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Abstract

Ehresmann’s introduction of differentiable groupoids in the 1950s may be seen as
a starting point for two diverging lines of research, many-object Lie theory (the
study of Lie algebroids and Lie groupoids) and sketch theory. This thesis uses
tangent categories to build a bridge between these two lines of research, providing
a structural account of Lie algebroids and the Lie functor.

To accomplish this, we develop the theory of involution algebroids, which are
a tangent-categorical sketch of Lie algebroids. We show that the category of Lie
algebroids is precisely the category of involution algebroids in smooth manifolds,
and that the category of Weil algebras is precisely the classifying category of an
involution algebroid. This exhibits the category of Lie algebroids as a tangent-

categorical functor category, and the Lie functor via precomposition with a functor
0 : Weil; — Zgpd,

bringing Lie algebroids and the Lie functor into the realm of functorial semantics.
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Preface

This thesis is the original work of the author.

This thesis project arose from attempts to broadly understand differential ge-
ometry, and in particular the differential geometry of mechanics. First steps were
taken with Jonathan Gallagher in understanding how the enriched perspective on
category theory introduced in ( ) might relate to differential geometric
structures. The basic structures in this thesis, however, came out of discussions
and collaboration with Matthew Burke in the Lie theory context.

Chapter 1 is an introduction to the theory of tangent categories, and contains
no new results. Chapter 2 began as a joint project with Matthew, who ultimately
had to leave the project due to time constraints, although by that time we had
already found the basic structure of the proof that differential bundles are vec-
tor bundles in the category of smooth manifolds (proved in Theorem 2.5.1). The
current structure of the chapter, particularly with the emphasis on associative coal-
gebras of the weak tangent comonad (7, ¢) and the tight connection to Grabowski’s
previous work on the Euler Vector Field construction (

( )), is original work. The basic results in that chapter appear in

( ); however, the results have been streamlined (there was originally a notion
of a strong differential bundle, in Section 2.4 it is observed that all differential bun-
dles are strong), and there are some new observations about linear connections
(Theorem 2.6.6).

Chapter 3 is a rewrite of a preprint written with Matthew on involution alge-
broids ( ( )), while Section 3.4 is due to conversations with
Richard Garner (we expect to release a new paper on involution algebroids based

on these results as a joint work). The original idea of augmenting an anchored
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bundle with an involution map is entirely due to Matthew, and the isomorphism
on objects between involution and Lie algebroids follows calculations shared by
Richard Garner (Proposition 3.4.12). My own contribution in this section comes
from connecting this to the work of ( ), as well as giving the bijection
on morphisms for involution and Lie algebroids (Theorem 3.5.1).

The first three chapters provide the background required for the deeper re-
sults in Chapter 4. In the work of ( ); ( );

( ) on Lie algebroids, it was observed that the “prolongation” of a Lie
algebroid acted like a tangent bundle. Proposition 4.5.1 makes this intuition pre-
cise by showing the prolongation is a second tangent structure on the category
of Lie algebroids. The main theorem in this chapter (Theorem 4.4.8) shows that
involution algebroids in a tangent category C are equivalent to tangent functors
(A, ) from Weil, to C so that the functor A preserves transverse limits and the
natural transformation « is T-cartesian (Definition 4.4.1). These are entirely new
observations about Lie algebroids and are original work of the author.

Finally, Chapter 5 puts the first four chapters into the language of enriched
category theory, using Garner’s enriched perspective on tangent categories (

( )). The first original results in this chapter demonstrate that differential
bundles and anchored bundles are models of # -sketches (Propositions 5.2.6
and 5.2.10), where # is the site of enrichment for tangent categories. Next, the
enriched theories framework of ( ) is used to prove Theo-
rem 5.4.14, that involution algebroids are models of a nervous theory, which is
the enriched version of Theorem 4.4.8. The thesis concludes with the Lie Real-
ization, Theorem 5.5.13, which is a new characterization of Lie differentiation
and introduces an entirely new way to construct adjunctions between categories
of “smooth groupoids” and categories of “Lie algebroids” using purely enriched-
categorical methods (this is in contrast to the geometric approach used in

( ) and the homotopy theoretic approach in ( ).

This thesis touches on relatively advanced topics in two areas of math: differ-
ential geometry (Lie algebroids) and enriched category theory (enriched nerve
constructions). I have striven to keep it as self-contained as possible, introduc-
ing the category of smooth manifolds and tangent categories and including an

appendix with the basics of enriched category theory and locally presentable cat-
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egory theory. Material on foundational category theory (which is to say, anything
that can be found in ( )) and basic differential calculus (see any
calculus textbook) is used without citation or introduction; this includes limit,
adjunction, monads and monadicity theorems, and the calculus of Kan exten-
sions and coends. Some facts about horizontal composition spans are used in
Chapter 4, but nothing that goes beyond the basic definition.
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Notation

We start with a table of symbols:

Notation

C,D,... A (usually tangent) category, treated as a general context for mathematics, denoted
using mathbb

,6,... A small category treated as a mathematical object, denoted by mathcal

A B,... Objects in a category and also functors. written using capital letters

e Morphisms in a category and natural transformations: lower-case Roman and
Greek letters

fog The composition of two maps g: A— B, f : B— C (applicative notation)

T, The projection from the i’ component of an n-fold pullback A, G X Gu XanAn
ora product [ |" A;

F.G Composition of two functors, F :D — E, G : C — D (applicative notation)

¢.G Whiskering of a natural transformation

® Tensor product in a monoidal category

X A restricted notion of span composition, introduced in Definition 4.3.3

T,p,0,+,¢,c | The data for an arbitrary tangent category, introduced in Definition 1.3.2

D,0,0,!,0 The data for an infinitesimal object, introduced in Definition 1.3.7

T" Iterated application of an endofunctor T

T, The n-fold pullback power of p : T — id for a tangent category, T, x ..., X, T
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We also provide a table of categories:

Notation

SMan The category of smooth manifolds

ct The category of lifts in a tangent category C, introduced in Definition 2.2.3

NonSing(C) | The category of non-singular lifts in a tangent category C, introduced in Defini-
tion 2.3.1

PDiff(C) The category of pre-differential bundles in a tangent category C, introduced in
Definition 2.4.1(i)

Diff(C) The category of differential bundles in a tangent category C, introduced in Defini-
tion 2.4.1(ii)

LieAlgd The category of Lie algebroids, introduced in Section 3.1

InvAlgd(C) The category of anchored bundles in a tangent category C, introduced in Defini-
tion 3.2.1

Anc(A) The category of anchored bundles in a tangent category C, introduced in Defini-
tion 3.2.1

Anc?(A) The category of involution algebroids with chosen prolongations in a tangent
category C

Weil, The category of Weil algebras, introduced in Section 4.1

w Notation for the Weil algebra N[x]/x?2

v 4 The category of transverse-limit-preserving functors Weil; — Set, introduced in
Definition 5.1.1

Weil? The category of Weil algebras with width n, used in Definition 5.2.8

Weil] The full subcategory of Weil; spanned by {N, W}

< The classifying # -category of an anchored bundles and all of its prolongations,

introduced in Definition 5.4.12
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Introduction

The study of Lie groupoids and Lie algebroids goes back to Charles Ehresmann
and his student Jean Pradines in the late 1950s, building upon Sophus Lie’s original
research into the application of groups of smooth symmetries to solving ordinary
differential equations (Lie ( )). Motivated by partial differential equations,
( ) introduced the notion of a differentiable groupoid, which mod-
els the internal symmetries of a smooth manifold, in contrast to the external
symmetries given by a Lie group (a group object in the category of smooth mani-
folds) or Lie group action. ( ) extended the Lie functor (which sends
Lie groups and Lie group actions to Lie algebras and Lie algebra actions) from
external to internal symmetries and introduced the notion of a Lie algebroid. In
doing so, he identified some shortcomings in Ehresmann’s original definition of
differentiable groupoids, introducing the modern notion of a Lie groupoid.
Ehresmann’s investigations into differentiable groupoids initiated one of the
major differential geometry research programmes of the second half of the twen-
tieth century, the study of Lie groupoids and Lie algebroids (which one may refer
to as many-object Lie theory to distinguish it from the “single-object” Lie groups
and Lie algebras that had classically been studied). Research into many-object
Lie theory in the 80s and 90s focused on extending Lie’s second theorem and
the Cartan-Lie theorem, which in modern terms state that Lie algebras form a
coreflective subcategory of Lie groups; that is, the Lie functor has a fully faithful left
adjoint ( (2000); (2002); (2000)). The
left adjoint is often called Lie integration, and in their famous paper
( ) found the exact conditions governing whether a Lie algebroid

integrates to a Lie groupoid. ( ) initiated a line of research into



classical mechanics on Lie algebroids and groupoids, extending Poincaré’s devel-
opment of mechanics on a space with a Lie group action and the Euler-Poincare
equations ( ( ); see ( ) for a modern treatment); this has
been further developed by Eduardo Martinez and his collaborators (

( ); ( ); ( ); ( ).

However, Ehresmann’s work in differentiable groupoids signalled a change in
focus for his own research, as he increasingly focused within the then-new area
of category theory. Over the course of the 60s and 70s Ehresmann published a
string of influential papers in the nascent area of functorial semantics, developing
the formalism of sketch theory. Sketch theory has proven to be highly influential
in mathematical logic, and has been active for some 40 years, being extended to
syntax/semantics adjunctions ( ), enriched category theory

( ) and generalized limit doctrines ( ). The influence
of sketch theory can still be seen on Lie theory in the work of Kirill Mackenzie and
his collaborators to develop the theory of double Lie algebroids, Lie-algebroid
groupoids, double-vector bundles, and other tensor-product theories (

( ) ).

This thesis aims to provide a structural account of the Lie functor from Lie
groupoids to Lie algebroids, using tangent categories ( )
to unify Ehresmann’s many-object Lie theory and sketch theory. Tangent cate-
gories provide a syntactic description of tangent structure based on Kock and
Lawvere’s synthetic differential geometry ( ( ) ( )) and the
Weil functor formalism (a comprehensive account may be found in
( ), while the explicit link to abstract tangent structure is found in ( ),
another line of research in differential geometry that has run parallel to modern
Lie theory (albeit with some exchange, e.g. ( )). Recent work has recast
tangent categories as a class of enriched categories ( ( )), making it
possible for modern techniques from sketch theory and functorial semantics to
be applied to differential geometry. In doing so, we demonstrate that the lan-
guage of tangent categories sheds light on the study of classical mechanics on Lie
algebroids and groupoids, as well as Mackenzie’s investigations into “Ehresmann

doubles” of vector bundles and Lie algebroids.



Overview

The first three chapters of this thesis build on previous work in the tangent cate-
gory literature (for example, ( , )

( )), providing tangent-categorical sketches of differential-geometric struc-
tures. These structures follow Ehresmann’s original notion of a sketch quite closely;
they are specified as graphs (a collection of objects and arrows in the category)
with a set of diagrams that must commute and cones that must be universal, ex-
cept that the data may now include the tangent functor T and the tangent natural
transformations p, 0, +, £, and c. Each sketch is accompanied by a proof that
its category of models in smooth manifolds (which we shall often write SMan) is
precisely the category of geometric structures it seeks to model.

The first chapter reviews the basic theory of tangent categories, paying particu-
lar attention to the category of smooth manifolds. The first examples of “sketches”
from the tangent categories literature are covered, namely differential objects
and affine connections, which model vector spaces and connections respectively
( ( , )). The chapter concludes with a study of tan-
gent submersions, which model submersions from classical differential geometry
and are a useful example of the sort of work that occurs in Chapters 2 and 3.

The second and third chapters develop tangent categorical sketches for vector
bundles and Lie algebroids respectively. Chapter 2 extends the observation due
to ( ) that the category of vector bundles is a full
subcategory of multiplicative monoid actions by the non-negative reals R*, and
then applies the Euler vector field construction (Definition 2.1.8). The tangent cat-
egorical sketch for a vector bundle, called a differential bundle, is then developed
based on a morphism A : E — TE, and an isomorphism of categories between
differential bundles in SMan and the category of smooth vector bundles is proved.
Chapter 3 introduces involution algebroids, which replace the bracket of a Lie

algebroid with an involution map
O:AgXrn TA— A1 TA

(where p : A— T M is the anchor of the Lie algebroid). Using Martinez'’s presenta-

tion of the structure equations for a Lie algebroid ( ( )), we are once



again able to prove an isomorphism of categories, this time that the category
of Lie algebroids is isomorphic to that of involution algebroids in SMan. This
provides the initial bridge between differential geometric structures and tangent
categorical sketches, making it possible to apply more sophisticated techniques
in Chapters 4 and 5.

The fourth chapter constructs a syntactic tangent category for Lie algebroids,
and demonstrates that Lie algebroids are precisely generalized tangent bundles.
We call this result the Weil nerve, as it follows the same structure as Grothendieck’s
original nerve theorem ( ), in this case using the categories presentation
of tangent categories due to ( ). This result has useful implications for
the study of generalized mechanics and geometric structures on Lie algebroids, as
itintroduces a novel tangent structure on the category of Lie algebroids. This novel
tangent structure corresponds to Poincare/Weinstein/Martinez’s characterization
of classical mechanics on a Lie algebroid.

The fifth and final chapter introduces the enriched categories perspective on
tangent categories from ( ), so that the work in Chapters 2 and 3 may
be rephrased using the enriched sketches of ( ). We construct a functor
from the syntactic category of involution algebroids to the syntactic category of a
groupoid-in-a-tangent-category, thus giving a presentation of the Lie functor in
the spirit of Ehresmann’s sketch theory. The syntactic version of the Lie functor
is built by constructing another novel tangent structure on the category of Lie
groupoids (or more generally, groupoids in a tangent category), which also agrees
with previous investigations into classical mechanics on a Lie groupoid. As a final
result, we demonstrate that in a locally presentable tangent category we may use a
left Kan extension to construct a left adjoint to the Lie functor, which we call the

the Lie realization.



Chapter 1

Tangent categories

Tangent categories are an example of convergent evolution in mathematics, in
which two unrelated lines of research with very different aims have arrived at a
common endpoint, in this case the same formal setting for abstract differential ge-
ometry. The older line of research has its roots in differential geometry proper and,
in particular, Weil’s algebraic characterization of the tangent bundle of a smooth
manifold ( ( )). Weil’s work motivated Kock and Lawvere’s development of
synthetic differential geometry, presented in the book of the same name
( ); ( ) as well as the Weil functor formalism of ( ). The
second, more recent line of research has its foundations in theoretical computer
science following the publication of Linear Logic by ( ). Ehrhard and
Regnier noticed that some models of linear logic have a notion of the “Taylor series
approximation” of a proof; this led to the development of differential linear logic
by ( ). Blute, Cockett, and Seely studied the categorical
semantics of models of linear logic equipped with the derivative operation - that
is, they identified those categories whose internal language are were models of
differential linear logic - developing a categorical theory of differentiation in
( ) )-
Tangent categories arise naturally in each line of research: on the first path with
the distillation of synthetic differential geometry into abstract tangent functors in
( ), and more recently when Cockett and Cruttwell refined abstract
tangent functors following their investigations into the manifold categories of



cartesian differential restriction categories in ( );

( ). In a sense, they are categories that axiomatize Weil’s charac-
terization of the tangent bundle as an endofunctor in a way that captures the
combinatorics of higher-order derivatives when looking at a certain class of inter-
nal commutative monoids ( ( )), as will be made precise in
Chapter 4. Tangent categories also pull Kock and Lawvere’s synthetic differential
geometry into the framework of enriched category theory, which is explored in
Chapter 5.

Instances of tangent structure abound throughout mathematics and com-
puter science. For example, many categories of geometric spaces have natural
tangent structure, such as the category of convenient manifolds (the category of
manifolds modelled locally by convenient vector spaces ( )
and the category of schemes (see point (ii) in Example 2 of ( )). An ex-
ample from mathematical logic is the category of Kéthe sequence spaces(

( )), and categorical models of the differential lambda-calculus (

( )). More recently, tangent and differential categories have found
applications in differentiable programming and machine learning (

( )), and to understanding Johnson and McCarthy’s functor calculus
( ).

