isomorphisms aspc : (A® B)®@ C — A® (B ® C),

uy T A— A uy: AR — Aand cap: A® B — B® A are unitary.

Definition 10.1.4. A dagger compact closed category D is a dagger symmetric monoidal
category that is compact closed where the diagram

6’(
I 2o A® A

CA, A%

A*® A

commutes for all objects A in D.

Lemma 10.1.5. If D is a dagger category with biproducts H, with injections iny,ins and

projections py, p2, then the following are equivalent:
(i) pit =in;i=1,2,
(i) (fBg)' = f1B g and AT =V,
(iii) {f,9)' = [f1,g7),
(iv) The map [pit, pot] : ATB BY — (AB B)' is the identity map.
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Proof. (i) = (ii) To show AT = V, draw the product cone for A,

id LA id
A<TAEEIAP2—>A

and apply the dagger functor to it. As p;T = in;, and 1 is identity on objects,
this is now a coproduct diagram and therefore Af = V.

For (fBg)' = fi B gf, start with the diagram defining f B g as a product of
the arrows:

A< ABBE2—-4

)
C=— CHD—;—D.
Then, apply the dagger functor to this diagram. This is now the diagram

defining the coproduct of maps and therefore (f B g)" = fTH g'.
(ii) = (iii) The calculation showing this is
9" =Vi(f'Bgh)
= Al (184
= Al (f8g)
= ((fBg)A)
= (f.9)"
(iii) = (iv) Under the assumption,
17, po"] = (p1,po)! = id = id.
(iv) = (i) As [ing,ing] : ATB BT — ATH BT = id = [p:T, p,'], we immediately have
piT = in; and py! = in.
[

Definition 10.1.6. A biproduct dagger compact closed category is a dagger compact closed

category with biproducts where the conditions of Lemma 10.1.5 hold.
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10.1.2  Examples of dagger categories

Example 10.1.7 (FDHILB). The category of finite dimensional Hilbert spaces is the mo-
tivating example for the creation of the dagger and is, in fact, a biproduct dagger compact
closed category. The biproduct is the direct sum of Hilbert spaces and the tensor for compact
closure is the standard tensor of Hilbert spaces. The dual H* of a space H is the space of all
continuous linear functions from H to the base field. The dagger is defined via the adjoint

as being the unique map f': B — A such that (fa|b) = (a|f1b) for all a € A,b € B.

Example 10.1.8 (REL). The category REL of sets and relations has the tensor S®T :=SxT
and the biproduct SH T :=S W T. This is compact closed under A*:= A and the dagger
is the relational converse. That is, if the relation R = {(s,t)|s € S,t € T} : § — T, then

R' = R* = {(t,s)|(s,t) € R}.

Example 10.1.9 (Inverse categories). An inverse category X is also a dagger category when
the dagger is defined as the partial inverse. The unitary maps are the total maps. When the
inverse category X is also a symmetric monoidal category where the monoid ® is actually a
restriction bi-functor, then X is a dagger symmetric monoidal category.

Requirement (i) of Definition 10.1.3 is fulfilled, as

(fe(feg) ™V =Fog=Ffeg=rff"Yeg V=g Vg

and since the partial inverse of f ® g is unique, (f ® ¢)" = f&Y ® ¢, Requirement (ii)
is that the structure isomorphisms are unitary. This is, of course, true as each of them are

isomorphisms, hence total and therefore unitary.

10.1.3  Frobenius Algebras

Frobenius algebras were originally defined as a finite dimensional algebra over a field together

with a non-degenerate pairing operation. Here we present the general categorical definition:
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Definition 10.1.10. Given a symmetric monoidal category D, a Frobenius algebra is an
object X of D and four maps, V: X ® X - X, n: I —- X, A: X - X ® X and
€ : X — I, with the conditions that (X, V,n) forms a commutative monoid, (X, A, ¢) forms
a commutative comonoid and the diagrams

1® T(l)

XX XXX X®X X®[
X 1®17
A®1 X ]®X X
K
XXX X®X

10V
all commute. The Frobenius algebra is special when AV = 1x and commutative when

Acx x = A. Note that special is sometimes referred to as separable.

Definition 10.1.11. A Frobenius algebra in a dagger symmetric monoidal category where

A =V'and e = ' is a t-Frobenius algebra.

For an example of a t-Frobenius algebra, consider a finite dimensional Hilbert space H
with an orthonormal basis {|¢;)} and define A : H — H ® H : |¢;) — |¢;) ® |¢;) and
e : H— C: |¢) — 1. Then (H,V = Al,n = €,A ¢) forms a commutative special
T-Frobenius algebra.

In [27], Coecke, Pavlovié¢ and Vicary give a correspondence between Frobenius algebras
and orthogonal bases in finite dimensional Hilbert spaces. An orthonormal basis for such a
space determines, as above, a special commutative -Frobenius algebra. To show the other
direction, given a commutative {-Frobenius algebra, (H, V,n), for each element o € H define
the right action of o as R, := (id ® a) V : H — H. Note the use of the fact that elements
a € H can be considered as linear maps o : C — H : 1 — |a). The dagger of a right action
is also a right action, R,! = R, where o/ = 'V (id ® a'), which is a consequence of the

Frobenius identities.
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The ()" construction is actually an involution:

(@) =nV(id® ")
— uV(id® (nV(id ® o)
= uV(id ® ((id ® a)Ae))
= (u® a)(V ®id)(id ® A)(id ® €)
= (u® a)(id ® A)(V @ id)(id @ )
= (u®a)(id® )

= .
Lemma 10.1.12. Any t-Frobenius algebra in FDHILB is a C*-algebra.

Proof. The endomorphism monoid of FDHILB (H,H) is a C*-algebra. From the proceeding,
we have

H = FoHILB(C, H) = Rppuus(c,n) € FDHILB(H, H).

This inherits the algebra structure from FDHILB (H,H). Furthermore, since any finite di-
mensional involution-closed sub-algebra of a C*-algebra is also a C*-algebra, this shows the

T-Frobenius algebra is a C*-algebra. O]

Using the fact that the involution preserving homomorphisms from a finite dimensional
commutative C*-algebra to C form a basis for the dual of the underlying vector space, write
these homomorphisms as ¢; : H — C. Then their adjoints, ¢; : C — H will form a basis
for the space H. These are the copyable elements in H.