This thesis studies differential geometric structures using the language of
tangent categories, following the tradition of synthetic differential geometry. As
such, this chapter will develop tangent categories with a focus on the category of
smooth manifolds. Extending the study of these formal structures in the context
of novel tangent categories is a significant endeavour and should be treated as a
direction for future research. The first section introduces Cartesian differential
categories as the categorical axiomatization of multivariable calculus. The second
section introduces the category of smooth manifolds and two characterizations
of its tangent bundle (kinematic versus operational), while the third section iden-
tifies the structure of the kinematic tangent bundle that characterizes abstract
tangent structures. The fourth section presents a pair of structures that allow for
“local-coordinate calculations” in the tangent category of differential objects and
connections. The final section introduces tangent submersions. A submersion
is a differentiable map between differentiable manifolds whose differential is



everywhere surjective; as a preview of the work in Chapters 2 and 3, this section
shows that in the category of smooth manifolds, a tangent submersion is precisely
a submersion. Section 1.5 first appeared in ( ), and is the only
original work in this chapter.

1.1 Differential calculus

As with most treatments of synthetic differential geometry, e.g. ( ), it
makes sense to begin with the differential calculus - in this case, an introduction
to the categorical theory of differentiation. Categorical differentiation has recently
gained quite a bit of attention due to its relationship with machine learning

( ), and applications to homotopy theory ( ). This
section will just consider the basic structures introduced in ( ),
and the canonical example of a cartesian differential category (the category of

finite-dimensional real vector spaces and smooth maps between them).

Definition 1.1.1. [Definition 1.2.1 C )] A cartesian left additive
category is a cartesian category' C so that:

(i) Each hom-set C(A, B) is a commutative monoid with addition + 45 and zero
map 045 : A — B (the subscript AB will be suppressed when the context is
clear).

(ii) The composition operation o preserves addition on the left:
(g+h)of=gof+hof
(iii) Projection is an additive map (preserves addition):

mio(f+g)=(mjogof)+(miog)

Where t; denotes the projection from the i'" component of a product or
pullback. j

"'We use the standard notation where 1 is the terminal object, x is product, and 7; is the i*"
projection.



There are various examples of cartesian left additive categories - they all fit
the same pattern of a category where each object is equipped with a non-natural,

but coherent, choice of linear structure:
Example 1.1.2.

(i) Any category with biproducts is a cartesian left additive category where every
map is additive.

(ii) The category of cartesian spaces CartSp, whose objects are finite-dimensional
real vector spaces and morphisms are smooth maps between them, is a carte-
sian left additive category." Clearly smooth maps from A — B are closed under
addition, projection is an additive map, and (g +h)of =gof+hof.

(iii) The category of topological vector spaces and continuous morphisms is a

cartesian left additive category.

In fact, cartesian left additive categories may equivalently be described as
cartesian categories where each object has a coherent choice of commutative

monoid structure.
Proposition 1.1.3 ( ( )). The following are equivalent:
(i) C is a cartesian left additive category

(ii) Cisacartesian category so that each object has a chosen commutative monoid
structure (A, +4,04) where the following coherence holds:

AxB —)AxB

N A

2y B2
(where T = ((1rg o 7o, T 0 71), (711 © 7T, 7T © 7T1))).

(iii) There is a category with biproducts C* and a bijective-on-objects subcategory
inclusion i : C* — C that creates products.



Cartesian left additive categories provide an appropriate to define a differ-
entiation operation. Recall that the usual derivative of a map f : R — R from

elementary calculus can be written

of

— :R—R.

ax

More generally, for a map f :R"” — R, one writes the Jacobian of f at x:
9h 9h
ox; °°t 0x,
JIfI:R" > R"=R"):=| .

9h oh
dx; "t 0xy,

The Jacobian, however, requires some notion of a “matrix”? representing a linear
map from R” to R™—not every category that has a notion of differentiation
supports that operation. Instead, the directional derivative:

. flx+t-v)

D[fl(x,v):= 1111111)0 —
gives an appropriately general notion of differentiation that extends to categories
where the space of linear maps A — B is not representable by an object in the
category °. A cartesian differential category axiomatizes the directional derivative

as a combinator on a cartesian left-additive category.

Definition 1.1.4. [Definition 2.1.1 in C )] A cartesian differential
category is a cartesian left additive category equipped with a combinator (e.g. a

function on hom-sets)

ALB

AxA—— B
D[f]

satisfying the following axioms:

[CD.1] Additive:
DIf +gl=DI[f]+Dlg] D[0]=0

2This would be called an internal hom in the categorical logic literature.

3In the case of automatic differentiation, it is also worth noticing that computing the directional
derivative of a map R” — R” has complexity 20(f), while forming the Jacobian has complexity
no(f), so the directional derivative is a more appropriate primitive for purely practical computa-
tional reasons (see Section 5 of ( ) for a discussion of the computational complexity
of forward-mode automatic differentiation).




[CD.2] Additive in the second variable:
D[flo(g,h+k)=DI[flo(g h)+D[flo(g, k) D[f]e(g,0)=0

[CD.3] Projection is linear:
D[n;]=m;om; Dlid]=m,
[CD.4] Pairing:
DI(f,g)=(D[f],Dig]

[CD.5] Chain rule:
Digo f]1=Dlglo(m, DIf])

[CD.6] Linear in the second variable:
D[D[f1]e((a,0),(0,d))=DI[f]e(a,d)
[CD.7] Symmetry of partial differentiation:
D[D[f1le((a,b),(c,d))=DID[f]l°((a,c),(b,a))

Example 1.1.5. The category of cartesian spaces (Example 1.1.2(ii)), CartSp, is
the canonical cartesian differential category. Let f : R" — R™, and consider its
Jacobian at x e R", J[f](x) € R"*™. Define the differential combinator:

xX+t-v
Diflotu, )= Jf1w) u=lim L)
In (2018), the authors construct a cartesian differential category based
on the Abelian functor calculus of ( ).
In ( ), the authors consider a cartesian differential cate-

gory whose objects are Z,-modules to apply gradient-based methods to learn the

parameters of of Boolean circuits.

Every cartesian differential category comes with a notion of linearity. This
notion of linearity is strictly stronger than additivity - there do exist examples of

non-linear additive maps.
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Definition 1.1.6 (Definition 2.2.1 of ( )). Amap f : A— B is linear
whenever D[f]o(04p,id)=f.

We denote the category of linear maps in a cartesian differential category
C as Lin(C). The category Lin(C) will have biproducts, and will be a cartesian
differential subcategory of C.

Lemma 1.1.7 (Corollary 2.2.3 in ( )). LetC bea cartesian differential

category, and denote its category of linear maps as Lin(C).
(i) Linear maps preserve addition.

(ii) The category Lin(C) is a bijective-on-objects subcategory of C with biproducts,

and the inclusion Lin(C) — C creates products.

(iii) Every category with biproducts is a cartesian differential category, where

D[f]:foﬂ-l’

and this differential structure makes the inclusion Lin(C) — C preserve the
left additive structure and differential combinator (that is, it is a cartesian
differential functor).

1.2 The category of smooth manifolds

Tangent categories axiomatize a more general structure than differential calculus,
one in which spaces are only “locally linear.” The category of smooth manifolds
gives the historically canonical example, and a good portion of this thesis relates to
structures internal to that category, so it seems worthwhile to set a working defini-
tion for that context. We follow Tu ( ), and allow for disconnected components

of a manifold to have different dimensions.

Definition 1.2.1. [Definitions 5.5-5.7 in Tu. (°011)] A chart on a topological space
M is pair(U;, ¢; : U; — R"™), where U; is an open subsetU; C M and ¢; : U; = R" is

a local homeomorphism. An atlas is a collection of charts {(U;, ¢; : U; > R")|i € I'}

11



9:i(U;)

\
4

¢;(U;)

4

Figure 1.1: Overlapping charts in an atlas (Credit for this tex code belongs to user
Cragfelt https://tex.stackexchange.com/a/388493/101171.)

(where n is fixed for each connected component of M ) so that for each i, j € I, the
transition function y; ; that completes the diagram

is a smooth map. A smooth manifold is a topological space equipped with a
(maximal®) atlas. A morphism of smooth manifolds is a topological map f : M — N
that is locally smooth - for each chart pair of charts (U;, ¢;) on M and (V},0;), see
Figure 1.1 for an illustration. The map f is smooth whenever each map f; ; that

*With respect to subset inclusion.
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completes the diagram is smooth

fi

Ui -~ v
|
M — N

The category of smooth manifolds, SMan, is the category of smooth manifolds

and their morphisms.

Remark 1.2.2. In Chapter 2, some results will implicitly use partition of unity
arguments, which require that the underlying topological space for a manifold is
Hausdorff and has a countable basis (i.e. it is second-countable). We will avoid
any direct reference to these properties, and so we omit them from the definition of

a smooth manifold.
Example 1.2.3.

(i) Each vector spaceR", for n € N, has a canonical smooth manifold structure

whose atlas is a single chart (the identity map R" — R").

(ii) Most geometric shapes that do not have any singularities or sharp edges can
be equipped with an atlas without any issue. For example, consider the circle:

{(cos(x),sin(x)): x €[—m, 1)}

For any appropriately small € > 0, there are two charts from I, = (—e, T+ €);
Po(t)=(cos(t),sin(1), ¢,(r)=(cos(t—m),sin(t —7))

mabking the circle a smooth manifold.

13



Category theory has not seen as many applications in differential geometry
as it has in topology or algebra, likely because the category of smooth manifolds
(Definition 1.2.1) is somewhat poorly behaved. The two main reasons that the

category of smooth manifolds is “inconvenient” are as follows:

¢ The set of smooth maps between two manifolds M, N fails, in general, to

form a smooth manifold; thus, the category is not cartesian closed.

* The category of manifolds does not have quotients or arbitrary fibre prod-
ucts.

However, the category of smooth manifolds admits some limits, for example finite
products.

Proposition1.2.4 (1.12 ( )). Thecategory SMan of smooth manifolds
has finite products.

Proof. Giventwo manifolds M, N, take the product of their underlying topological
spaces together with the product charts

(i xp;):Upx Vi > R" xR™.
(]

The category of smooth manifolds—using our definition where disconnected
components of a manifold may have different dimensions—does have a class of
(co)limits used throughout this paper, namely idempotent splittings.

Definition 1.2.5 ( ( )). Anidempotent is an endomorphism
e : E — E sothat e o e = e. The splitting of an idempotent is given by a pair of
mapse =sor sothatros=id. The existence of a splitting of an idempotent e is

equivalent to asking that the following pair of parallel arrows has a (co)equalizer:

f

E E

The idempotent splitting C of a category (also known as the Cauchy completion
of the category), is the full subcategory of presheaves [C°P,Set] that are retracts of

14



representable functors. Any functor into a category with idempotent splittings will
factor through this inclusion of categories, so it is the free cocompletion of C under

idempotent splittings.

Proposition 1.2.6 ( ( )). The category of smooth manifolds is the idem-
potent splitting of the category whose objects are open subsets of Cartesian spaces

and whose morphisms are smooth maps f : U — V.

An idempotent in the idempotent splitting of a category is also an idempotent

in the base category, and thus admits a splitting.

Corollary 1.2.7. The category of smooth manifolds is closed to idempotent split-
tings: for every map e : M — M so that e = e o e there exists a pair of maps
r:Q—-M,s:M—Qsothate=sor,ros=id.

The main construction of interest on the category of smooth manifolds, for
tangent categories at least, is the tangent bundle. Given a smoothmap f: M — N,
restrict it to a morphism between coordinate patches, so it may be regarded as a
map f|y: U — V,where U CR™,V CR". This gives a local derivative operation
(remembering that 7r; denotes the i’" projection from a product [ |" A4;)°

D[fly]: U xR™ >R,
(flyomo, Dflyl): U xR™ — V xR".

The tangent bundle makes this construction global; that is, there is a functor

T : SMan — SMan giving an assignment

T.f
T M— T.N

that agrees with the local derivative on coordinate patches of M, N.

Definition 1.2.8 ( ( )). Write the algebra of smooth functions on
a manifold as C*° (M) :=SMan(M,R). The set SMan(R, M)/ = of tangent vectors
on a smooth manifold M comprises the curves R — M subject to the equivalence
relation that for a pair of curves ¢,0 :R — M, ¢ = 0 if and only if ¢(0)= 0(0) and

forevery f € C*°(M),
Ofo Odfol
120 10)= 2222 )
X Jx

The wording here was originally muddled, it has since been corrected.
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The set SMan(R, M)/ = has a naturally determined smooth manifold structure
which we call the tangent bundle over M, TM.

Example 1.2.9.

(i) For a vector space, the space of linear paths crossing through a pointv € V is
isomorphictoV,soTV=V x V.

(ii) The tangent bundle above the circle is diffeomorphic to the cylinder. This is
follows from the classical result that a tangent vector on the circle must be

perpendicular to its position vector.

The tangent bundle lifts the “local derivative” into a globally defined construc-

tion, so the tangent bundle construction is functorial.

Proposition 1.2.10. The tangent bundle is a product-preserving endofunctor on

the category of smooth manifolds.

Proof. Functoriality follows by showing that a morphism of smooth manifolds

preserves the equivalence relation on curves that defines a tangent vector:
Jgog
ox

Note thatif f : N - M € C°°(N), so that g o f € C°°(M), the chain rule ensures
that

0gol
(0)= ax

Vg e C® (M), (0)

af°g°¢(0)_9f°g°9
ox - dx
To show that T is product-preserving, it suffices to show that the equivalence

(0)

Vg € C*(N),

classes of curves are stable under pairing. First, note that forany M and ¢ =6 :
R—M,
(¢,id)=(0,id):R— M xR

16



Given a pair of curves 0,1y, : R — M, where 8); = '), and similarly Oy = )y
for N, this implies that

folom on)
=folpmxid)o(id,n)
=fo(¢py xid)o(id,Oy)
=fo(id,Oy)o(¢py xid)
=fol(id,Oy)o(Oy xid)

=fo(6m x6y)

0 (@ a1, @) = (Opr, On). O

The scalar action by R on tangent vectors and a partially defined addition
additionally give the tangent bundle the structure of a fibered R-module (that is,
an R-module in the slice category SMan/M whose objects are morphisms into
M, f: X — M, and morphisms are commuting triangles).

Proposition 1.2.11. The tangent bundle over M is an R-module in SMan/M, as

follows: lety, w be tangent vectors on M, and define

p:TM — M;p(y)=7(0).

0:M — TM;0(m)=[r — m] (the constant map R — M sendingall r eR to
meM)

p: TMXR—=TM;y-, r=[x—7(r- x)]

+:TM,x, TM — TM :=[y],[w]— [y + w] (where addition around y(0) =
(0) is defined using local coordinates).

The second derivative is involved in the more nuanced axioms for a cartesian
differential category, namely linearity in the vector argument and the symmetry
of mixed partial derivatives. First, set f|; to be the restriction of f : M — N to a

map between local coordinate patches U € M,V € N, and then define

ﬁ):f|Uo7TOO7Tl) ’
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and
fi=D[f]e(rmgomy, miomy), fo=D[f]e(ngomy,myomy) .

The axioms [CD C.6],[C D C.7] then give:

(U xR™)x (R x R") (o foo DIDLF I ) . (V xR™) x (R™ xR™)
T2M —f> T2N
((70,0,(0,71) zT eT ((0,0,(0,71)
n \ m
(U xR") (/,DLf1o) > (VxR™)
(U xR™)x (R" x R") (oo fi) o DIDLf I 1) \ (V xR™) x (R™ xR™)

/
\\

T°’M —— T?N
T2.f
((mgog, ooy ), (71070, 1071 ) lc lc ((mgomg, ooy ), (1070, 71071 )

T°M —— T2?.N
T2.f

\
/

n n n m m m
(UxR )X(R xR") (o f) (1, DIDIf o 1) » (VXR™)x (R xR™)

The two natural transformations ¢ and c—the vertical lift and canonical flip—
capture these coherences. Locally, ¢ is the map inserting zeros into the second
and third coordinates, while c flips the second and third arguments, leading to
the coherences established in the next proposition. To capture these coherences
on the tangent bundle, first note that a tangent vector on T M is equivalent to an

equivalence class of surfaces on M,

P =0:R*—>M <> ¢(0,0)=06(0,0)

5’ foo 0fof )
d € C®°(M),———(0,0 0,0),i=0,1
and Vf % (0,0)= o (0,0),1
Proposition 1.2.12 ( ( )). There are two natural trans-

formations

C:TM — T*M;l(yD)=[yo(mo-rm)] c¢:T*M— T*M;c([y])=[yo(m,m)]
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satisfying the following coherences:

(i) {L.Tol=TLol"
(ii) The following maps are morphisms of fibred R-modules.

™ —s T2M TM —L T2M

iz 2 0 |

M—Ls1M M-—%TM
(iii) coc=1id
(iv) T.coc.ToT.c=c.ToT.coc.T
(v) col=¢
(i) T.cocoTA={.Toc.

Observation 1.2.13. Equation (iv) is known as the Yang-Baxter equation. It is
one of the coherences for a symmetric monoidal category, and states that the twist-
ing operation between two variables is coherent. We may regard the category of
endofunctors on a category as a strict monoidal category and use string diagram

notation (see e.g. ( ). Interpreting the map c as twisting two strings,
the coherence becomes

The projection p : TM — M is locally trivial: for each connected component
of M that is modeled on R”, each point m lies in an open subset U,,, so that

p Y (U,,) 2 U,, xR™. Thislocal triviality property leads to the following universality
condition.

6Recall that we are using the 2-categorical notation described in the front-matter
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Proposition 1.2.14. The following diagram is an equalizer:

T.p
TM T) T°M —P§ TM
) Oopop

Therefore the diagram in the following corollary is a pullback:

Corollary 1.2.15. Write themapu:TM ,x,TM — T?M to be T.+o({ x 0). The
following diagram is a pullback:

TM,x,TM —— T2M

U g

MT>TM

The five maps (p,0,+, c,£), along with their coherences and universal proper-
ties, characterize the kinematic tangent bundle, axiomatized as a tangent structure
in the next section. However, there is an equivalent characterization of the tan-
gent bundle for a finite-dimensional smooth manifold that will be important
throughout this thesis: the operational tangent bundle. We first need to define
the module of vector fields on a manifold, where a vector field is essentially an
ordinary differential equation defined on a manifold rather than a cartesian space.

Definition 1.2.16 (3.1,3.3 of ( )). Avector field on a manifold M
is a section X : M — T M of the projectionp : TM — M so thatpo X =idy;. The
set of vector fields on a manifold M is written y (M) and carries a C°°(M)-module

structure using the fibered R-module structureonp : TM — M :
X+X(M) Y =+.Mo(X,Y), OZ(M) =0.M, f-X(M)X(m)::f(m)-TM X(m)
where X, Y € y(M), f € C°(M).

The module y (M) has an important universal property as a C °°(M)-module—

it is precisely the module of derivations of C°°(M):

A(M)={X:CZ(M)— C®(M):Vf,gcCP(M),X(f-8)=X(f)-g+/f X(g)}
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Proposition 1.2.17 (3.4 of ( )). There is an isomorphism of C°°(M)
modules:
Der(C®(M) = 4 (M).

Finally, we observe that there is a C °°(M)-Lie algebra structure on y (M), with
two equivalent definitions. First, there is the kinematic definition of the bracket,
which is induced using the universality of the vertical lift. Given vector fields X, Y
on M, note that

X=p.To(T.YoX—ppcoT.XoY), 0=T.po(T.YoX—ppcoT.XoY)
so by Corollary 1.2.15, there is a unique map [X, Y]: M — T M so that
(T.YoX—gpcoT.XoY)=u(X,Y]X). (1.1)

Similarly, there is a bracket defined on Der(M ) using the anticommutator of deriva-
tions:

[X, Y](f)=X(Y(f) = Y(X(f)) (1.2)

These brackets are equivalent for finite-dimensional smooth manifolds.

Proposition 1.2.18. [ ( )] Recall that a Lie algebra over a ring R is

an R-module A equipped with a bilinear map
[——]:A®A—A
that is alternating and satisfies the Jacobi identity:
(XY, Z]]+[Z,[X,Y]]+[Y,[Z,X]]=0.
The two brackets on y(M) (viewed as a Lie algebra) from Equations 1.1 and 1.2
coincide.
1.3 Tangent structures

This section develops the categorical framework to study more general categories
of smooth manifolds by axiomatizing the tangent bundle, tangent categories,
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which first appeared in ( ). An arbitrary tangent category is signifi-
cantly more general than smooth manifolds and captures examples of categories
with “tangent bundle” from computer science and logic, as developed in

( ). First, observe that tangent categories forget the base ring
from the previous section and only consider the fibered commutative monoid
structure of the tangent bundle.

Definition 1.3.1. An additive bundle in a category C is a triple E R M,+:E xg
E — E, £ : M — E which gives (q,+, &) the structure of a commutative monoid in
the slice category C/M. If (q,&,+),(q’, &', +) are both additive bundles, a bundle

morphism

L p

a Jo
M L M

is additive if f o+ =+"o(f oy, fomy) and f o & =&’ o fy. The category of additive
bundles in a a category C is given by additive bundles in C and additive bundle

morphisms.

We will often write pullback powers of an additive bundle E ;x..., %, E as
E,,, and use infix notation to write addition so +o(a, b) becomes a + b. In the
category of smooth manifolds, the tangent bundle functor gives a well-behaved
functorial vector bundle. A tangent category has a functorial additive bundle and
axiomatizes the coherences and universal properties of the tangent bundle from
the category of smooth manifolds.

Definition 1.3.2 ( ( ); ( )). A tangent struc-

ture consists of a functor T : C — C equipped with natural transformations

p:T=id, 0:id=>T,+:Tp><pT:T
£:T=>TT c:T.T=>T.T

satisfying the following axioms; we call a category equipped with a tangent structure
atangent category.

[TC.1] Additive bundle axioms:
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(i) Pullback powers of p exist and are preserved by T ; write these T,,.

(i) Each triple(p.M : TM —- M,0.M :M —- TM,+.M : LM — TM) is
an additive bundle.

T T T, —— T
1.3
L A 1)
id id id
[TC.2] Symmetry axioms:
(i) Involution:
T.T —— T.T

\ Tl; (1.4)

(ii) Yang-Baxter: c.ToT.coc.T=T.coc.ToT.c

T.T.T <Ly T.T.T

T.c T.c
T.T.T/ \ T.T.T (1.5)

T T.T — T.T.T
T.c

(iii) Naturality equations:

c

T.T s T.T T —— T
T.KJ/ \L@. T 0.T \LT.O
T.1.T <L T.T.T =% T.T.T T.T — T.T

(1.6)
O R G T VNG Y T.T —5 T.T
T.+\L l+.T P-Tl lT»P
T.T s T.T T T

[TC.3] Lift axioms:
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(i) Naturality with addition:

(lorg Loy

T ‘st 1T I rr g

l” l”’ 0 or oo

idT>T TﬁT TT>T.T

(ii) Coassociativity:

y N

| Jer (1.8)

T.T T} T.T.T

(iii) Symmetric co-multiplication:

N l./c (1.9)

T.T

(iv) Universality: for u:=T.+0(00 1y, { o 1ty), the following diagram is a

pullback for all X :
LX — T2X
lpoﬂ[ \LT.p
X —— TX
Definition 1.3.3 ( ( )). A tangent category is monoidal

whenever C is a monoidal category, T is a monoidal functor, and +,p, c,{ are
monoidal natural transformations. A tangent category is cartesian whenever C is
cartesian and is a strict monoidal tangent category for products.

Notation 1.3.4. Throughout this thesis, two key pieces of notation apply:

¢ T, denotes pullback powers of p : T = id (and more generally E,, forq : E —
M); iterated powers of T are written T".

o There will often be long strings of T,, pullbacks and functors F : A— B, so
a 2-categorical notation where functor composition is written with a pe-

riod, T,.F.T; , will often be adopted. While the natural transformation c at
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T,,.T,,,.M under the image of the functor T would often be written T (ct, 1, m),
in this thesis it will be written as

T.c.T,.T,,.M:T.T*>.T,.T,, = T.T*.T,.T,,

while the composition of 2-cells will be written using o in applicative order,
rather than the diagrammatic order typically used in the tangent category
literature. That is, the composition

FEN- RN

would be written f o g rather thang f .

Example 1.3.5. Applying the results from section 1.2, the category of smooth mani-
folds is a tangent category. Recall that if M is a smooth manifold, there is a coordi-
nate patch m € U — M around each point m € M so thatU = U’ CR". fibre above
U, p~Y(U), is locally isomorphic to U’ x R" and similarly(pop) {(U)= U’ x (R")3,
so that:

p:UxR"—->U (m,x)—m
0:U—-UXxR" m— (m,0)
+:UxR"xR"— U xR" (m,x,y)—(m,x+y)
:UxR" U xR" xR" x R" (m,x)—(m,0,0, x)
c:UxR"xR"xR" - U xR"xR"xR" | (m,x,y,z)—(m,y,x,z)

The study of tangent categories is closely related to Lawvere’s synthetic dif-
ferential geometry, first introduced in ( ) and later developed in
( ) ( ) ( ). The setting of
synthetic differential geometry is a topos & (for our purposes, we need only a
complete, cartesian closed category) equipped with a chosen ring object R that
satisfies the Kock-Lawvere axiom: given the object of nilpotent elements in R,
D =[d : R|d? = 0], the following map is an isomorphism:

a:RxR—[D,R]; ala,b)=(d— a+db).

One can find a class of objects that form a tangent category: the infinitesimally
linear objects.
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Definition 1.3.6. Let C be a model of synthetic differential geometry where the ring
objectis(R,-,1,+,0). An object M in a model of synthetic differential geometry is

infinitesimally linear when it satisfies the following axioms.
(i) The following natural morphism must be an isomorphism:

[D(2), M]=[D, M- xo.[D, M]; where D(2):=[(dy,d;)€ D*: d;-d; =0].

(ii) M satisfies property W (credited by C ) to Gavin Wraith), namely
that the following diagram is a ternary equalizer:

[0o!xD,M]

\

[D,M] M) [D x D,M] — [(0x0)e,M] —> [D, M]

\
7

[Dx00l,M]
(We will often use M as shorthand for idy, in diagrams).

An infinitesimal object generalizes the object D in the category of infinitesi-
mally linear objects in a model of synthetic differential geometry. The definition
adopted in this thesis is a strict generalization of the definition given in

( ): here, we work with a symmetric monoidal closed category
rather than a cartesian closed category in order to capture some examples from

logic.

Definition 1.3.7 (Definition 5.6 ( )). Aninfinitesimal

object in a symmetric monoidal category
C,®,1,a,p,0)

isatuple(®:D®D —D,0:1 - D,e:D —1,6:D — D(2)) (where D(n) denotes
pushout powers of 0) so that:

[I0.1] Pushout powers D(n) of 0: I — D exist, and eoc0=1idj.

[10.2] ® is a commutative semigroup with zero, so that the following diagrams

commute:
D&D —o5> DeD DeDeD 2% pep D -2% peD
~e. 5 oe| : :
\ ~ ~ Opoe ~
D D— D D
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The third diagram shows that 0 is an absorbing element rather than a unit
(think of 0 as being in the commutative semigroup on the set [0, 1) given by
multiplication).

[10.3] Themap 6 : D — D(2) makes(0:I — D, 0, €) into a commutative comonoid
in the coslice I /C:

D(2) D —s— D(2) D —2 D(2)

|
\L(OoeﬂD) 6 lD+15 b /
~ t1]to)
D

D) 55 DE) D(2)

lm

D

/

[I0.4] The following diagram commutes (® is coadditive):

D®D —2 s D

ll x& la

D®D()—>D()

(tgo®|t100)

The notation (f|g): A+ B — C for pushouts/coproducts is dual to pairing
(f’,8"): C — Ax B for pullbacks/products, just as; is dual to projection.
Therefore, (f1g)oty=f justasmyo(f,g)=f.

[I0.5] The following diagram is a coequalizer:

bel Dé@j beD —g erzea + P@

There are two tangent structures associated to an infinitesimal object in a
symmetric monoidal category C. The first relies on the exponentiability of the
infinitesimal object, while the second tangent structure is on the opposite category
of C. The enriched perspective on tangent structure in Section 5.1 will clarify the
relationship between these two tangent structures.

Proposition 1.3.8. Let(C,®,1,a, p,0) be a symmetric monoidal category, and
©:D®D—D,0:1—D,e:D—1,0:D— D(2)
define an infinitesimal object in C.
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(i) Thereis a tangent structure on C°P, where T = D ® (—).

(ii) IfC is also a symmetric monoidal closed category, then it is a tangent category
with T =[D,—].
Proof.
(i) The opposite category of C is a symmetric monoidal category:
C°P,9,1,a ', p7 o).
The tangent functor is D ® (—), and the projection is
p=po() " 10() ()
The zero map is given by
L 18- Dow).
Addition in C°” is given by co-addition in C:
)

D)o )22 pe(-).

The lift is given by the semigroup structure (along with the monoidal coher-

ences):

Do) 222 (D e D)) s De(D o)

The flip is also given by monoidal coherences, combined with the symmetry
on the monoidal category:

D®(D®(—))L(D®D)°(—)i®(;)>(D®D)®(—)£D®(D®(—))-

(ii) First, we identify the following natural isomorphisms:
u:id=1[1,-], b:[A[B—]]=[A®B,—].

¢ The tangent functor is [D,—], and the triple (0: I — D,6 : D — D(2),

€: D — I) gives the additive bundle structure
p:D, 15— id,  0:id 51— D,

+:(D(2),-15[D,-].
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Note that by the continuity of [-, M] : C°? — C, we have [D(2), M] =
[D,M],x,[D,M].

* The lift is given by
¢:10,-1% Do D, 25 (D,[D, ]l
¢ The canonical flip is given by
b a* b
c:[D,[D,—]]—[D®D,—-]—[D®D,—]—[D,[D,-]].

The coherences and couniversality properties of an infinitesimal object,

along with the continuity of
[ M]:C°? -C

then induce the coherences and universality properties for the tangent bun-

dle. This completes the proof.

O

The tangent structure on C°” induced by the infinitesimal object is the dual
tangent structure on C. This will be revisited in Chapters 4 and 5 when looking at
tangent categories from the enriched perspective.

Returning to synthetic differential geometry, the co-universality conditions on
an infinitesimal object corresponds to infinitesimal linearity (Definition 1.3.6). In
some sense, the category of infinitesimally linear objects is the largest subcategory

of & for which D is an infinitesimal object.

Corollary 1.3.9. In a model of synthetic differential geometry (&, R), the object
D =[d € R|d? = 0] is an infinitesimal object in the category of infinitesimally linear

objectsin &.

This thesis makes use of the 2-category of tangent categories (Section 2.3 of

( )), which formalizes the notion of a morphism of

tangent structure and 2-cells between them. This 2-categorical framework is a

departure from the classical theory of synthetic differential geometry, where the

literature only really addresses morphisms of tangent structure in the form of fully
faithful embeddings SMan — Microl(&).
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Definition 1.3.10. Let(C, T),(D, T') be a pair of tangent categories. A pair (F : C —
D,a: F.T = T'.F) is a tangent functor if the following diagrams commute:

F.O0 F+ F.p
F ——— FET FT, —— FE.T FT ———> F
| | | |
o % ¢ P
T.F L.F —> T.F T.F

F.T ® s T.F T2 2Ty 7R 1% 12 R
F.ll \LZ.F F.C\L \LC.F
FT? — T.F.T — T%F FT? — T.F.T — T%F

a.T T.a a.T T.a

A tangent functor is strong whenever a is a natural isomorphism; for a sub-(tangent
category) inclusion, a = id. A tangent functor (F, a) between cartesian tangent
categories is a cartesian tangent functor if F is an isomonoidal functor and o is a
monoidal natural transformation.