This, together with continued applications of the Frobenius rules and linear algebra allow

Coecke, Pavlovi¢ and Vicary to prove the following Theorem.

Theorem 10.1.13 (Coecke, Pavolvié¢, Vicary). Every commutative t-Frobenius algebra in

FDHILB determines an orthogonal basis consisting of its copyable elements. Conversely,
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every orthogonal basis {|¢;)}; determines a commutative t-Frobenius algebra via
A:H— H®H:|¢) — |¢i) @ |di) e:H—C:lp))—~1
and these constructions are inverse to each other.

An interesting aspect of Theorem 10.1.13 is that it uses only algebraic structures to
determine a basis as the “copyable elements”. In a quantum computation, the choice of

basis determines the copyable elements.

Remark 10.1.14. Vicary, in [67], further explores {-Frobenius algebras to define invo-
lution monoids on f-monoidal categories with duals. This led to an alternate proof of
Lemma 10.1.12 based on monoids. From this, Vicary shows that the category of commu-
tative t-monoids in FDHILB, with monoid morphisms as maps, is equivalent to FINSETS?
— the dual of the category of finite sets. Of course, this is another way to move to the
classical world from the quantum world. Vicary goes on in [50] to define a finite quantum
Boolean topos and finite Boolean topos and show that the category of classical structures
in a finite quantum Boolean topos is equivalent to a finite Boolean topos and in fact, every

finite Boolean topos arises in this way.

10.1.4 CFRroB(X) is an inverse category
Example 10.1.15 (Commutative separable Frobenius algebras [43]). Let X be a symmetric

monoidal category and form CFROB(X) as follows:

Objects: Commutative separable Frobenius algebras: These are quintuples (A, V,n, A, €)
where A is an object of X with the following maps: V: AQA — A,n: 1 - A A A— ARA,

€ : A — I which are natural maps in X, with (A, V,7n) a monoid and (A, A, ¢) a comonoid.
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Additionally, these satisfy

A A 2ol A®(A® A)
\
1®A A 1V
\
(A®A)® A—— A® A
Frobenius

together with the additional property that AV = 1 (separable).

Maps: The maps of X between the objects of X which preserve multiplication (V) and
comultiplication (A) but do not necessarily preserve the units. This means a map f must

satisfy the following commuting diagrams:

A / B and A® A el B®B
Al LA vj lv
AR A 57 B®B A 7 B.

Lemma 10.1.16. When X is a symmetric monoidal category, CFROB(X) is an inverse

category.

Proof. We need to show that CFROB(X) has restrictions and that each map has a partial
inverse. We do this by exhibiting the partial inverse of a map. For f: X — Y, define f(-1
as

V2 y o x 2 yvexeoX 2% vevye x Yy e x &L X,

As a string diagram, this looks like:
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In the following proofs, we also use the following two identities from [43]:

(1en)V =1, (10.1)

A(l®e) =1, (10.2)

Diagrammatically, this is:

Note that when combined with the Frobenius identities, this allows transforms of the follow-

Y TR

First, we must show that f(~! is a map in the category, i.e., that A(fCY @ f(-1)) =

ing types:

fEYA and (Y @ DV = VD, We show this for A using string diagrams, starting

from A(fY @ f=1). The proof for the preservation of V proceeds in a similar manner.

Thus, fY is a map in the category whenever f is.
If fY is truly a partial inverse, we may then define f = ff-1). Using Theorem 2.20

from [21], we need only show:

(FN T = (10.3)
frVf=rf (10.4)
g = gtV F D, (10.5)
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Proof of Equation (10.3):

O
AN
e
AN
- — = f
N
Y4
Proof of Equation (10.4): ffVf =
@) O
ANV
AN
Proof of Equation (10.5): ff(=Ygg(-1 =
VAN
VAN VAN /\

where the last step is accomplished by reversing all the previous diagrammatic steps. Hence,

CFroOB(X) is an inverse category. O

Theorem 10.1.17. When X is a symmetric monoidal category, CFROB(X) is a discrete

tmverse cateqory.
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Proof. Lemma 10.1.16 shows CFROB(X) is an inverse category. We need to show the con-
ditions of Definition 4.3.1 are met.

First, we see that the tensor of X is a tensor in CFROB(X). A ® B is an object in
CFROB(X) with Auep = (A4 R AB)(1Rcy®1), Vags = (1 ®cg ®1)(Va® VEB), Nags =
Ar(na®np), and eagp = (€4 @ €5) V7.

The map A: A - A® A is a map in CFROB(X). To show it preserves A, we need to
show AsAaga = Aa(As ® Ay):

s i (B e

Note that in the last step, we simply reverse the various associativity steps used previously.
To show that A preserves the V, we must show that (Ag® Ax)Vaga = V4A4. Starting

with (AA X AA)VA®A =

@@? A - XmA.

Note that the proof uses the “special” property in a non-trivial way.

Thus, we have a A in CFROB(X). As V = AV the Frobenius requirement for the
inverse product is immediately fulfilled. Commutativity, cocommutativity, associativity,
coassociativity and the exchange rule all follow from the properties of the commutative

Frobenius algebras and therefore CFROB(X) is a discrete inverse category. O]

Note that the category CFROB(X) possesses additional structure over that of a general
discrete inverse category, specifically, the existence of unit maps 7 : I — Aande: A — [
for each object A.

We may also consider CFROB(X) as a bicategory [47], with the following data:
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(i) Objects of the bicategory are the objects of CFROB(X), that is, the objects of

the underlying symmetric monoidal category X.

(ii) The hom-sets CFROB(X)(A, B) are each categories, with the objects being
the maps between A and B (elements of the hom-set) and the maps being the

partial ordering given by the restriction as shown in Lemma 3.2.2.

(iii) The composition functor is based upon the composition in X. By Lemma 3.2.2
we have that f < g, h < k gives fh < gk. The identity functor I, : 1 —

CFRrOB(X)(A, A) maps to the identity map in each hom-set.