Example 1.3.11.

(i) The coherences on the canonical flip ¢ guarantee that(T :C—C,c:T.T =

T.T) is a strong tangent endofunctor on any tangent category.
(ii) Given a pair of tangent functors(A,a): C — D, (B, f):D — E, the composition

A
(B.A:C—E f.AoB.a: BATC =24 B0 A LA TERA)

is a tangent functor.

(iii) A model of synthetic differential geometry (&, R) is well-adapted whenever
there is a fully faithful, strict tangent functor from SMan to the category of
microlinear spaces of &, SMan — Microl(&§). The original development of
well-adapted models for synthetic differential geometry may be found in

( ), and the reader may check C ) for a recent
account of the construction of such models, or section 3 of ( ).
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Definition 1.3.12. Atangent natural transformation y between tangent functors

(F,a),(G, B) is a natural transformation so that the following diagram commutes:

TYra

F.T(A) — G.T(A)

[ 1pra

T.F(A) —2 T.G(A)

IfF, G are cartesian tangent functors, theny is cartesian whenever it is an isomonoidal

natural transformation.

Definition 1.3.13. We will call the 2-category of tangent categories, tangent func-
tors, and tangent natural transformations TangCat. The 2-category of cartesian

tangent categories is Cart TangCat.

1.4 Local coordinates in a tangent category

This section develops some structures to facilitate reasoning about higher tan-
gent bundles, using “local coordinates.” In the case of a cartesian differential
category, T"(A) =] [,» A, whereas for an open subset U CR™ the tangent bundle
decomposes as T"U = U x (R™)2"~1. This section introduces two structures that
allow for these arguments in an arbitrary tangent category: differential objects

and connections.

Definition 1.4.1 ( ( )). A differential object’ in a carte-
sian tangent category is a commutative monoid (A,+4,0,4) such that there is a
section-retract pair A— TA L, A which exhibits T(A) as a biproduct in the cate-

gory of commutative monoids:
A®A=TA.

Concretely, a differential object is a commutative monoid equipped with A: A —
TA,p:TA— A poA=id so that the following axioms hold:

“Not to be confused with 4.1 from ( ).
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DO.1 Coherence between+ and A, p:

T(Ax A) =4 TA AxA —2 5 A
(Tﬂ():Tﬂl) ‘ l/)lxl ‘
TAxTA p TAx TA A
ﬁ;ﬁ l (Tfro,;Tﬂl)’1
AxA — 410> A T(Ax A) 2 T4

DO.2 Coherence between 0,4 and 0.A:

A—1—1 A—1—1

| 1
ol b2
TA—-p~> A TA —r—> A

DO.3 Coherence between +, and +.A:

LA 20 AxA AxA 24 14
T AT
TA —— A A——— TA

DO.4 Coherence between A and p with(:

TA —*5 T2A A—2sT
1 1 | 1
p T.p A ¢
~ ~ ~ e
A T TA TA —> T2A

Amap f : A— B between differential objects(A, A4, Pa,+4,05) — (B, A, P, +5,035)
islinear whenever f preserves the lifts and projections

(T.foAa=Apof)and(ppoT.f = f o pa).

Following the work in Section 3 of ( ), it is sufficient

to check that f preserves A or p (each condition implies the other).

Example 1.4.2.
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(i) In the category of smooth manifolds, the real numbers are a differential object,
as TR =R[x]/x?, so the lift map in this case is

Ma)=0+a-x, pla+b-x)=Dh.

More generally, finite-dimensional real vector spaces, with their canonical
smooth manifold structure, are exactly differential objects in the category of
smooth manifolds. The lift map is defined using TR = R[x]/x?, so that

1R T
v ry xRy LS TV

This is equivalent to the isomorphism T.V = R[x]/x*® V.

(i) Every object in a cartesian differential category has a canonical differential
object structure, as TA:= A x A.

Classically, the tangent space above each point of a smooth manifold is a
vector space. We have a similar result for differential objects from

( )

Lemma 1.4.3. Suppose we have the following pullback in a cartesian tangent

category C, and all powers of T preserve it.

E ‘5 TM

Lol

1 —"> M
There is a unique differential object structure (E, A, p) so thatloi=T..o A

There are two natural classes of morphisms between differential objects, linear
and “smooth” (that is, arbitrary morphisms).

Definition 1.4.4 ( ( )). Let C be a cartesian tangent
category. We define the following categories:

(i) Diff(C) is the category of differential objects and arbitrary morphisms, so for
any differential objects A, B, we have Diff(C)(A, B) := C(A, B).

8Some diagrammatic notation had creeped into the original draft here, I have fixed it.
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(ii) DLin(C) is the category of differential objects and linear morphisms.

The category of differential objects and smooth maps is a cartesian differential

category, exhibiting differential calculus as a specialized logic in a tangent category.

Proposition 1.4.5 (Section 3.5 of ( )). LetC be a carte-
sian tangent category. Then:

(i) Diff(C) is a cartesian differential category, where we define the differential

combinator D to be
A i) B

R T D
AxAZS Tax A) A T 2L 7y 22 B

(where A 4,+ 4 are the lift and addition for the differential object structure on

A, and pg is the projection map on the differential object structure on B).

(ii) There is an equality of categories, Lin(Diff(C)) = DLin(C), meaning that a
morphism between differential objects in the cartesian tangent category C is

linear if and only if it is linear in the cartesian differential category Diff(C).

Recall thatif M is an open subset of R”, the second tangent bundle of an open
subset U C R” splits as

TA(U)=T(U xR")=(U xR") x (R" xR")= ,U.

Every smooth manifold admits such a decomposition on its second tangent bun-
dle; these are known as a affine connections’ and provide a way to reason about

an object as though it has local coordinates in an arbitrary tangent category.

Definition 1.4.6 ( ( )). In a tangent category C, define
the following:

(i) An affine vertical connection isa mapx : T>M — T M so that

9The prefix “affine” differentiates these from more general connections on differential bundles,
which are introduced in Section 2.6.
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a) k isavertical descent, namely a section of the vertical lift{ : TM — T>M,
sokofl=1id;

b) k is compatible with both liftson T>?M: T.kol. T =T.ko T.L ={ oK.

(ii) An affine horizontal connection isamapV : T, — T?>M so that

a) V isahorizontallift, namely a section to the horizontal descent(p.T, T.p)
T? = T, so that(p.T, T.p)oV =id;

b) V is compatible with the linear structures on T?, T,:T.V o (£ x 0)
=0oVandT.NV(0x{)=TALoV.

(iii) An affine connection is a pair (k,V) comprising a vertical and horizontal
connection on M satisfying the compatibility conditions:

a) T.4o(+.To(lox, T.0op.T),V(p.T, T.p))=idy2p,

b) koV=0opom;.
An affine connection is torsion-free ifk o c = k.

The data of a vertical connection is sufficient to define a full connection, as
observed in ( ).

Lemma1.4.7 ( ( )). Afullconnection is equivalent to a vertical
connection in which the following diagram is a fiber product:

TM
V &
T°M —x> TM —p=> M

%TM%

Example 1.4.8.

(i) Every differential object in a tangent category has a canonical vertical con-
nection given by (p o p.T,p o T.p). A morphism of differential objects will
preserve this vertical connection.
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(ii) Every smooth manifold has a non-natural choice of Riemannian metric.
By the fundamental theorem of Riemannian geometry, there is a torsion-
free connection associated with the metric. (See any standard reference on
Riemannian geometry, e.g. ( ).)

Connections allow for arguments on higher powers of the tangent bundle to
be pushed down to pullback powers of T.

Observation 1.4.9. Suppose M, N each have connections (k_,V_). The map T?.f :
T2M — T2N can be written using local coordinates T2.f : LM — TyN as

T2,
r2m =L 2N
T.+0(+.TO([071'2,T.OOTL'O),V(TL'O,TKI))T \L(p.T,T.p,KN)
LM ----» TN

where T‘Z\f is given by
(T.fomg, T.f oy, T.f oma +n VIf1(7o, 1))
withV[f]l:=kyo T2 foVy,.
Note that in the case that f preserves the connections, V[f]=0, as

KNOTz.fOVMzTfOKMOVM:TfOOOp:OOfOp.

1.5 Submersions

The category of smooth manifolds is incomplete: there are cospans'® X ER ME
Y for which the pullback fails to exist. Following ( ), the pullback of a
cospan exists and is preserved by T (i.e. it is a T-limit) whenever for each point
f(x)=g(y), the direct sum of the images of T f and T, g is the full vector space
T¢(x)M, such cospans are called fransverse. Submersions, then, form a convenient
class of maps, as any cospan where one map is a submersion will be transverse.

More precisely:

Following a general convention in category theory, where the prefix "co"-X means an X in the
opposite category, a cospan in C is a span in the dual category of C.
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Definition 1.5.1. If A and B are smooth manifolds, a smooth function f :
A — B is asubmersion if and only if the derivative D f |, of f at every pointa € A
is a surjective linear map.

With this definition we have the following result:

Proposition 1.5.2. In the category of smooth manifolds, let the class of submersions
be denoted by & .

(i) Submersions are closed under the tangent functor: fe ¥ = T.f € .

(i) Submersions are closed to pullback along arbitrary maps:

X X S5 x

This will often be referred to as T -stability under reindexing, as it induces a
functor between slice categories:

g* : Submersions/M — Submersions/N.

The properties of the class of submersions in the category of smooth manifolds
were studied in ( ) and axiomatized as a tangent display
system.

Definition 1.5.3. Atangent display system in a tangent category C is a class of
maps 9 in C that is

* stable under the tangent functo, d € 9 = T.d € 9,
e T-stable under reindexing (as in Proposition 1.5.2).

We call any tangent display system that is closed to retracts in the arrow category
a retractive display system. If for all M, py; € 9, we call 9 a proper (retractive)
display system.
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This section will show that the submersions in the category of smooth mani-
folds give a retractive display system, yielding a general construction of retractive
display systems from display systems.

The definition of a submersion may be rephrased as follows: f is a submersion
ifand onlyifforalla € Aandall v € T(B)suchthat fa = pv, thereexistsa w € T(A)
such that T.f o w = v. This is a weakly universal cone over A ER B <& TB: there

exists at least one morphism into it for any other cone over the diagram.

Definition 1.5.4. A commuting square is a weak pullback if forany x : X — A
andy : X — B so that f x =gy, there exists a map X — W making the following

diagram commute:

If the above diagram is a weak pullback for each T", then it is aweak T -pullback.

Lemma 1.5.5. Should the pullback of A ER c& B exist, Definition 1.5.4 is equiva-
lent to asking that the induced map (a, b): W — Ay x ¢ B be a split epimorphism.

Proof. Let r be aretract of (a,b): W — A x¢ B. For anyXMAf X ¢ B, the map

r o(x, y) exhibits the diagram as a weak pullback. For the converse, the unique
map (a,b): W — Arx, B will be a section of any map Ay x, B— W induced by

weak univerality. O

We now restate the submersion property for a map f using global elements
(for all a € Aand all v € T(B) such that fa = pv, there exists a w € T(A) such that

T(f)w = v) using generalized elements.
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Definition 1.5.6. Anarrow f : A— B in a tangent category is a tangent submersion
if and only if the naturality diagram

is a weak T -pullback.

Following Lemma 1.5.5, in the case that the pullback exists this is equivalent
to asking for a section h: Ay x, T B — TA of the horizontal descent (p, T f): TA—
Arx,T B (this section is sometimes called a horizontal lift in differential geometry
literature ( )). In smooth manifolds, the T-pullback along the
projection p : T = id always exists, so to prove that every submersion is a tangent

submersion it suffices to show the existence of a horizontal lift.

Proposition 1.5.7. In the category of smooth manifolds, the tangent submersions
are precisely the submersions (Definition 1.5.1)

Proof. There is an explicit construction of a horizontal lift for a classical smooth
submersion in VII.1 of ( ). O

It is possible to show that the T -stability properties for submersions in the
category of smooth manifolds follow from the general theory of weak pullbacks.
We begin by showing that weak pullbacks satisfy a weakened version of the pull-
back lemma and then show that the retract of a weak pullback is a weak pullback
(the second lemma is Lemma 2.1 of ( ).

Lemma 1.5.8 (Pullback lemma). Consider the diagram

o—)oi)o

@ [gm |

e —> 0o — o

(i) If f, g arejointly monic and (A)+ (B) is a weak pullback, then (A) is a weak
pullback.
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(ii) If(A),(B) are weak pullbacks then (A)+ (B) is a weak pullback.
Proof.

(i) If(A)+(B)is a weak pullback, a map can be induced for a cone over (A) by
concatenating it with (B); the jointly monic condition on f, g guarantees
that the map induced for (A) + (B) will commute for (A).

(ii) Given a cone for (A)+ (B) induce a map for (B), which then induces a cone
for (A).

Lemma 1.5.9. (Weak) pullbacks are closed to retracts.

Proof. Suppose that S’ is a weak pullback, and S is a retract of it in the category of
commuting squares. Consider the following diagram (suppressing the subscripts

for s, r):

> A

NN
! ]|3w y/\l/ /ij’ \l/y/Bw

2 s C’ s C
N ml

s 2 / r
D > D >

Given a cone for S, there is a corresponding cone for S’ which induces a map

Z — A’ and postcomposition with r, gives the desired map into A. O

Using these lemmas, it is straightforward to prove that the following T -stability

properties hold for tangent submersions.

Lemma 1.5.10. In any tangent category X,

(a) tangent submersions are closed to composition;
(b) tangent submersions are closed to retracts;

(c) any T -pullback of a tangent submersion is a tangent submersion.
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Proof. (a) follows from Lemma 1.5.8 while (b) follows from Lemma 1.5.9. It re-

mains to prove (c). Consider a T-pullback, where u is a tangent submersion:

ANV

v

<

&N

W =

By naturality, the outer paths of the following two diagrams are equal:

Tf p f
TA > TM M TA —— A — M

I e fu= fe

T
B2y 1N s N TB-LysB_EsnN

p

~

Note that the left diagram is a weak pullback by composition. Therefore the
outer perimeter of the right diagram is a weak pullback, and the right square is a
pullback, so the left square is a weak pullback by Lemma 1.5.8, as desired. O

The class of tangent submersions is closed to retracts in the arrow category
and is conditionally T-stable under reindexing (if the T-pullback of a tangent
submersion exists, it is a tangent submersion). This stability property leads to the
following result:

Proposition 1.5.11. LetX be a tangent category that allows for reindexing of the
class of tangent submersions Z . Then the class of tangent submersions is a display

system.

Proof. Any class of maps that is closed to reindexing is a tangent display system,
and the class of submersions is closed to retracts in the arrow category. O

Corollary 1.5.12. The class of submersions in the category of smooth manifolds is
a proper retractive display system.
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Chapter 2

Differential bundles

Our principal aim in this thesis is to provide an abstract tangent-categorical
axiomatization for Lie algebroids. To accomplish this, we must provide an axiom-
atization for Lie algebroids which is essentially algebraic (in the sense of

( )). However, in the category of smooth manifolds, Lie algebroids are de-
fined in terms of vector bundles and these are prima facie a highly non-algebraic
notion.

In addition to algebraic axioms which make it an R-module in the slice over
its base M, a vector bundle q : E — M satisfies a crucial topological requirement:
it must be locally trivial. This means that the projection g : E — M must be
locally isomorphic to a projection 7y : U x R"” — U for some open subset U of M
and natural number 7. It is this property that permits calculations using local
coordinates, an approach deeply enshrined in the culture of differential geometry.

( ) introduced the algebraic notion of a differential
bundle. Evidence that differential bundles are the appropriate generalization of
vector bundles was provided by showing how classical results for vector bundles
could be generalized to differential bundles in any tangent category

( ) ). However, the precise relationship in the category of
smooth manifolds between vector bundles and differential bundles was left open.
The main result of this chapter (see ( )) is that vector bundles and
differential bundles coincide in the category of smooth manifolds.

The axiomatization of differential bundles focuses on another important prop-
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erty of vector bundles: given a vector bundle g : E — M and a vector v in the
fibre E, above x € M, the tangent space T,(E,) can be naturally identified with
E,. This gives a lift map A : E — T E which can be axiomatized. While the lift
map had long been noted in the differential geometry literature in the guise of
the Euler vector field (see 6.11 of ( ) and also Section 1 of

( ) which explicitly uses the term "lift"), it had not been adopted as the basis
of an abstract axiomatization.

Morerecently, in the differential geometry literature,

( ) and ( ) realized that the multiplicative R -action on the
total space E determines the vector bundle structure of g : E — M, and conversely
such a multiplicative action determines a vector bundle precisely when its Euler
vector field (Definition 2.1.8) satisfies an additional “non-singular” property. This
chapter extends these more recent observations on vector bundles to differential
bundles.

The chapter begins by reviewing vector bundles, describing the Euler vector
field construction that sends avectorbundle g : E — M toa "lift"mapA: E - TE
from ( ), whereas the rest of the chapter contains
new results developed in collaboration with Matthew Burke. The second section
establishes that these lifts are associative coalgebras for the weak comonad (7, ¢),
and that there is a fully faithful functor from vector bundles into the category
of lifts for smooth manifolds. The third section identifies the universal property
satisfied by the lift (or equivalently Euler vector field), while the fourth section
shows that a non-singular lift corresponds precisely to a differential bundle. The
fifth section proves the main theorem of the chapter: vector bundles are precisely
differential bundles for smooth manifolds. The final section contains some re-
marks on extending affine connections to arbitrary differential bundles, which
will be useful in Chapter 3.

2.1 Vector bundles

A vector bundle over a manifold M axiomatizes the notion of a smoothly varying
family of vector spaces indexed by the points m € M. The driving example is that

of the tangent bundle over a smooth manifold M, where the fibre above each
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point m € M is the tangent space T,, M. The manifold structure guarantees that
the projection is locally trivial: given a chart U — M, the next pullback splits as a
product:
UxR" — TM
R
U—FM

The local triviality of the tangent bundle is essential for various constructions and
is part of the definition of a vector bundle.

Definition 2.1.1. Avector bundle is a tuple
(q:E—>M,§:M—>E,+:quqE—>E,-:R><E—>E)
of morphisms in SMan so that
(i) thetuple(q,&,+,-) defines an R-module in SMan/M ;
(ii) the map q : E — M is locally trivial.

The fibred R-module structure means E is a family of vector spaces indexed by M,
{E,,lme M}.

It is important to note that the local triviality axiom guarantees that the pro-
jection of a vector bundle is a submersion (Definition 1.5.1); thus pullback powers

of g : E — M exist and are preserved by the tangent functor.

Example 2.1.2. Consider the cylinder, defined as the subset of R® spanned by
C={(x,y,2)|x*+y?=1,z€R}:

R

Above each point i € S' = {(x, y)|x?+ y? =1} the fibre over i isR. For each point i,
we can choose a sufficiently small € and take the open set

U ={(x,y)eS iy —x)+(i, —y)* <e},
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which may be flattened to(—(1+¢€),1+¢€) xR.

The sections of a vector bundle also give rise to a C °°(M )-module, generalizing

that aspect of the tangent bundle’s fibred R-module structure.

Lemma 2.1.3. Given a vector bundle q : E — M, write the set of sections of q as

I(q);

as, for example, T(p.M)= y(M) (recall the notation from Definition 1.2.16).

The setT(q) has a C°°(M)-module structure in much the same way as y(M):

X+F(q) Y =+0(X,Y), OF(q) = é’, (f 'r(q)X)(m) = f(m)X(m)

There are also a variety of general constructions that yield vector bundles.

Example 2.1.4.

)

(i)

(iii)

(iv)

W)

The tangent bundle is a vector bundle: the construction in Section 1.2 makes
it clear that the projection p : TM — M is a locally trivial, fibred R-module
over the base space M .

A trivial vector bundle over M with fibres in V is the product M x V. In
particular, every vector space is a trivial vector bundle above the one-point
space {x}.

Each T M will be locally trivial; locally it looks like the k -fold product of the
tangent space pk_l(U) = U x (R™)* for an n-dimensional manifold M. More
generally, one can take the fibrewise pullback Ex = E ;x4 E g% 4... 4% 4 E and
discover a vector bundle over M .

The cotangent bundle of M, T*M, has the dual vector space of T,, M above
each point M : Ty (M) = (T,,M)*. This space can be appropriately topolo-
gized to be smooth, and a set of sections of T(T*M) is isomorphic to the set of
morphisms T M — R that are linear in each fibre. This construction may be

applied to any vector bundle and is called the dual vector bundle.

Consider the space A" (E), the alternating tensor product of E*. The set of sec-
tions of this vector bundle is equivalent to the alternating n -linear morphism
E,, — R; when restricted to the tangent bundle, this is the space of differential

n-forms.
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There are two constructions on vector bundles that will be necessary to prove
the main theorem of this section.

Proposition 2.1.5. Let(q: E — M,&,+,,-4) be a vector bundle.
(i) Foranymap f : N — M, the T -reindexing of q by f is a vector bundle:
N f
f*E — E

ra| iq (2.1)

N —— M

(i) Any retract of q in the space of arrows is a vector bundle; that is, given

})

— E —>
- ‘il n 2.2)
N M —> N

v

if there is a vector bundle structure on q, then there is a vector bundle structure

onrTt.

The category of vector bundles has “locally linear” bundle morphisms as its
maps.

Definition 2.1.6. Amorphism ofvector bundles betweenq : E — M andn:F — N

is a commuting square

EL)F

lo s

M —— N

that is fibrewise linear, so that above each fibre

flm:Em_)Fv(m)
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is a linear morphism of vector spaces. This may equivalently be stated as a mor-
phism of fibred R-modules, so that the following diagrams commute:

-1y r gL ,F
q x £ 7
~ ~ 1 1
M-—~Y*yN M—Y2 3N
E2i>FZ RxE—f>]RxF

| |
+ H E F
Yooy ¥ + f +
E —>F E———F

Example 2.1.7.

(i) For the pullback vector bundle in Diagram 2.1, the pair (f, f) is a linear
bundle morphism.

(ii) For the section/retract vector bundle structure from Diagram 2.2, the section
and retract are linear morphisms. Note that this is exactly the splitting of a
linear idempotentonq: E — M.

The lift on the tangent bundle was defined in Section 1.2 as
[yl =1y orl..
Instead, consider the action of R on a tangent vector:
Iyl )= lro(r-x)l..
Note that T.- gives the equation
T.-o([wo(x,y))l(a,b)—a+b-x])=(we(a-x,a-b-y));

so the lift map ¢ can be rederived as follows:

id, 1R X
™ " T xR — %% 5 T(TM xR) —— T2M

[r] ——= (rl 1) == (remollr—1er]) —— [roeg]

This general construction is known as the Euler vector field of a multiplicative
action by R™.
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Definition 2.1.8. Consider a multiplicative monoid action a : R* x E — E. The
Euler vector field' of the action is the morphism A : E — T E constructed as follows:

id,1Ro! R
A=Y RYA TE X TR T(E xR) 2% TE.

Local triviality for the tangent bundle is encoded by the universality of the
vertical lift condition. A similar universality condition holds for vector bundles.

Proposition 2.1.9. Let q : E — M be a vector bundle with corresponding Euler
vector field A. Then the following diagram is a T -pullback:

E—2 5 TE

l" l(p,T.q)

Exploiting the fact that fibred R-modules have subtraction, the following result
holds.

Corollary 2.1.10. The following two diagrams are T-equalizers:

E._ T
u .7007T0+Tq1.07[1 -q
TE ——=XTM
T.qo0op

~

E,

vE:=T.Eomg+, Aom; p
TMp Xgq E > TE 3 E
poT.EoT.q

(recall that E, is the pullback of a submersion along a submersion and is therefore

guaranteed to exist and be preserved by the tangent functor).
Proof. Given v: X — TE so that
T.gov=T.qoOopov

then
po(v—rgOopov)=pov—gpov=_oqov.

So there is a unique v’ so that

Aov'=(v—r400pov)

'Somewhat confusingly, the Euler vector field is almost never a vector field.
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meaning that
v=00opov+r,Aov =u(0opov,v)

as required. The projection q is a submersion, so the pullback E, is preserved
by the tangent functor, as is the pullback in Proposition 2.1.9, and the same
calculation may be applied for each T". The proof for v follows by the same

argument. O

Recall that the class of submersions forms a retractive display system in the cat-
egory of smooth manifolds (Definition 1.5.3), so they are stable under reindexing

and closed to retracts. We may now infer the following:
Corollary 2.1.11. The projection for a vector bundle is a submersion.

Proof. This follows from the fact that 7 : TE — E is a submersion, so that g o7ty :
E 4%, TM — M isasubmersion, so themap q : E — M is aretract of the projection
p.E : TE — E in the arrow category. O

Preservation of the Euler vector field is also sufficient to guarantee that a

morphism f : E — F determines a vector bundle morphism.

Proposition 2.1.12. Letq : E — M,n: F — N be a pair of vector bundles with
Euler vector fields A¥ , AY . Then a bundle morphism(f,v): q — 7 is a vector bundle
morphism if and only if

AMof=TfoAF

Proof. Note that the ¥ map from Corollary 2.1.10 is monic, and if f/ preserves

the lift, it preserves »:

Yo(Tw, fl=+o(T.LoT.v,Af o f)=40o(T.foT.xi,T.f o AE)=T.f o »E.

49



Next, observe that T.v x f is the unique map making the following diagram com-

mute:
M 3 > E
X
qemy p
~ 1 e
TM,x,E —— TE
2 le f
\I/
TN,x,F —— TF
- 4 \p
~ 1\/ﬂ- ™ \ v
N 4 > F

Now v is a vector bundle morphism and monic, and 7. f is a vector bundle mor-
phism, so it follows that T.v x f is a vector bundle morphism and hence f is also

a vector bundle morphism. The reverse implication is immediate. O

2.2 Lifts for the tangent weak comonad

Thelift ¢ : T = T? givesrise to a weak comonad. Weak comonads were introduced
in ( ) and have a natural notion of an associative algebra®. An
associative coalgebra of the weak comonad (7, ) is called a lift; this chapter will
demonstrate that lifts provide the essential structure necessary to formulate vector
bundles.

Definition 2.2.1. A weak comonad on a category C is an endofunctor S : C — C
equipped with a coassociative map 6 : S = S.S:

S —s— S.S
5 56
Y g
S.§ -65% S8.8.8

An associative algebra of a weak comonad is an object E equipped with a map
A:E — SE so that

E —2— S.E
A 5.
g N

S.E -sa» S.S.E

2This is not strictly true. Wisbauer has a more nuanced hierarchy of almost-monads, and in his
language (T,¢) would be an endofunctor with an associative product.
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A morphism of these algebras isamap f : (E,A)= (D, ) so that

E—f—D
A y
N N
S.E -5f% S.D

Recall that for a full (co)monad, there is an adjunction between the base

category and the category of (co)algebras. That result is weakened in this case:

Lemma 2.2.2. For every weak comonad on a category C, there is a free coalgebra
functor
F:C— CoAlg(C); E—(S.E,6:S.E —S.S.E)

an underlying object functor
U : CoAlg(C)—C;(E,A)— E

and a natural transformation

E —x— S.E
A:id=> F.U; ,'1 ('3
v e

S.E -sa» S.S.E

Definition 2.2.3. Alift in a tangent category C is an associative coalgebra of (T, 1),

namely, a pair (E,A: E — TE) so that the following diagram commutes:

E—2 3 TE

L e

2
TEW)TE

A morphism of lifts is a coalgebra morphism. The category of lifts and lift mor-
phisms in a tangent category C is written Lift(C).

Note that the tangent bundle is not, in general, a comonad: while the tangent
projection has the correct type for a counit, p : T = id, it does not satisfy pof = id.
In fact, if p were a counit, this would force id = pof =00 p so that 0 = p~!, thus if

(T,¢, p)is a comonad then T is naturally isomorphic to the identity functor.
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Example 2.2.4.

)

@)

(iii)

(iv)

For every object M in a tangent category C, the pair(TM,{: TM — T?>M) is
a lift, called the free lift on M.

Every object M in a tangent category has a trivial lift, 0 : M — T M, where
T.000=/00.

Every differential object has a lift A; the coherence is equivalent to axiom
[D0.3] in Definition 1.4.1.

The Euler vector field of a multiplicativeR* -action h : Rt x E — E inSMan is
a lift. Recall that the Euler vector field over the scalar action sy; : TM xR — R

induces the vertical lift on a manifold:
{=T.55;0(0, AR 0 1R0).

In the category of smooth manifolds, TR 2 R[x]/x?, where A(r)=[x — 1 - x]
corresponds to the map A'(r)=0+ r - x. Similarly, there is an isomorphism
R[x, y1/(x?, y?) so that for the maps0.Tand T.0,

0.T(a+r-x)2a+r-x+0y+0xy, TOa+r-x)=a+0x+r-y+0xy.

Since we know that (0 + x)(0+ y) = (0+ xy) inR[x, y1/(x2, y?) (following

1.4.2), we can use these isomorphisms to see that

LoAR01Rol=(0.T 0 AR 0 1R0l) - 12 g (T.00 AR 0 1R0).

Consider a monoid action (R", h) on a manifold E. The Euler vector field of

this action,
id,1Ro! 0,AR h
A B8 e RO e TR TE
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will define an algebra if the induced scalar action on T E commutes with the

natural scalar action:

TAoA=T2?ho(T.00A, T.A0001Ro!)
=T2.ho(T.00T.ho(0,1o1R0!),00201Rol)
=T2 ho(T?.ho(T000,T0oA01®0l),00A 010l
=T2.ho(T.000,(T.00A01R0l) 12 g (0.T 0 Ao 1%ol))
=T2ho(fo0,l0)o01R0l)
=loT.ho(0,Ao01R0l)
=(o.

Observation 2.2.5. Recall that by Proposition 2.1.12, morphisms preserve a monoid
action if and only if they preserve the associated Euler vector field of the action.
This means the Euler vector field construction gives a fully faithful functor from
monoid actions to lifts in the category of smooth manifolds, and therefore from the
category of vector bundles to the category of lifts in SMan.

The following proposition gives a pair of constructions on lifts—closure under

the tangent functor and finite T -limits—that will be useful in this section.
Lemma 2.2.6. Let C be a tangent category.
(i) The tangent functor lifts to an endofunctor on the category of lifts in C.

(ii) Given a diagram
D : 2 — Lift(C)

in the category of lifts of C, if the T -limit of U .D exists inC, thenlim U .D has
a natural lift ' associated to it so that(lim U.D, A') is the limit of D in Lifts(C).
(That is, T -limits of lifts are computed pointwise in the base category.)

Proof.
(i) Simply check that
T.(coT.A)ocoTA=T.coT?AocoT.A=T.coc.ToT?*A

=T.coc.ToTloTA={¢.TocoT.A.
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(ii) Concretely, a tangent terminal object will have a lift:
0 ~
(1,1 - T.121).
Given (E, A) and (F, 1), if the tangent product E x F exists there is a lift
(ExFExFZX5TExTFXT(Ex F)).

Given the T-equalizer of a fork f,g : (E,A) — (F, 1), the equalizer has a lift
induced as follows:

v/'\ \L?L Tgf l/l

T.C -X% T.E — T.F
T.g

Proposition 2.2.7. The category of lifts is a tangent category.

Proof. The tangent functor sends

f:(E,A)—(FI)
T.f:(TE,coT.A)—(TF,coT.l).

To see that this is still an algebra morphism, compute
coTloT.f=coT?*foTA=T?focoT.A

The structure maps are the structure maps on the underlying object of the lift; the

universality conditions follow by Proposition 2.2.6. O

The following idempotent is key in the theory of lifts and will be used in
defining non-singular lifts (Definition 2.3.1), and its splitting will present the

projection and zero-section of a vector bundle (Definition 2.4.1).