(iv) The associativity and identity transforms are identities, i.e. f(gh) = (fg)h

and fI4 = f = I4f, hence this is a 2-category.

With this data, we see that the Frobenius structure of (A, V, 7, A, €) ensure that CFROB(X)
is actually a Cartesian bicategory as defined in Carboni and Walters [12]. Moreover, as we
have VA = (A®1)(1®V), this satisfies the further condition that each object is discrete and
therefore is considered a “bicategory of relations” as defined in [12], Definition 2.1. Carboni
and Walters describe a number of consequences resulting when the base bicategory is locally
posetal.

Frobenius algebras are not the only structure of interest when considering symmetric
monoidal categories. Coecke, Paquette and Pavlovi¢ In [26], model quantum and classical
computations in a f-symmetric monoidal category ID. Their basic definitions for include a
compact structure, a quantum structure and a classical structure, that latter of which is a

special Frobenius algebra:

Definition 10.1.18. A compact structure on an object A in the category D is given by the

object A, an object A* called its dual and the mapsn: I — A*® A, e : A® A* — I such

174



that the diagrams

and A ARA*® A

yoa \ \

A QARA ———

commute.

Definition 10.1.19. A quantum structure is an object A and map n: I - A® A such that

(A, A, n,n") form a compact structure.
Note that A is self-dual in definition 10.1.19.

Definition 10.1.20. A classical structure in D is an object X together with two maps,

A:X - X®X,e: X — I such that (X, A, el A, ¢) forms a special Frobenius algebra.

Coecke, Paquette and Pavlovi¢ then examine two categories based on these structures:

The category D,, the category whose objects are quantum structures in D, with

Dy((A;na), (B,n5)) :==D(A, B)

and D, the category whose maps are classical structures in D, with
]Dq((X, Ax, EX), (YV, Ay, Ey)) = D(A, B)

The creation of these categories and the use of the classical structure motivated the exami-

nation of CFROB(X) in this section.

Remark 10.1.21. For an alternate way of using inverse categories to describe quantum
computation, refer to Example 4.1.12 and Hines and Braunstein’s paper “The structure of
partial isometries” [36]. This paper discusses how the category of partial isometries (an
inverse category) may be considered a reasonable interpretation of von Neumann-Birkhoff
quantum logic [8]. At the same time, they show this model in inconsistent with that of [3]

in that one can not model teleportation and in fact, is not even compact closed.
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10.2 Disjointness in CFROB(X)

An important example of a disjointness system arises naturally from Frobenius Algebras.
Recall that we defined a zero map in Section 6.1 whenever there was a zero object. This

may also be defined directly:

Definition 10.2.1. A family of maps in a symmetric monoidal category with monoid ® is

called a zero map, written as 0 whenever:

e For all f. g, fOg = 0;

e Forall f, f®0=0and 0® f =0.

Lemma 10.2.2. [f X is a symmetric monoidal category with a zero map, then CFROB(X)

has a zero map.

Proof. As A0 = 0 = 0A and 0V = 0 = V0, the zero maps are in CFrROB(X). Since
composition is inherited from X, the first item of Definition 10.2.1 is satisfied. Finally,
since the tensor in X is the tensor in CFROB(X), the second item is also satisfied. Hence,

CFroOB(X) has zero maps. O

Lemma 10.2.3. As shown in Lemma 10.1.16, CFROB(X) is a discrete inverse category.

Suppose X has zero maps. Then for f,g: A — B, define f 1L g when

Then, the relation 1 is a disjointness relation.

Proof. We must show the seven axioms of the disjointness relation hold. We will show [Dis.6]

early on as its result will be used to establish some of the other axioms.
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[Dis.1]: Forall f: A— B, f L0.

<

[Dis.6]: f L g implies f 1 g and fLag.
We will show the details of f L g, using f = ffY and the definition of (=1 as given in

Theorem 10.1.17. The proof of (1) f :)f L g(= g Vyg) is similar.

[Dis.2]: f L g implies fg = 0.
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In this proof, we use the result of [Dis.6], i.e., that f L 7.

IR

= = 0.
i

=0
0]

[Dis.4]: f L g implies g L f.

This follows directly from the cocommutativity of A.
[Dis.5]: f L g implies hf L hg.

This follows directly from the naturality of A.

[Dis.7): f L g, h Lk implies fh L gk.

Note that Lemma 10.2.3 uses the meet of CFROB(X) as defined in Proposition 4.3.6.
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10.3 Disjoint joins in CFROB(X)

In the previous sections, we have shown that CFROB(X) is a discrete inverse category, with
a disjointness relation whenever X is a symmetric monoidal category with zero maps.

We now show that if X has biproducts and is an additive tensor category, i.e., a symmetric
monoidal category where the hom-sets are enriched in additive monoids, then CFROB(X)
will have a disjoint join. Moreover, in the following section, we shall show it possesses a

disjoint sum. First, we explicitly define additive tensor category:

Definition 10.3.1. Suppose X is a symmetric monoidal category with zero maps and the

hom-sets are enriched in additive monoids. It is an additive tensor category when:

e h(f+g)k=hfk+hgkforallh:A— B, f,g: B— Cand k:C — D;

o (f+tg9g)k=fRk+gxkforall flg:A— Bandk:C — D.

We begin by showing that given an additive tensor category, we may form an equivalent

category which has biproducts.

Lemma 10.3.2. Suppose X is an additive symmetric monoidal category. If we have the

diagram
o1 o9
A—X~<~—2RB
~—0_ ~—_F
T T
with
o1m = 14, o09m = 1p, o1my = 0 = 097y

and w01 + mo9 = 1, then X s a biproduct of A and B.

Corollary 10.3.3. If F' : X — Y is an additively enriched functor, then F' preserves all

biproducts.
Corollary 10.3.4. The functor A® _: X — X preserves biproducts.

Thus, if X is additively enriched, we may add biproducts by moving to the matrix category
of X, defined as:
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Objects: Lists of the objects [A4;] of X;

Maps: Matrices of maps in X, [f; ;] : [4i] = [B;];

Identity: The diagonal matrix I (f;; = 14, and f;; = 0,7 # j);
Composition: Matrix multiplication.