Proposition 2.2.8. The category of lifts in a tangent category C has a natural
idempotent:
oA
e:id=id;ey ) :(E,A)p—>(E,/1).
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Proof. First, we see that e = p o A is an idempotent:
podopoA=pop.ToTAoA=pop.Tolod=polopoil=poA.
Moreover, every f :(E,A)— (F, ) preserves the idempotent:
fopoAd=poT.fod=polof.
Finally, note that the idempotent is a lift morphism.:
TAoA=loA=coloA=coT.AloA
which implies that

Aoce=AopoA=poT.Aod=pocoT AoA=T.poT.AoA=T.eoA.

2.3 Non-singular lifts

( ) introduced the notion of a non-singular lift as
a means to axiomatize the Euler vector field of a vector bundle’s multiplicative
R*-action. While it is not immediately clear that our definition is the same as
Grabowski’s, the results of Section 2.5 will justify the use of this language as they

are necessarily the same.

Definition 2.3.1. Alift(E, A) in a tangent category C is non-singular whenever the
following diagram is a T -equalizer:

T.
E 25 TE —3 TE
e.E

wheree.E = pol (theidempotent associated to the freelifton E)and T.e = T.poT.A
(the image of the idempotent associated to (E, 1) under the tangent functor). The

category of non-singular lifts is written NonSing(C).

The most prominent class of examples is given by the Euler vector field of the
R-action on a vector bundle.
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Proposition 2.3.2. The Euler vector field of a vector bundle is a non-singular lift.

Proof. Let(q : E — M,+,&,-) be a vector bundle with Euler vector field A. By

Proposition 2.1.9, the diagram

™™
T.qo0op

T.q

E -5 TE
poT.EoT.q
E

isa T-limit. The T -universality of this diagram will hold if and only if the diagram
is universal after each parallel pair of arrows is post-composed by a T-monic. A
section is a T-monic, so the previous diagram is T-universal if and only if the

following diagram is T-universal:

E 25 TE

Q

\T.‘
OON i
P S ey ISy TR

Now simplify this diagram using the fact that T.((oq)=T.e,0op =e.E:

TE
e.EOV

2 e.T
E— TE
Ke‘

e.EoT.e
TE

Note that the the two pairs of parallel arrows have a common arrow, implying
that they may be pulled together into a single ternary equalizer. All that remains
to check, then, is thatforany x : X - TE,

(e.eox=T.eox=e.Eox) <= (T.eox=e.Eox).
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The forward implication is trivial, so it remains to prove the reverse. Suppose

T.eox =e.E o x;then
eecox=eEoTeox=e.Eoe Eox=e.Eox

giving the result, namely that the diagram
A T.e
E—-5 TE —=3 TE
e.E
isa T-equalizer. O

Everymap f : E — F gives amap of free coalgebras T.f : (T E,{)— (T F,{) and
the idempotent e is a coalgebra morphism by Proposition 2.2.8, so the following
is immediate:

Proposition 2.3.3. A non-singular lift is an equalizer in the category of lifts:

(E,A) —2 (TE,t) == (TE,0)

e.E

Observe that the category of non-singular lifts is closed under finite limits in
the category of lifts.

Proposition 2.3.4. The category of non-singular lifts in C is closed under T -limits:

(i) The tangent functor on lifts preserves non-singular lifts, so that if (E,A) is
non-singular then (T E, ¢ o T.A) is non-singular.

(ii) The trivial lift on an object, 0: M — T M, is non-singular.
(iii) T -products of non-singular lifts are non-singular lifts.
(iv) T -equalizers of non-singular lifts are non-singular lifts.
Proof.
(i) This follows from the fact that the non-singularity condition is a T -limit.

(ii) The zero map splits the idempotent 0o p, so it is the equalizer of Oop,p o0 =
id.
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(iii) This follows by stability of limits under products.

(iv) The following diagram commutes by naturality:

C ————— -)E F
4
A A A
T.C ---» T.E —=

e

T.C ---+ T.E :; T.F

Each horizontal diagram is a T-equalizer, and the two columns on the right

are T-equalizers, so the column on the left is a T-equalizer.
O

Finally, when a tangent category has certain T'-equalizers, there is an idempo-
tent monad on the category of lifts, whose algebras are non-singular lifts:

Theorem 2.3.5. Let C be a tangent category with chosen T -equalizers of idempo-
tents. Then the following equalizer determines a left-exact idempotent monad on

the category of lifts, whose algebras are non-singular lifts.
.E

(F,1) — (T.E,l) —= (T.E, )
T.e

Proof. First, take the equalizer in Lift(C); the functor sends (E, A) to the chosen
limit (F, [).The unit of the monad is the unique morphism from (E, A) to the

equalizer (F, [) induced by universality:

(F,1) — (TE,¢) == (TE,{)

~ e.E
Ell
e

(E,2)

Note that non-singular lifts are closed under finite limits, so (F, /) is a non-singular
lift. If (E, A) is a nonsingular lift then A : (E,A) — (T E,{) equalizes the diagram,
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so there is a unique isomorphism (F, [) = (E, A), making the multiplication of the
monad a natural isomorphism (and thus yielding an idempotent monad). The
functor is defined as a T'-limit and therefore preserves all T-limits of lifts, so it is
left-exact. O

In the category of smooth manifolds, ¢ is the Euler vector field of an R*-action,
this guarantees that every A is the Euler vector field of a multiplicative R*-action.

We note the following corollary.

Corollary 2.3.6. In the category of multiplicative Rt actions in SMan, multipli-
cation by 0 is equivalent to the natural idempotent e in the fully faithful functor
sending an R* -action to its Euler vector field. By non-singularity, the following
diagram is an equalizer, giving E a multiplicative action by Rt whose Euler vector
fieldis A:

(E,-5) —2 (TE,-r) == (TE,1)

e.T

Moreover; A is the Euler vector field of this lift, and the following diagram commutes:

2 e.E
E————»TE ———<TE
' T.e '

(IR,id)l (1R,id) (1%,id)
+ v *xe.E v
R*xE —22* s R¥x TE R* x TE
| 1 RfxT.e !
ARx0 AR %0 AR %0

v « v T(R*xe.E) e
T(R* x E) 224 T(R* x TE) —= T(R*x TE)

| T(R*xT.e)
T-g : T.pl l.p
'

e.E
TE ———— TTE T:; TTE
.e

2.4 Differential bundles

This section introduces (pre-)differential bundles, which provided the rest of the
data for a vector bundle: namely the projection, the zero section, and the ad-
dition map. The zero section and projection data arise by splitting the natural
idempotent e : id = id, and non-singularity will induce the addition map. Every
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differential bundle satisfies a pair of universality diagrams, linking this presen-
tation of differential bundles to the original definition in

( ).
Definition 2.4.1.

(i) Apre-differential bundle isaliftA: E — T E equipped with a chosen splitting
of the natural idempotent e = p o A from Proposition 2.2.8. Pre-differential
bundles are formally written (q : E — M, &, A), where q : E — M is the retract,
& : M — E the section, and A : E — TE the lift (the types are only necessary
for the projection as the rest may be inferred, and will generally be suppressed

to save space).

(i) Adifferential bundle is a pre-differential bundle(q : E — M, &, A) with the

properties that A is non-singular and T -pullback powers of q exist.

Morphisms of (pre-)differential bundles are exactly morphisms of their underly-
ing lifts. The categories of (pre-)differential bundles are exactly (pre-)differential
bundles and lift morphisms, and are written Pre(C), DBun(C) respectively.

Recall that as e is a natural idempotent in the category of lifts, any lift mor-
phism will preserve e and will consequently preserve its idempotent splitting.
Preserving the idempotent means that every differential bundle morphism is a

bundle morphism, where the base map is given by

EL)F

lo
M ey
We now look at the limits of (pre-)differential bundles.

Observation 2.4.2.

(i) Thelimitfor adiagram of pre-differential bundles is the limit of the underlying
lifts equipped with a chosen splitting of p o A due to basic properties about
idempotent splittings.
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(i) The limit for a diagram of differential bundles is the limit in the category of
pre-differential bundles (the lift will be universal by Proposition 2.3.4), so

long as T -pullback powers of the resulting projection exist.

Because there is a projection associated to a (pre-)differential bundle, the
T -reindexing operation described in Proposition 1.5.2 can now be applied. This
gives a pullback differential bundle in a similar way to Proposition 2.1.5.

Lemma 2.4.3 ( ( )). Let(q : E — M,E,A) be a (pre-)

differential bundle in a tangent category C, and consider a T -pullback in C:

o

N —— M

Then the induced triple maps

T.u*E oL > TE N —
T/\ ~ cou
u*A A u*g
b E u / ,i * \
uw*E —— E u*E —— E
T.u*q u*ql - q T.q l } q
0/ \0

~ )/ \rL ~
TN T > TM

induce a (pre-)differential bundle (u*q : u*E — N, u*g, u*A). If A is non-singular
and T -pullback powers of u*q exist, then (u*q, u*&, u*A) is a differential bundle.

Proof. Note that a pre-differential bundle (q : E — M, &, ) in C may also be
regarded as a pre-differential bundle (g : (E,A) — (M, 0),&, A) in Lift(C). Take the

following pullback in Lift(C):
(u*E,u*A) —— (E,A)

Lo

(N,0) —— (M,0)
It follows by construction that ¢ o u*A = A o¢. Thus the result holds.
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Proposition 2.4.4. Let(q: E — M, &, A) be a non-singular pre-differential bundle
in a tangent category C, so that T -pullback powers of q exist. Then there is an
additive bundle structure(q, &, +,) so that the differential bundle morphisms are
additive:

(1,8):(9,8,+4) = (p,0,+)  (1,0):(q,8,+4) = (T.q, T.E, T+4).
Furthermore, every differential bundle morphism preserves addition.
Proof. Non-singularity forces the existence of an addition map:

AxA (exe).E
E, =% TL,E —= LE
| B.e |

E!Jqu + +
v Vv e.E Vv
E—— TE —_XTE
T.e
Note that this diagram commutes because T, E is a pre-differential bundle whose
liftis £ x £, and also + is a linear morphism, so it commutes with the addition map
eoa+eob=eo(axb). Post-composition with A ensures that £ is the unit and

that associativity holds. A differential bundle morphism will induce a morphism

of the equalizer diagrams that induce each addition map to preserve addition. O

Recall that by Proposition 2.3.2, the Euler vector field for every vector bundle
is a non-singular lift. If TM , x, E exists, the map

T.ExA .
Ve TMyxgE—5 TEXSLTE

may be formed. Similarly, using the additive bundle structure from Proposition
2.4.4, the y map may be formed:

x T+
UE B yxg 25 T(E g% B)—5 TE
Note that any differential bundle morphism will preserve y and v.

Lemma 2.4.5. Differential bundle maps preserve u(x,y):=00x +74 Aoy and
Wv,y):=T.Eov+,Aoy.
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Proof. The following diagram demonstrates that lift maps preserve v:

fxT.m

EgxpTM —= Fyux,TN
gxT.n

K .y K

TE ———= T.F

T.g
e.eHT,e e.eHT.e

T.f

8

T.E ——=T.F

T.
Similarly, this diagram demonstrates that lift maps preserve u:

Tf
TE —— TF

S

T.fxT.
TEZ( f f)TF2

(AxO)T T(A’ x0)

E ) B

O

Lemma 2.4.6. Consider the full subcategory of differential bundles in C whose
objects are differential bundles (E, A) so that the forks
ut:=0cmg+rgAom;

T.q
E, » TE ——< TM
T.qo0op

(2.3)
vE:=T Eomy+) Aom; p
TM,x,E » TE ﬁ; E

are T -equalizers. This subcategory is closed under T -equalizers.

Proof. Start with the T-equalizer of lifts:

f
c-*5E ?F
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Observe that k is a lift map, so by Lemma 2.4.5, the following diagram commutes:

fxT.m
chXpTP %;1—"? EqXpTM ﬁ; Fq/XpTN
K lv \Lv
Tk T.f
T.C ----=*--» T.E ——< T.F
T.g
ee||T.e eel||T.e ee||Te

T.f
T.C -~---f s TE ——= TF
T8

Next, since k is a morphism of pre-differential bundles, by Lemma 2.4.5 the

following diagram commutes:

| [T
T.C ---» T.E —= T.F
T.e

T.f
T
T.g
e.e\H/Te e.eHT_e e.eﬂ
T.f
T.C ---> T.E —= T.F
T.g

The top row follows because maps satisfying Rosicky’s universality condition pre-
serve u, and the bottom row by the naturality of e.C and the fact that linear maps
preserve the natural idempotent. Thus, if E, F satisfy the universality diagrams
in Diagram 2.3, the equalizer C will as well, because T-equalizers are closed to

T-limits in the category of fork diagrams. O

Theorem 2.4.7. For everydifferential bundle(q : E — M, &, A) in a tangent category,
the diagram

uk T.q
E, — TE —X TM
T.qo0op

isa T -equalizer, and if TM ,, x 4 E exists, then

vE:=Romg+, T.Eomy p
Eq Xp TM > TE E
poT.EoT.q

isa T -equalizer.
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Proof. The tangent bundle satisfies both universality conditions, and by Lemma
2.4.6 every differential bundle will satisfy these conditions by the non-singularity
of the lift. O

Corollary 2.4.8. Ina complete tangent category, the category of differential bundles
is precisely the category of algebras of the monad in Theorem 2.3.5 on pre-differential
bundles.

Remark 2.4.9. The universality conditions in Theorem 2.4.7 demonstrate that this
definition of differential bundle agrees with that of (2018).

2.5 The isomorphism of categories

It is now straightforward to show that the main theorem of this chapter holds.
First, observe that for every differential bundle (g : E — M, £, A) in the category of
smooth manifolds, the T-pullback E, x, T M exists, as p is a submersion. Note
that the universality of the two diagrams is equivalent:

Aorg+y, T.Eom
i E x,TM “5TE
v i=Aomy+), T.Eomy p
E x,TM > TE E Lo l,,
poT.EoT.q Vv
Thus the following holds.

Theorem 2.5.1. There is an isomorphism of categories between vector bundles and
differential bundles in smooth manifolds.

Proof. Note that Proposition 2.3.2 gives a fully faithful functor from the category
of vector bundles to differential bundles of smooth manifolds, as the lift associated
to the vector bundle is non-singular and the projection and zero section give the
rest of the structure of a differential bundle: as remarked after Definition 2.1.1,
local triviality guarantees that the projection is a submersion, so pullback powers
of the projection exist, yielding a differential bundle.

To see there is an isomorphism on objects, recall that every differential bundle
is a fibred R-module by Corollary 2.3.6, and that this identification is a bijective
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mapping (it recovers the original R-action from the Euler vector field of the R-
action, and vice versa). Last, note that the universality condition

Aorg+, T.Eo

T
E x,TM “25 TE

along with Proposition 2.1.5 ensures the local triviality of g, so that the unique
fibred R-module structure associated to a differential bundle is indeed a vector
bundle. O

2.6 Connections on a differential bundle

The connections discussed in this section generalize the notion of an affine con-
nection to a differential bundle, giving a “local coordinates” presentation for
T E similar to the presentation of T?M as T;M induced by an affine connection.
Chapter 3 makes extensive use of connections on vector bundles, so it is useful to
set out the basic definitions before embarking on algebroid theory.

Definition 2.6.1 ( ( ). Let(q: E — M,&,A) be a differ-
ential bundle in a tangent category C.

e Avertical connection isa mapk : TE — E so that

(i) x is avertical descent, and hence a retract of the lift; thus, ko A=id;

(ii) x is compatible with both differential bundle structures on T E, so that

the maps

K:(TE,{)—(E,A)
K:(TE,coT.A)—(E,A)

are lift morphisms.

* A horizontal connection isa mapV : E ;x, TM — TE so that
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(i) V isahorizontal lift, and so is aretract of (p.E, T.q): TE — E ;x, TM?;
thus,(p, T.q)oV =id;

(ii) V is compatible with each pair of lifts, so that the maps

Vi(E;xpTM,AxE)—(TE,coT.A)
V:(E %, TM,0x{)—(TE,{)

are lift morphisms.

* A full connection is a pair (x,V) that satisfies the following compatibility
relations:

(i) KoV:goqor{O,

(i) V(p,T.q) +r1.4 ulp,x) = id, so that there is an isomorphism E ; %,
TM,x,E=TE.