Now, let us consider CFROB(X) where X is an additive tensor category with biproducts.

We know from Lemma 10.2.3 that

We will now show that the biproduct is the disjoint join of any two disjoint maps. To do
so, we must show the biproduct of two disjoint maps is in the category CFROB(X). We first

give a lemma about the biproduct of disjoint maps.

Lemma 10.3.5. Given X is an additive tensor category, when f,g are maps in CFROB(X)

with f L g, then A(f ® g) =0 and (f ® g)V = 0.

Proof. From Lemma 4.3.5 (ii) we have that eA(f ® g) = Alef ® g) and (f ® g)AYe =

(f ® ge)AD for e a restriction idempotent. Thus, we have
Alfog)=fA(fog) =Af® fg) =Af®0)=A0=0,

where fg = 0 follows from the disjointness of f,g by [Dis.2] and the remaining equalities

are due to X being an additive tensor category. Dually, as V = AY | we have

(fogV=(fogVfi=(®g¢/)lV=(f20)V=0V=0.
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Lemma 10.3.6. Given X is an additive tensor category with biproducts, when f, g are maps

in CFROB(X) with f L g, then f+ g is a map in CFROB(X).

Proof. We must show (f+¢)A = A((f+g9)®(f+g)) and V(f+g) = (f+9)®(f+g))V. As
this is an additive tensor category and both f, g are in CFROB(X) and using Lemma 10.3.5,

we have

A((f+g)@(f+9)=Af@f+fRg+g@f+g®g) =
A(f@f)+A(f®@g) +AGR f)+A(gRg) =

A(f@f)+A(g®Rg) = fA+gA = (f+g)A.

Hence, the biproduct of f, g preserves A. Similarly, f + g preserves V:

(f+g9@(f+a) V= f+fog+gaf+gog)V =
[RHAV+(fegV+(gefIV+(geg)V =

(fRHV+(geg)V=Vf+Vg=V(f+g).
O

Proposition 10.3.7. Given X is an additive tensor category with biproduct &, and f L g,

then fUg:=f+ g is a disjoint join.

Proof. We need to show the four axioms of disjoint join from Definition 6.3.1.
DJ.1]: f<fUgand g < fUg. As f+ g =g+ f, we need only show the first part
of the axiom. As f L g, we know fg = 0 by the definition of disjointness and therefore we

have:
f(f+9)=Fff+fg=f+0=Ff
and thus f < fU g and [DJ.1] is true.
[DJ.2]: f<h, g<hand f L gimplies f g < h. We calculate
[Hgh=(+9h=fh+gh=f+g
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giving us the required inequality and [DJ.1] is true.

[DJ.3]: Disjoint join is stable, i.e., h(f U g) = hf Uhg. This is immediate as h(f + g) =
hf + hg.

[DJ.4]: L {f,g,h} < f L (gUh). Consider the <= direction first. We immediately
have g 1 h as we are able to form the disjoint join. By [DJ.1], we have both ¢ < g L h and
h < g U h and therefore by [Dis.3], f L g and f L h. Thus the <= direction is true.

For the = direction, we compute

This gives us both directions and all of the axioms have been shown to be true, hence, the

addition of maps is a disjoint join. O

10.4 Disjoint sums in CFrROB(X)

Now that we have shown we have a disjoint join, our last remaining task is to show that
the biproduct in X provides a disjoint sum. For the remainder of this section, we define the

following objects and maps:
A® B:=A+ B (the biproduct of A and B),
carpi=[ea,epl : A+ B — 1,
NA+B ::<77A7773> = A+ Ba
Aprp:=(Aqiy +Apis) : A+ B> AR A+ AR B+ B® A+ B® B,
Varp:=(mVas+mVp): (AA+A®B)+(B®A+B®B) - A+ B.
Note that we have AQ A+ AQ B+ BQRA+B® B = (A+ B)® (A+ B) via the isomorphism
b - <Zl (%9 'é1|i1 & i2|7:2 (%9 i1|’i2 & ZQ)
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Lemma 10.4.1. Given X is an additive tensor category with biproduct +, then the injection

maps 11,1z and projection maps my, Ty of the biproduct are maps in CFROB(X).

Proof. We must show each of the injections and projections preserve A and V.

Consider
A u A+ B
A Aayp(=Aai1+ARi2)
AR A o (A+B)®(A+ B)
\ b

ARA+A®B - ARA+A®B+B® A+ B®B.
The outer arrows commute as i1(f + g) = fi;. The bottom half commutes due to the
isomorphism hence the top rectangle commutes and i; preserves A. Similarly, iy preserves
A. By dualizing the diagram, we also have 7, w5 preserve V.

Next, we show the projections preserve V,

A+B - A
A Ay
(A+ B)® (A+ B) mem A® A

1
b71

ARA+A®B+B®A+B®B i ARA+A®B

which, by the same argument as above, shows that A is preserved by 7 and similarly by 7.

Once again, dualizing this diagram gives us that V is preserved by i; and is. O

Lemma 10.4.2. Suppose A and B are Frobenius algebras in CFROB(X) where X, an additive

tensor category, has the biproduct +. Then A @ B is a Frobenius algebra and is therefore in

CFroB(X).

Proof. To show A @ B is a Frobenius algebra and therefore in CFROB(X), we must show it

is separable, the unit laws hold and the Frobenius condition hold for A & B.
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For the requirement that it is separable:
AA+BVA+B = (AAil + ABig)(mVA + TQVB)
= (AAilﬂ'lVA + ABiQWQVB>
= (AaVa+ ApVp)
= (la+1p) = lays.

To show the comultiplication unit law,

A

A AR A
ill “@Z\

A+B—=—(A+B)@(A+B)~———A® A
1®e Ll@e
(A+B)®1 P AT

'lLl tul
® ®

A+B A

The outer path shows the unit law for the Frobenius algebra A and is what happens to the
A component in the inner path. There is a similar diagram where the outer path A’s are
replaced with a B and the i; with i5. As these outer paths commute, they show that the
inner path commutes as each component of it commutes.