A notion that will be useful when dealing with classical differential geometry
is that of a covariant derivative, whose definition is equivalent to that of a vertical
connection in the category of smooth manifolds.

Definition 2.6.2. Let(q: E — M,&, A, k) be a vertical connection.* The covariant

derivative associated to (x,V) is the map
Vil=]:T(m) xT(p) = T(n); (A, X) — (k0 TAo X).

( ) drastically simplified the notion of a full connection

by showing that it is exactly a vertical connection satisfying a universal property.

Proposition 2.6.3 ( ( )). Aconnection on a differential bundle

is equivalently specified by a vertical connection

k:TE—E

That (p.E, T.q)land in the pullback E ,x,, T M is a consequence of naturality, as po T.qg = gop.
4The definition of a covariant derivative only uses a vertical connection.
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so that the following diagram exhibits T E as a biproduct in the category of differ-
ential bundles over M :

A

E -Tg> TM —p

\

There is also a notion of flatness for connections that extends to vertical

M

NE

N\

connections on a differential bundle.

Definition 2.6.4. A connection k on a differential bundle(q : E — M, &, A) is flat
whenever
koT.koc=koT.K.

We can see that connections are closed under similar constructions to differen-
tial bundles, in particular idempotent splittings and the reindexing construction

from Lemma 2.4.3.

Lemma2.6.5. Let(q : E — M, &, A) be adifferential bundle equipped with a vertical
connection.

(i) Any linear retract of (q, &, A) will have a vertical connection.

(ii) The pullback differential bundle induced by pulling back q along f : N — M
will have a vertical connection.

If the vertical connection is flat or is part of a full connection (that is, it satisfies the
universality condition in Proposition 2.6.3), then the induced connection will be as

well.

Proof. The universal property induces the vertical connection in each case. The
construction will preserve flatness as it is an equational condition, and it preserves

effectiveness by the commutativity of limits. O
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There is no reason for every differential bundle in a tangent category to have
a connection (for example, the tangent bundle in the free tangent category Weil,
in Chapter 4 is a differential bundle that does not have a connection). However, if
the total space of a differential bundle has an affine connection, this induces a

compatible connection on the differential bundle and its base space.

Theorem 2.6.6. Let(q: E — M, &, A) be a differential bundle in a tangent category
in C, where E has a (flat) vertical connection. Then the total space M and the
differential bundle(q, &, 1) each have a (flat) vertical connection. If the connection
is full (so there is a compatible horizontal connection), then the induced connections

are likewise full.

Proof. By the strong universality condition for differential bundles, the differential
bundle (g omg: Egx, TM — M,(&,0),A x {) is the pullback differential bundle
of p: TE — E along & : M — E. This gives (g o ng,(&,0),(4,£)), a (flat, effective)
vertical connection by Lemma 2.6.5, and so it yields (g : E — M,&,A) and (p :
TM — M,0,¢) as (flat, effective) vertical connections by the idempotent splitting
property. O

Every smooth manifold has an affine connection, thus inducing a connection

on any vector bundle.

Corollary 2.6.7. Every vector bundle has a connection.
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Chapter 3

Involution algebroids

This chapter accomplishes the first major goal of this thesis by providing a tangent-
categorical axiomatization of Lie algebroids, namely involution algebroids. Much
like vector bundles, Lie algebroids are a highly non-algebraic notion (in the sense
of ( )), being vector bundles equipped with a Lie algebra
structure on the set of sections of the projection. Furthermore, the bracket on
sections must satisfy a product rule with respect to R-valued functions on the
base space (the Leibniz law), introducing another piece of non-algebraic structure
to the definition. The tangent-categorical definition of Lie algebroids will treat
the tangent bundle as the “prototypical Lie algebroid” in which the vertical lift
¢ : T = T?identifies the vector bundle structure and the canonical flip ¢ : T? = T2
plays the role of the Lie bracket.

Lie algebroids are the natural many-object analogue to Lie algebras, in the
same way that Lie groupoids are the many-object analogue of Lie groups. In the
single-object case, a Lie group is classically thought of as a space of symmetries
for some smooth manifold (one often identifies a group action G x M — M), and
a Lie algebra may similarly be thought of as a space of derivations (often identified
as a sub-Lie-algebra of y(M) for a manifold M). The extension of groups to
groupoids is natural; in fact, Brandt’s introduction of groupoids in ( )
predates MacLane and Eilenberg’s invention of category theory in

( ) by nearly two decades. The translation of Lie algebras to the

many-object case is not as straightforward. The first step is to replace the vector
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space underlying a Lie algebra with a vector bundle (7 : A — M, &, A). The idea
is to axiomatize this vector bundle so that each section in I'(7) corresponds to
a derivation on C°°(M). The anti-commutator operation on derivations from
Proposition 1.2.18 suggests there should be a Lie bracket [—,—] : T'(7) ® I'(r) —
I'(7) (similar to the partially-defined multiplication for a groupoid), while the
correspondence with derivations on C°°(M) suggests there be a vector bundle

morphism g : A— T M satisfying the Leibniz law:
(X, f-Y]=f-[X,Y]+[X,f]'Y; [X,fl=poT.fopoX! (3.1

(the full definition of Lie algebroids may be found in 3.1.1). This “operational”
definition of Lie algebroids makes it difficult to describe their morphisms, and
furthermore it essentially fails to be an algebraic structure in the classical sense,
as it axiomatizes structure on the set of sections of a map rather than a morphism
in the category itself.

Involution algebroids were introduced to provide a tangent-categorical presen-
tation of Lie algebroids, similar to the relationship between differential bundles
and vector bundles. Chapter 2 focused on the Euler vector field construction on
a vector bundle, showing that this induced a fully-faithful functor from vector
bundles to associative coalgebras (lifts) of the weak comonad (T, ¢), and identified
vector bundles with a subcategory of Lift(SMan) satisfying a universal property.
The corresponding construction for Lie algebroids, then, is the canonical involu-
tion, which was identified by Eduardo Martinez and his collaborators (a clearly
written exposition may be found in Section 4 of ( )). Given a
Lie algebroid (1 : A— M,p : A— TM,[—,—] : () ® I(n) — I['(n)), its canonical
involution is a map

0:Ap X1 TA— Ay, TA.

Using this o map, there is a straightforward characterization of Lie algebroid

morphisms: a Lie algebroid morphism is precisely a vector bundle morphism

1Recall the notation from Lemma 2.1.3.
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(f,m): A— B that preserves the anchor and involution maps:

f fxT.f
A——>3 B Ay TA —% Bosx1.. TB
ol e %
TM W) TN AQ XTn-TA W BQB XT.1B TB
Furthermore, it is implicit in Martinez’s work ( ( )) that o satisfies

axioms corresponding to the Lie algebroid axioms. Thus, involutivity corresponds
to antisymmetry of the Lie bracket

goo=id < [X,Y]+[Y,X]=0,

while the Leibniz law holds if and only if the g map sends the algebroid involution
to the canonical flip on M,

T.oomoo=coT.top <= VfeC®M),[X,f-Y]=f-1X,Y]+[X, f]-Y

(using the same definition as before for [ X, f]).

The idea of an involution algebroid, then, is to axiomatize the canonical in-
volution directly, just as differential bundles axiomatize the Euler vector field of
a differential bundle. An involution algebroid is a differential bundle equipped
with a pair of structure maps

0:A—TM, 0:Ayx7,TA— Ayxr,TA

satisfying a collection of axioms. Some of them are straightforward translations of

the structure equations for Lie algebroids given in ( ), for instance
T.ooA=lop, oo =id, T.gomoo=coT.pom,.

However, this requires a new coherence between the Euler vector field of the
underlying vector bundle and the involution map:

go(EomA)=(Eom, A).
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The most striking new fact about this coherence is that the Jacobi identity on the

bracket [—,—] corresponds to the Yang—Baxter equation on o:

AQ XTn TAT.Q XT2.1 T?A m AQ XTn TAT.Q XT2.1 T?A

[ |

AQ XTn TAT.Q XT2.1 T?A AQ XTn TAT.Q XT2.1 T?A

\Loxc.A ch.Al

Ag*rrTAz g2, TPA 2% Agxn TArgx 72 T2A

This is both surprising (it is a new characterization of a central object of study
in differential geometry and mathematical physics) and yet in a way expected
(the work in ( ), ( ) indicates that the
Lie algebra structure on the set of vector fields over a manifold follows from the
Yang-Baxter equation on c). This vector-field-free presentation of the Jacobi
identity allows for a structural approach to Lie algebroids that drives the work
presented in Chapters 4 and 5.

As with Chapter 2, the first section is expository, and is concerned with intro-
ducing the category of Lie algebroids. The second section introduces anchored
bundles, together with the space of prolongations of an anchored bundle. The
relationship between anchored bundles and involution algebroids is equivalent to
that between reflexive graphs and groupoids (the subject of Chapter 5), the space
of prolongations of an anchored bundle being equivalent to the set of composable
arrows for a groupoid. This section is mostly a translation of Martinez’s prolonga-
tion construction to a general tangent category. The rest of the chapter contains
new results, developed in collaboration with Matthew Burke and Richard Garner.

Section 3 introduces involution algebroids, which are anchored bundles equipped
with an involution map on their space of prolongations. Section 4 considers an
anchored bundle in a tangent category with negatives that is equipped with a
connection. The connection gives an involution algebroid a “local coordinates”
presentation (in the sense of Section 1.4) that is equivalent to the local characteri-
zation of Lie algebroids from Section 1. The final section of this chapter establishes
the main result: the category of Lie algebroids is isomorphic to that of involution

algebroids in smooth manifolds.
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3.1 Lie algebroids

This section reviews the basic theory of Lie algebroids: their definition and that
of their morphisms, along with some introductory examples. The classical defini-
tion will not appear elsewhere in this chapter, however, as we quickly introduce
Martinez’s structure equations for a Lie algebroid ( ( )), then translate
them into tangent-categorical terms using a connection.

Definition 3.1.1. ALie algebroid is a vector bundle . : A— M equipped with an
anchor g : A— TM and a bracket[—,—] : T(m)®I(r) — [(nt) satisfying the following

axioms:

bilinear: [aX,+bX,,Y]=a[X, Y]+ b[X,,Y]and[X,aYi+bY;]|=alX, 1]+
b(X,Y,]

e anti-symmetric: [X,Y]+[Y,X]=0

Jacobi: [X,[Y,Z]|=[[X,Y],Z]+]Y,[X,Z]]

Leibniz: [X,f-Y]=f-[X,Y]+[X, f]- Y
(where[X, f] is defined as in Equation 3.1).
Example 3.1.2.

(i) The canonical example of a Lie algebroid is, of course, the tangent bundle
using the operational tangent bundle from Definition 1.2.16.

(ii) AlLie algebra is a Lie algebroid over the terminal object: for a group G, the
bundle of source-constant tangent vectors is the usual Lie functor from Lie

groups to Lie algebras, because a groupoid is a one-object group.

(iii) The bundle of source-constant tangent vectors s, t : G — M of a Lie groupoid
forms a Lie algebroid. This bundle is defined by the pullback

o
/—\
AE » TG —L5 TM

3

l(T-s,p)

M — TMxG
(0,e)
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(iv)

)

(vi)

where the projection is = and the target is given by o in the diagram. There is
an injective R-module morphism from sections of , I'(7t) to vector fields on
G, x(G), and the Lie bracket on G is closed over the image of this lift, putting
a Lie bracket on T(r). In particular, we can see that T M is the bundle of

source-constant tangent vectors for the pair groupoid on a manifold M :

(id,00p)
TM —— T(M x M)

P\L J l(p,T.ﬂo)

Given (u,v): X —» T(M x M) above (m,m): X — TM with u =0om, it

follows that u =00 pou, so v is the unique map induced into T M.

Every group is a groupoid over a single object. The Lie algebroid associated
with a group G, then, is the usual Lie algebra.

From the Hamiltonian formalism of mechanics, every Poisson manifold has
an associated Lie algebroid. A Poisson manifold is a manifold M equipped
with a Poisson algebra structure on C°°(M), namely a Lie algebra that is also
a derivation:

where - is the multiplication in the algebra C*°(M) as in Lemma 2.1.3. The

cotangent bundle over a Poisson manifold M is canonically a Lie algebroid,
called a Poisson Lie algebroid (1994).

Any Lie algebra bundle—that is, a vector bundle equipped with a Lie bracket
on its space of sections—is a Lie algebroid, with anchor map & o 1.

Morphisms of Lie algebroids are notoriously difficult to work with, and have

an involved definition.

Definition 3.1.3. Let A, B be a pair of anchored bundles over M,N, and®: A— B
an anchored bundle morphism over a map ¢ : M — N. A ®-decomposition of
X eTl(n,)isasetof X; €T(rg) and f; € C°°(M) so that

Q)OX:Zfi-XiO(p.
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An anchor-preserving vector bundle morphism ® is a Lie algebroid morphism if
and only if forany X, Y €1(n 4) and ®-decompositions { X;, f;},{Y},g;} of X, Y, the

following equation holds:

®o[X, Y= fi-g;- (X, Vilog)+ D [X, fil-(X;09)— D [V,g,1(Y;0 9).

The equation defining a Lie algebroid morphism holds independently of the

choice of ®-decomposition (see ( ) for a proof).
Example 3.1.4.

(i) If A, B are Lie algebroids over a base manifold M, ®: A— B is a Lie algebroid

morphism if and only if it preserves the anchor and Lie bracket.

(i) Given two Lie algebroid morphisms f : A— B,g : B— C, their composition
go f isalso a Lie algebroid morphism.

(iii) A Poisson Sigma model (see ( ) is a morphism of Lie
algebroids
p:TX—T"'M
for which ¥ is a 2-dimensional manifold and TX. denotes its tangent Lie
algebroid, while M is a Poisson manifold and T*M denotes the Lie algebroid

structure on its cotangent bundle .

Lie algebroids are a natural generalization of Lie algebras to the “multi-object”
setting, but they are ill-suited for a functorial presentation of the theory. A step in
this direction is to consider the coordinate-based presentation of the Lie bracket
and its coherences due to ( ). Let A be an anchored bundle over M
equipped with a bilinear bracket on its space of sections, and choose a pair of
bases for I'(r) and y (M): for I'(r) write {e,}, and for y (M) write {%}. The anchor
and bracket then have a presentation in local coordinates:

.0
Q(ea)zzgzxﬁ [ea,eﬁ]zzcgﬁey
i T

(from here on out, we use Einstein summation notation to simplify our calcula-

tions, so instead write

.0
Q(ea):Q:za [ea,eﬁ]:Cgﬂe,,

xi
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with )’ suppressed). The following characterization of the Lie algebroid axioms
uses Martinez’s structure equations.

Proposition 3.1.5. [ (2001)] An anchored bundle A over M equipped with
a bracket is a Lie algebroid if and only if p and [—,—] satisfy the following structure
equations:

(i) Alternating:

Cop+Cpy =0
(ii) Leibniz: _
d0p 00!
J ﬂ_ i~y ] Qa
Qa5 = Capt By,
(iii) Bianchi:
ocC, oc) oc”
_ A Br i ra i a U ~v u v uw o~y
0=2, Oxi +0p O xi toy O xi +Cﬁ7Cau+CmCﬂﬂ+CaﬁCm

This proposition is a straightforward translation of the Lie algebroid axioms
into local coordinates using a covariant derivative. First, recall that by the smooth
Serre-Swan theorem (11.33 ( ), the bilinearity of the bracket

[——1:T(m) x () — I(mr)

as a morphism of C°°(M)-modules guarantees that it corresponds to a bilinear
morphism A, — A of vector bundles, meaning that there exists a globally defined
bilinear map A, — A that is equal to the Lie bracket when applied to sections of
the projection. We record this as a lemma:

Lemma 3.1.6. For every Lie algebroid ./, there is a bilinear morphism
<—, —> . A2 — A
so that for any sections X,Y €T (n), (X, Y)=[X,Y].