For the Frobenius law, as we are in a commutative world, we need only show VA =
1o A)(Vel):

1RA

AR A ARA®A
lu@il 11®i1®i1 \
11 ®i1 1A
A® A—— (A+B)2(A+B) (ATB)R(A+B)(A+B) < ARAR A
v
A 4 A+B vel Vel

ArB)e@ArB) <9 Ao A

A

A® A.
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By the same reasoning as the previous two arguments, the diagram commutes and A + B is

a Frobenius algebra. O

Now that we have that A @ B is in CFROB(X) when, A, B are in CFROB(X), we can

show that the biproduct projections and injections are maps in CFrROB(X).

Proposition 10.4.3. Suppose A and B are Frobenius algebras in CFROB(X) where X, an
additive tensor category, has the biproduct +. Then A& B as defined in Lemma 10.5.6 is a

disjoint sum in CFROB(X).

Proof. Next, we must give maps iy, iz, x1, 22 in CFROB(X) that satisfy the disjoint sum

diagram,
i1 12
A\_/A+B\_/B (10.6)
1 T2
where

(i) 41 and is are monic,
(ii) 4,Y = ;Y and i,V = 3,7V and
(i) 41 V4y LYy and i3 TViy Uiy TYiy = 1.
By Lemma 10.4.1, setting 41, 35 to be the injections of the biproduct and i; (Y, 5™ to be
the projections will immediately give us Diagram (10.6), as all those maps are in CFROB(X).
For the three conditions, as i; and ¢y are total maps, they are monic in the inverse
category. We know from above that ¢;m; = 1 and therefore ij(_l) = 7. Additionally we

know that w41 + meis = 1, but as + is the disjoint join, this shows the third condition is

true and A @ B is a disjoint sum. m
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Chapter 11

Turing categories and PCAs

In this chapter, we review the definition and properties of a Turing category and partial com-
binatory algebras [18,20]. Because of the theorems of the earlier chapters, we will be able to
transfer these ideas in a straightforward way from discrete Cartesian restriction categories
to discrete inverse categories. Inverse Turing categories are defined below and correspond to
Turing categories using Theorem 11.2.3: This provides the link between reversible compu-
tation and standard models of computation as promised in the introduction.

As noted in the introduction, Bennett [6] showed how a reversible Turing machine can
emulate a standard Turing machine. As Turing machines can perform the applications of
a partial combinatory algebra, we have a link between inverse Turing categories through

Turing categories to reversible Turing machines.

11.1 Turing categories

Turing categories provide a categorical formulation for computability and includes partial

combinatory algebras, the partial lambda calculus, and various other models as given in [18].
Definition 11.1.1 (Turing category). Given X is a Cartesian restriction category:

(i) Foramap 7xy : Ax X — Y,amap f: Bx X — Y admits a 7xy-index

when there is a total f ' : B — A such that

TX,Y

Ax X Y
A

BxX

commutes.
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(ii) Amap 7xy : Ax X — Y is called a universal application if all f: Bx X —Y

admit a 7x y-index.

(iii) If A is an object in X such that for every pair of objects X, Y in X there is a

universal application 7 : A x X — Y, then A is called a Turing object.

(iv) A Cartesian restriction category that contains a Turing object is called a Tur-

mg cateqory.

Note there is no requirement in the definition for the map 'f ' to be unique. When f ' is
unique for a specific 7x y, then that 7x y is called extensional. In the case where the object
B is the terminal object, then the map f " is a point of A (with f = (f' x 1)7xy) and f ' is

referred to as a code of f.

Example 11.1.2. This example is due to Cockett and Hofstra [18].

We start with a “suitable” enumeration of partial recursive functions f : N — N. Based
on the fact that functions such as these can be described by Turing machines, and that
Turing machines may be enumerated as {¢o, ¢1, ...}, each of these functions can be coded
into a single number. This may be extended to partial recursive functions of n variables
which may similarly be enumerated, {gb(()n), §”), ...}. When f is given by ¢, we say e is a

code for f.

Two facts we will need about the family ¢,(J$):

e Universal Functions: There are partial recursive functions such that for

each n > 0,
M (e, ..., xp) = el ..., T
which are called the universal functions.

e Parameter Theorem:There are primitive recursive functions S, for each

n,m > 0 such that:
(I)(n+m)(€,l‘1, e T, U, - 7un) — @(m)(sg;(e,xl, e ,xm)7u17 .o 7un>.
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Suppose we choose such an enumeration and use it for the Kleene-application on the

natural numbers, i.e., N x N 2 N will be defined as

nex = ¢,(x).

Now, consider the category with objects being the finite powers of N and a map N*¥ — N™
is an m-tuple of partial recursive function of k variables. When k£ is zero, the map simply
picks a specific m-tuple of N. We denote this category by COMP(N). Then, ComMpP(N) is a
Turing category with N being a Turing object, using Kleene-application as the application
map. We know N is isomorphic to N x N and hence we have N x N <« N. Application
is guaranteed to be partial recursive by the universal functions item above and the weak

universal property of e is a result of the Parameter Theorem.
Definition 11.1.3. Given T is a Turing category and A is an object of T,

i) Y ={rxy : Ax X = Y|X,Y € T,}, then T is called an applicative family
for A.

(ii) An applicative family T is called universal for A when each 7x y is a universal

application. This is also referred to as a Turing structure on A.

(iii) A pair (A, Y) where T is universal for A is called a Turing structure on T.

Lemma 11.1.4. If T is a Turing category with Turing object T, then every object B in T

is a retract of T

Proof. As T is a Turing object, we have a diagram for 7 g and my : B x 1 — B:

T1,B

Tx1 B
A

o x 11 /
B x 1.
Note we also have u, : B — B x 1 is an isomorphism and therefore we have 1z = u,my =

(u,(my x 1))71,5. Hence, we have B dle‘(Eﬂaxl) T. O
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This allows for various recognition criteria for Turing categories.

Theorem 11.1.5. A Cartesian restriction category D is a Turing category if and only if
D has an object T for which every other object of D is a retract and T has a universal

self-application map e, written as T x T — T.

Proof. The “only if” portion follows immediately from setting T" to be the Turing object of
D and & = 777.

For the “if” direction, we need to construct the family of universal applications 7xy :
T x X — Y for each pair of objects X,V in D.

Let us choose pairs of maps that witness the retractions of X,Y of T', that is:
Xax. T and Yy T.

Define 7xy = (17 X mx) @ ry. Suppose we are given f : B x X — Y. Consider

lrxXmx . TY

Tx X—=—TxT T Y
A
hx1x h><1T§ fmy /
Bx X" g p X pox

where h is the index for the composite map (1g x rx)fmy. The middle square commutes
as e is a universal application for T',T". The right triangle commutes as myry = 1. The left
square commutes as each composite is h X my. Noting that the bottom path from B x X
to Y is (1g x mx)(1g X rx)f = f and the top path from 7" x X to Y is our definition of

Tx,y, this means f admits the 7x y-index h. O

Note that different splittings (choices of (m,r) pairs) would lead to different 7xy maps.
In fact there is no requirement that this is the only way to create a universal applicative
family for 7.

There is another criteria that also gives a Turing category:

Lemma 11.1.6. A Cartesian restriction category T is a Turing category if:
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(i) T has an object T for which every other object of T is a retract;

(i) T x T has a map T x T —= T and for all f : T — T there exists an element,

fo : 1 = T (which is total) such that

18 a commutative diagram.

Proof. We need only show that 7" has a universal self-application map and then use Theo-
rem 11.1.5.
T having a universal self-application map, e, means for every map f : B X T' — T there

is a map, ' : B — T such that

TxT——T
FJNXIT /
BxT
commutes.
Let T'x T« T. Then, consider
TxT—" e P Tx T2 T T ° T
7 A
rf)e,l
T x 7; x T e emom) §<( Fle:1) ’
(@Pemom)
TxT T T xT.

The rightmost quadrilateral commutes by assumption of this lemma. The middle quadrilat-

eral commutes due to the properties of the product map and 7wy and m;. The top left triangle

commutes as mr = 1 and the remaining triangle has the same map on both dotted lines.
Thus, we may conclude that e:=(r x 1)(1 x m)o and f :=(!(rf)., 1)m satisfy the re-

quirements of Theorem 11.1.5 and therefore T" is a Turing object in a Turing category. [
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11.2  Inverse Turing categories

Now, we define inverse Turing categories. The idea is that an inverse Turing category should
be a discrete inverse category X such that X is a Turing category. A concrete description of

this is developed below.

Definition 11.2.1. A discrete inverse category X is an inverse Turing category when there is
a universal object T' (i.e., every B € X, is aretract of T') in X with amap ¢ : TQT — T®T
such that for every map f : T — T ® T there is a total map f : I — T and a map

h
hy: T®T —T®T with hy € TS such that f < ué@(fl)(rf1 ® 1), i.e., the diagram

T&T (11.1)

-

7T

e 7
‘hy

T §
N

TeT

commutes.
First, we observe:

Lemma 11.2.2. When T is a discrete Turing category then INV(T) is an inverse Turing

category.

Proof. By Lemma 4.3.7, we know that INV(T) is a discrete inverse category. Thus, all that
remains is to show:
(i) Thereisamap o:T®T - T ®T in INV(T);

(i) for a map f in IN'V(T), there is another map f ' which makes Diagram (11.1)

commute.
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As we are in a Turing category, we know that we have the diagram

T x
<!f'71>T

T

T

N\

in T. The map (!f,, 1) is invertible by 3.10.7 as we are in a discrete Cartesian restriction
category.

Expressing this in INV(T), for some h; € T we have:

TQT®C (11.2)
T®RT
ul®<71)(f.®1) :
T "
\
\
T®D.

Recall from Lemma 4.4.3 that T& is closed under composition and that 1 ® f € TS for
any f. In particular, for f : T — T ® D in INV(T), as D <«T, we have f is in the same

equivalence class as f(1 ® mp). We see this as f = f(1®@mp), 1 ® mp € TS and the

diagram
T® D
o
T 1®mD
1®m V
f(1®mp) T&T

obviously commutes.
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We use this and the fact that we have both T®C<T and D<T, to add to Diagram (11.2):

TeT

1®@mrec :
/ \;/1®T’T®C

TOTRC—=ToT®C

0/7

. T®T
up "V (f(1@mp))e®1 ; ;
T/y & k
Y Y

T®D T®D

i

T®T.

But this is the required diagram for an inverse Turing category with hy = (1 ® rrec)h(1®
mp), and with 'f ' = (f(1 ® mp))e and with ¢ = o(1 ® mpgc). Therefore INV(T) is an
inverse Turing category. O

We know that applying the Cartesian Completion to X, an inverse Turing category, results
in X, a discrete Cartesian restriction category. Moreover, if A</ T in X, then AQZ?;% :; T
in X and hence 7' will remain universal in X. Hence, we have the basic requirements for
a Turing category as specified in Theorem 11.1.5 and Lemma 11.1.6. All that remains to

be shown is that we have a self-application map and a code for each map f : 1 — T as in

Lemma 11.1.6.
Theorem 11.2.3. When X is an inverse Turing category, XisaT uring category.

Proof. From the discussion, we need to specify the self-application map o : T'x T — T and
fo:lo>TinX
The diagram of Definition 11.2.1, when raised to X translates to:

(o,T)

TxT—=T
%
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But this corresponds exactly to the requirement of Lemma 11.1.6 with o = (¢,7) and
(f,T)e = f . Finally, noting that T is universal in X, if we have (f, B) : T'— T in X, where
B<z T in X, we recall that (f, B) = (f(1 ® mp),T) in X. Therefore, it may be written as

above and we therefore have shown that X is a Turing category. O]

11.3 Partial combinatory algebras

In a Cartesian restriction category, for any operation f : A x A — A define f™ for n > 1

recursively by:

6) f0 =7,

(i) £ = (f x 1)f.
Definition 11.3.1. A Cartesian restriction category has a partial combinatory algebra when
it has an object A together with:

(i) A partial map e: A x A — A,

(ii) two total elements 1 % Aand 13 A which satisfy

Ax Ax A" 4 AxAxAxA—22 A

o] E

Ax A sx1x1x1 Ax A

(Ax A) x (AxA),

AxAx A

04
sx1x1 o2 .
(iii)) AxA—— Ax Ax A— Ais total.
In the above # = (1 x 1 x A)(1 x ¢ x 1)a where a sets the parenthesis as in the diagram.
Of course, this is more familiarly given equationally by:
(box)oy=o  ((sex)oy)ez=(rez)s(ye2)
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These are the equations of a combinatory algebra where partiality is not considered. As we
have partiality, we also add the requirement that s e x e y is a total map for any z,y.

Note that if we have a Turing object T" in a Cartesian restriction category, it is a partial
combinatory algebra. All we need to do is to actually define the element k& and s by using
the commuting diagrams of Definition 11.3.1.

Now, we want to consider what are the conditions required for an inverse category X
such that X has a partial combinatory algebra.

In a discrete inverse category, we define the notation fI™. For any operation f: A@ A —

A ® A define fI™ recursively by:

() fl:A@A— A A= f— .

(ii) fP AR (®,4) @ A - AR (R, A) =

Definition 11.3.2. A discrete inverse category X has an inverse partial combinatory algebra

when there is an object A in X with a map A ® A - A ® A and two total elements:
154 134
and maps hk:A®A®A—>A®A,hS:A®A®A®A—>A®A®A®Ain/l% which

satisfy the following three axioms:

iCPA.1]

ul, "V (ke101)

A® A s



iCPA.2]

ARARA®A

ARARARA

(AR A) ® (AR A)

(-®m

ARARAR®A

ARA®ARA.

ol2]

(iCPA3| I@ A® A28 A9 A9 A5 A® A® A s total.

Proposition 11.3.3. A discrete inverse category X has an inverse partial combinatory al-

gebra if and only zf§§ has a partial combinatory algebra.

Proof. When we have a discrete inverse category X with an inverse partial combinatory
algebra, we see immediately the map @ : A® A - A® A in X becomes the map (e, A) :
A x A — A, satisfying (i) of Definition 11.3.1. The commutative diagrams [iCPA.1] and
[iCPA.2|, when lifted to X, become the diagrams for a partial combinatory algebra as given
in (ii), where (l{:u{@(_l),[) and (sul (_1),[) are the k, s of the partial combinatory algebra.
Finally, the totality requirement, iCPA.3], gives (iii) of the partial combinatory algebra
definition.

Hence, we have shown that an inverse partial combinatory algebra in X gives a partial
combinatory algebra in X.

For the reverse, when we have a partial combinatory algebra over A in 52, a discrete
Cartesian restriction category, by Lemma 3.10.7 we know that the map (e, 1) is invertible
and hence is in X. The two maps (k, 1) and (s, 1) are also invertible and therefore are in X.

Given this, the diagrams of the partial combinatory algebra in X translate directly to the

[iCPA.1] and [iCPA.2| where o in X is the invertible map (e, 1).
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The totality of se® in X then immediately gives us [iCPA.3], the totality of se? in X.

]

However, we can simplify the definition of an inverse partial combinatory algebra when A
is powerful in X. (Here, powerful means that 194, A® A<A, AQ A® A<A, ...). Note that

if A is a partial combinatory algebra in X, that guarantees it is powerful in X. Assuming

Tn
mn

the retractions are A" <» A, we have m;r; = 1 and r;m; = 7;m; for each j. Thus, each of
the maps are partial inverses in X and therefore in X. Thus, A is a powerful object in X.

Note that our definition of “powerful” does not relate to resource usage or a particular
complexity class. An example of a powerful object is the natural numbers with the Cantor
enumeration.

In a discrete inverse category, we redefine the notation f(™. For any map f: A® A —

A ® A where A is a powerful object define f™ recursively by:

() f VA A - AR A=f= ;

(i) fOt) @04 - AR A=

Lemma 11.3.4. Suppose a discrete inverse category X has a inverse partial combinatory
algebra over A and A is a powerful object in X, with @" A< A. Then [iCPA.1|, [iCPA.2|
and [iCPA.3] may be simplified to:
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[iCPA'. 1]

AR A
ARARA §
ul, Y (k101 §
A® A K
1
AQA
® A.
[iCPA'.2]
A® A
o(3)
ARARAR®A
ul®<71)(8®1
ARARA %M
0, |
(AR A) R (AR A)
(o®o)(}®c®l)(1®1®”&)
A A®A |
@@E@)\ é
AR A.

[iCPA'.8 1@ A0 A2 Ao Ae A" Aw A s total.

11.4 Computable functions

Given a partial combinatory algebra, A, in a Cartesian restriction category, one can form

CoMmP(A), the category of computable partial functions generated by A. These are the maps
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with an index:

o(1)

A x (x,A)
rfj><1T 7
(X, A).
We would like ComP(A) to be a discrete Turing category so that INV(CoMP(A)) is an in-

A

verse Turing category by Lemma 11.2.2. Unfortunately, there is no guarantee that Comp(A)

is a discrete Turing category. However, we can define conditions so that it is true:

Definition 11.4.1. Given a discrete object A in a Cartesian restriction category, A has a
discrete partial combinatory algebra when:

(i) A has a partial combinatory algebra,;

(ii) there exists e : 1 — A, a total element, such that

.(2)

AXAXA———A

ex1
T %

Ax A

meaning there is a code for A1),
We immediately have:

Lemma 11.4.2. When A has a discrete partial combinatory algebra, then COMP(A) is a

discrete Cartesian restriction category.

By Lemma 11.2.2; this means that INV(CoMP(A)) is an inverse Turing category. Note
it is still the case that there can be a map of CoMP(A) which is invertible in X (i.e., is in

X), but is not invertible in COMP(A).
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Chapter 12

Conclusions and future work

This thesis has studied inverse categories [21], providing conditions for a tensor to act like a
product — the inverse product — and similarly for a second tensor to behave like a coproduct
— the disjoint sum.

The following are the main results of this thesis.

1. Restriction Products and Coproducts in Inverse Categories

We showed in Proposition 4.2.1 that an inverse category with restriction prod-
ucts is a restriction preorder. Similarly, in Proposition 6.1.5, an inverse cate-

gory with coproducts is a preorder.

2. Discrete Inverse Categories

We introduced the inverse product, Definition 4.3.1 and showed that this pro-
vided meets for the inverse category in Proposition 4.3.6. We showed that the
inverse subcategory of a discrete Cartesian restriction category is a discrete

inverse category in Lemma 4.3.7.

Given a discrete inverse category X, we constructed a category X, the Cartesian
Completion of X with the same objects as X and maps being equivalence classes
of maps of X. We showed this was a restriction category in Lemmas 5.1.7 and

5.1.8 and in fact was a discrete Cartesian restriction category as shown in

Theorem 5.1.12.

Finally, in Theorem 5.2.6 we provided an equivalence between the category of
discrete inverse categories and the category of discrete Cartesian restriction

categories. This result, together with its consequences, is the main theoretical
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contribution of this thesis.

. Disjointness Relations and Disjoint Joins

In Definition 6.2.1 we defined what a disjointness relation is in an inverse cate-
gory, followed by Definition 6.2.4 which defined disjointness on the restriction
idempotents of the inverse category. Theorem 6.2.7 shows that these two def-
initions are equivalent, allowing us to define disjointness in whichever way is

most convenient.

Disjoint joins are introduced with Definition 6.3.1, providing an analogue to

joins in a restriction category.

. Disjoint Sums

Disjoint sums in an inverse category are given in Definition 7.1.1 and we show
that an inverse category having all disjoint sums has a symmetric monoidal

tensor in Proposition 7.1.4.

Disjointness tensors, Definition 7.2.1, are shown in Lemma 7.2.9 to provide
enough structure to allow the creation of a disjointness relation. However,
to create a disjoint join requires a disjoint sum tensor. Disjoint sum tensors
are given in Definition 7.3.1 as additional conditions on a disjointness tensor.

Given a disjoint sum tensor, Proposition 7.3.5 defines a disjoint join.

Section 7.4 proves, in Proposition 7.4.1 and Proposition 7.4.2, that a disjoint
sum enables the creation of a disjoint sum tensor and conversely, a disjoint

sum tensor produces disjoint sums.

In Chapter 8, Definition 8.1.2 gives us IMAT(X), a matrix category over the
inverse category X with disjoint joins. Theorem 8.1.4 proves this is an inverse
category with disjoint sums. Lemma 8.2.2 shows that there is a functor M

from an inverse category with disjoint joins to its matrix category. The matrix
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construction gives an adjoint between DSUM, the category of inverse categories
with disjoint sums and DJOIN, the category of inverse categories with disjoint
joins. Furthermore, Proposition 8.2.5 shows that an inverse category X with

disjoint sums is equivalent to IMAT(X).

. Distributive Inverse Categories

We define distributive inverse categories in Definition 9.2.1 and show that
distributivity of the inverse product over the disjoint join is equivalent to

distributing over a disjoint sum tensor in Lemma 9.2.6.

Then, in Theorem 9.3.3 we show that Cartesian Completion turns a disjoint
sum tensor into a coproduct. From this we conclude that X is a distributive

restriction category in Corollary 9.3.4.

. Linkage to quantum computation

Chapter 10 starts with a review of Frobenius algebras and how they appear in
models of quantum computation. Theorem 10.1.17 shows the category of com-
mutative Frobenius algebras, CFROB(X), in a symmetric monoidal category
X is actually a discrete inverse category. Furthermore, when the symmet-
ric monoidal category X is an additive tensor category with zero maps and
biproducts, then CFROB(X) is shown in Lemma 10.2.3 to possess a disjoint-
ness relation, given by f L g <= A(f ® g)AY = 0. Proposition 10.3.7
shows that the addition of maps is a disjoint join in CFROB(X) and Proposi-

tion 10.4.3 shows the biproduct of objects is a disjoint sum.

. Inverse Turing Categories and Inverse PCAs

Inverse Turing categories and inverse partial combinatory algebras are de-
fined in Definition 11.2.1 and Definition 11.3.2 respectively. First, we show

in Lemma 11.2.2 that if we have a discrete Turing category T, then INV(T),
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the inverse subcategory of T, is an inverse Turing category. Then we show
that the Cartesian Completion of an inverse Turing category gives a Turing
category. In Proposition 11.3.3 we show that a discrete inverse category X
has an inverse PCA if and only if X has a PCA. Furthermore, we discuss the
category of computable function based on a PCA in a Cartesian restriction
category and show the conditions required for that to be a discrete Cartesian

restriction category in Lemma 11.4.2.

This thesis demonstrates that discrete inverse categories provide a convenient intermedi-
ate link between standard models of computing (i.e., via inverse Turing categories to Turing

categories) and quantum computing (via special commutative Frobenius algebras).

12.1 Future directions

The obvious next step is to use discrete inverse categories to provide a categorical semantics
for existing reversible languages such as Inv [55], and Theseus [37,38]. The examples of the
category of partial injective functions used throughout this thesis provides the basis for the
semantics of Inv.

It would be interesting to understand how to formulate datatypes, higher order structures,
etc. at the inverse category level. The obvious correspondences are from product types to
the inverse product as well as between sum types and the disjoint sum. From there, one
would study the trace and explore infinite and recursive types. Note that some of this work
would follow naturally from exploring the semantics of Theseus from [37,38].

An interesting direction, in my opinion, would be to further investigate the work on
reversible CCS as in [28] and [59]. This could be combined with the work of Chakraborty
on MPL [13] to describe the communication of multiple processes and generalize to a series
of reversible processes.

The connection to quantum computing, as exampled in Chapter 10 would benefit from
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further investigation. As well, the bulk of current literature on semantics of quantum com-
puting is based on finite dimensional Hilbert spaces. Our construction is not limited to the
finite dimensional case, and as such, may be of use when considering infinite dimensions.
To pursue this area, one would likely start with a consideration of Frobenius algebras in a

linearly distributive category, as described by Egger in [29].
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