There are two structure maps derived from (—,—) that encode the coherences
of a Lie algebroid. The first map measures the extent to which the anchor maps
fail to preserve the chosen connections on the vector bundle 7 : A— M and the
tangentbundle p : TM — M.
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Definition 3.1.7. Let A be a Lie algebroid, and for a chosen horizontal connection

V on A and vertical connection k' on TM, set
v T. /
{0, X}p = TM yx A~ TA=S T2M 5 T M.
When the choice of connection is evident by context, we will suppress the subscript.

Observation 3.1.8. The above parentheses bracket corresponds to the symbol

891
— nJ a
_Qﬁax]”

The Leibniz coherence may be rewritten as follows:

{_) _}

Lemma 3.1.9. Let A be an anchored bundle with a bilinear bracket (inducing an
involution o). Choose connections (k,V),(k’,V’) on A and T M respectively. The

bracket and anchor map satisfy the Leibniz law if and only if
0o (x, Y)ww Hox yiww ={0y, X} v
Proof. The condition is equivalent to the identity

2ol . Py
j ﬁ_ i Y J Qa
Cagr; = CrCapt By

O

The Bianchi axiom measures the failure of the Jacobi identity in local coordi-
nates, and states that it must be corrected for by the curvature of the brackets. We

see that
C;HC;;}, - [ear[eﬂ) ey]]
while scy
17
Wﬁ:ev=l€o T(<_)_>(K,V))OVA2 O(axi ’ eﬁ’ e)’)

determines a trilinear map

g ]
{5 e e }ew) =Ko T((— ) o VP 0(8 ep, ey).

oxi’ xi’

This is the second derived map used in the structure equations for a Lie algebroid.
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Definition 3.1.10. Let(n: A— M, &, A, ) be an anchored bundle equipped with a
bilinear map

<—, —) . A2 — A.
The derived ternary bracket {—,—,—}: TM , xz Az X A — A is defined as
(0,5, Yhw) = TM px Ap x g A, 7, T8, 74 5,

where V[A2] is the pairing (V(m, m,), V(7Tg, 7T2)).

Observation 3.1.11. The ternary bracket corresponds to the following symbol:

»
{———} — i %

> (va)’_ga axi .
Lemma 3.1.12. Let A be an anchored bundle over M with a bilinear bracket and
denote the induced involution by o. Choose a pair of connections and write the

derived maps (—,—),{—,—,—}. Then
(i) the bracket is antisymmetric if and only if its globalization is; that is, (e, eg) +
<eﬂ, ea) =0;

(ii) the bracket satisfies the Jacobi identity if and only if it is alternating in the last
two arguments and

0= Z <x7’0’<x?’1’x7’2>>+ Z {Qx}’o’xh’x}’z}'

r€Cy(3) reCy(3)
Proof.

(i) This is equivalent to C;ﬁ + Cﬂ” = 0.

(ii) This is equivalent to

\4 v
ocy,  .acy .acy,

1 1
o xi +Op oxi toy oxi’

—_ " v u v u v i
0=Cp. Cy, +ClCp, +Chy C) + 0,
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Proposition 3.1.13. A Lie algebroid is exactly an anchored vector bundle (r: A —
M, &, A, p) with a bilinear, alternating map

(5 A=A (xy)+(yx)=
so that for any connection (V, k) on A, the maps

{l), x}(K,V) = K/ o TQ OV(U! x)r {U, X, y}(K,V) ‘=Ko T(<_)_>(K,V))O VAZ ° (Ur X, J/)
(3.2)
satisfy the equations

(l) oo (LJ’)"‘{QX,J’}(K/,V) = {erx}(K/,V);

(i) ZyeCy(3)<x7’0’ <x7’1’ x}’z» + ZyeCy(S){QXYO’ Xy Xy, }(K.V) =0.

There is also a local coordinates presentation of morphisms as in Section

2 of ( ). An anchored bundle morphism A — B is a Lie algebroid
morphism whenever
B
i 9 fa ;o o fs
an5+ 53 ff5 aaxi'

The A and B arguments are understood as the brackets, so this condition can be

rewritten as
fPAls=fola,8), By, flf7=(foa,fob).
Set the following notation for maps between vector bundles with connection:

f:A—-B (&4 V4A,24 (kB VB, B,AB)
V(f]:Ay— B:=kBoT.foVA (3.3)

The p terms are understood to be the torsion, so that

Qé afa _KOTfOV(Qeg,ea f](geé,ea)
% a{fi =rol.foV(ea 8)=VIfloew es),

using the notation set up in Equation 3.3. The notion of a Lie algebroid morphism,

then, has the following presentation:
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Proposition 3.1.14 ( ( ). Let(m: A— M,p4 (——)"),(qg : B —
N, 08,(—,—)8) be a pair of Lie algebroids with chosen connections (k~,V~). An
anchor-preserving vector bundle morphism f : A— B is a Lie algebroid morphism
if and only if

folewes)+Viflo(oes eq)=(foa, fod)+V[flo(geq es5).

3.2 Anchored bundles

Anchored bundles are to Lie algebroids what reflexive graphs are to groupoids.
Each theory has (mostly) the same structure, but while a reflexive graph is missing
a groupoid’s composition operation, an anchored bundle lacks a Lie algebroid’s
bracket operation. This section reviews the basic theory of anchored bundles and

their prolongations (see ( ) for more details).

Definition 3.2.1. An anchored bundle in a tangent category is a differential bundle
(A5 M,E,2) equipped with a linear morphism

A—2 s TMm

N

A morphism of anchored bundles is a linear bundle morphism (f, v) that preserves

the anchors
TA -T.f> TB A—f— B
A A I I
A 1 o0 P
I I N N
A—f— B TM -1v» TN

The category of anchored bundles and anchored bundle morphisms in a tangent
category C is written Anc(C), and a generic anchored bundle is written (A 5
M,E,2,0).

There are two pullbacks that are associated with every anchored bundle. These
play the role of the spaces of composable arrows G, := G;x;G,G3 =G ;X;G ;%G

for a reflexive graph s, : G — M.
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Definition 3.2.2. Let(A M ,&, A, ) be an anchored bundle. Its first and second

prolongations are given by the limits

YA —— TA ZL2%(A) s T2A
|
\L - \LTJT N T?.1
~
A—eoe—TM TA -Toy T?M
T!rr
g
A—o— TM

(The notation for the fibre product is slightly non-standard, as it is not technically
a pullback.) Throughout this chapter, it will always be assumed that the first
and second prolongations of an anchored bundle exist (although no choice of

prolongation is explicitly made).

Remark 3.2.3. It is not strictly necessary that the prolongations of an anchored
bundle exist; this condition is primarily a matter of convenience when discussing
involution algebroids. Every result in this section, that does not explicitly mention

prolongations, holds for an anchored bundle independently of their existence.
Example 3.2.4.

(i) For any object M, id : TM — TM is an anchor for the tangent differen-
tial bundle, and every f : M — N yields a morphism of anchored bundles.
Moreover, for any anchored bundle over M the anchor is itself a morphism
of anchored bundles (A, t,E,A,p) — (TM, p,0,{,id). This induces a fully
faithful functor:

C — Anc(C).

This inclusion has a left adjoint, which sends an anchored bundle (7 : A —
M, &, A, p) to its base space M (the unit is the anchor map @), so thatC isa
reflective subcategory of Anc(C).

(ii) For any differential bundle (A, r,&,A), the mapQOomn:A— TM is an anchor
and every morphism f : A — B of differential bundles again yields a mor-

phism of anchored bundles. The naturality of 0 ensures that every differential
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(iii)

bundle morphism will preserve this trivial anchor map, giving a fully faithful
functor

DBun(C) < Anc(C).
This functor has a right adjoint that replaces the anchor map with the trivial

anchor map
(m:A—=M,E, A, 0)—(m:A—M,E,A,007)

where the counit is given by the natural idempotente =Eom:(A,A) — (A, A).
It is trivial to check that the anchor map is preserved by the bundle morphism
(e,id):

polomr=00T.idorm

and so the following diagram commutes:

TM ——TM
OOT[T TQ
A T} A

This means that differential bundles are a coreflective subcategory of an-
chored bundles.

Any reflexive graph (s,t : C — M, e : M — C) in a tangent category has an
anchored bundle (when sufficient limits exist), constructed as

e.Ty
C® — 5 T.C =3 T.C
T.e®
(where e’ : C — C =eos). Construct a lift on C°:

T.e.C,
T.C° — T?2C :3 T2C
! T.T.e !

0
g q )
! e.Cl
Co —— T.Cc, —= T.C,
T.eS

This lift will be non-singular by the commutativity of T -limits. The pre-
differential bundle data is given by the projection

c’or.clim.
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The section is induced by
M e

while post-composition with T.t gives the anchor map:
c?orecihre.

The diagram is a pullback by composition, and the outer perimeter defines
the pullback £ (A). Note that any reflexive graph morphism will give rise to
an anchored bundle morphism by naturality, making the construction of an
anchored bundle from a reflexive graph functorial.

(iv) For any object M in a tangent category, cy; : T>M — T?>M is an anchor on
(T.p,T.0,coT.t), and every map f : M — N gives a morphism of anchored
bundles.

(v) Foranyanchoredbundle(q: E — M, &, A, p), thedifferential bundle(T.q, T.,

c o T.A) has an anchor

T.
or:TE-%T2M5 T2M.

The first prolongation of an anchored bundle Z(A) behaves similarly to the
second tangent bundle, except that it does not have a canonical flip. In the def-
inition of an affine connection, the tangent bundle played a similar role to the
“arities” of a theory. There is a lift map that makes this connection stronger:

Definition 3.2.5. Let(n: A — M,E, A, p) be an anchored bundle in a tangent
category C. We define a generalized lift:

A

AiA—> Agxp TA:=(Eom,A).

This generalized lift satisfies the same coherences as the lift on the second

tangent bundle:

Proposition 3.2.6. Let(n: A— M,E, A, p) be an anchored bundle in a tangent
category C. It follows that

(i) (Coassociativity of/Al) (Ax€)oA=(id x T.A\)oA;
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(i) (Universality) the following diagram is a T -pullback:

Ay —E Ayxr,TA

-
nOTEii l/no

where i := (& o o 1y, U).
Proof.
(i) Compute

(Ax€)oA

(EomofomAolomlo)

(Eom, T.(Eom)oA, T.A0A)

(109, T.(Eom)omy, T.Aom )0(E 0, A)
=(id x T(A))o A.

(ii) Use the pullback lemma to observe that the following diagram is universal

for any anchored bundle:

u
= (4 —2
Ay = L(A) — 3 TA

o | Jm Jre

¢ Y

e

0

The top triangle of the diagram commutes by definition. The right square
and outer perimeter are pullbacks by definition, and the bottom triangle also
commutes by definition. The pullback lemma ensures that the left square
is a pullback, so for every anchored bundle, the general lift is universal for

%(A). Now post-compose with the involution:

=

o
TWTl\L \Lﬂo lpﬂl




It suffices to check that the top triangle commutes, so oo i = v:
oofio(a, b)=oo((Eom,0)ea+y,(Eom,A)ob)=(id, T.Eopoa)+yy (§om, A)ob.

Thus, the lift (§ 7T, A) involution algebroid is universal for £ (A).

Example 3.2.7.

(i) For T(M)= T(M), the space of prolongations is T(M);q 1, T*M = T*M,
and the second prolongation is given by T?> M.

(ii) In a tangent category with a tangent display system, if T € 9 then the prolon-
gations for (m, &, A, o) automatically exist. In particular, for every anchored
bundle in the category of smooth manifolds, all prolongations exist because
the projection is a submersion (see Section 1.5).

(iii) For any differential bundle with the anchor 0 o T, it follows that £ (A) =
Az Xror,(A2) = Az. The universality of the vertical lift factors b into (a,, ay),

as the following diagram is a pullback:

Ag ooeeinfi > Apx A —— TA
\LTEO lmt,- iTﬂf
A a s M —2 5 TM

(iv) Returning to the anchored bundle constructed from a graph, the space of
prolongations £(A) embeds into the second tangent bundle of the space of
composable arrows:

Ap X7 TA— T*(G % G).

The category of anchored bundles is, in a sense, “tangent monadic” over the
category of differential bundles: the forgetful functor from anchored bundles to
differential bundles “creates” T'-limits and the tangent structure (this is all made

precise in Chapter 5 using an enriched perspective on tangent categories).
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Observation 3.2.8. A limit of anchored bundles is the limit of the underlying
differential bundles. Because the anchor is preserved by every map in the diagram,

this induces a natural transformation for any D : 9 — Anc(C):

P —

D —5— Anc((C)/—llg\ Anc T DBun(C)
—

Thus, im U.S.D computes the limit of the underlying objects, whilelimU.D com-
putes the limit of the underlying differential bundles in the diagram. The an-

chor/unit map, then, induces a differential bundle map:
limp; : (limA;,limA;) — (T.(lim M;), £.(lim M;)).
1 1

This is the limit in the category of anchored bundles (so long as pullback powers of
the limit projection and the two prolongations of the limit anchor bundle exist).

The tangent structure on lifts defined in Proposition 2.2.7 lifts to a tangent

structure on anchored bundles.

Lemma 3.2.9. The category of anchored bundles in a tangent category has a tangent
structure that maps objects as follows:

(m:A-M,E,A,0)—»(T.n:TA—-TM,T.E,coT.A,coT.0)
where the structure maps are all defined using the pointwise structure maps in C.

Proof. Given an anchored bundle (q: A— M, &, A, g), there is an anchor on the
differential bundle (T'q, T&, c o T A) given by c o T p; the diagram commutes by
naturality and the coherences on c, /.

2 T?g 3 Tc 3
T°A —— T°"M —— T°M

coT/'LT TCDTK TZ

TA —— T*M —— T*M

o

T™ T™ ™™

The tangent structure maps and universality properties all follow from the for-
getful property of the functor from anchored bundles to differential bundles as a

consequence of Observation 3.2.8. O
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For any anchored bundle A, there are two differential bundles associated to
Z(A). The first is the usual pullback differential bundle given by pulling back 7.7t
along p asin Lemma 2.4.3:

AgxrnTA — TA
\LTEO \LTTE
A—2 ™
This gives the differential bundle structure

(id,T.EoQ) (0,coT.A)

(Agx7-TAZS A, A Agx7nTA Ayx 1, TA

T(Ay X1, TA)).

Taking the fibre product in the category of anchored bundles as in Observation
3.2.8 yields the second differential bundle structure:

A1) 2 (T, p 0,00 E52 (74, p,0,0).

The two lifts behave similarly to the pair (7.¢,£.T) on the second tangent bundle,
and (¢, A1) on the tangent bundle of a pre-differential bundle.

Lemma 3.2.10. Let C be a tangent category and Anc(C) the category of anchored
bundles in C. If T -pullback powers of p o 7y, 7y : Ay X7 TA— A exist, then there
are two differential bundles on £(A), with lifts induced as

(L(A)Ax () — (TAL) (£(A),0x(coT.A) — (TA,coT.A)
Lo b -
(4,2) —5— (TM, () (4,0) 0 —— (TM,0)

with structure maps

1 (22 4,457 o), 202 To 2(4)),

id,T.Eo oT.
2. (2(A) 7 4, AT, ) p(a) 2T T (),

Furthermore, the two lifts A, and A, commute:

coT.Ax£)o(0xcoTA)=T.(0xcoT.A)o(Ax£).
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Proof. The two differential bundles exist as a consequence of Observation 2.4.2
and Lemma 2.4.3, respectively. The commutativity of limits follows by postcompo-
sition, as both c o T.A,¢ and A, 0 commute by the differential bundle axioms. O

The above lemma determines a functor, which we denote ¢, that sends an
anchored bundle in C to an anchored bundle in Lift(C) (equipped with the tangent

structure from Proposition 2.2.7).

Proposition 3.2.11. There is a functor £ from anchored bundles in C to anchored
bundles in the category of lifts Lift(C), that sends an anchored bundle (1 : A —
M, &, 2, ) to the tuple in Lift(C)

< = (ZL(A),0% c o T.A) 25 (4,0),

£ = (4,00 5% (£(4),0x c o T.2)

AL = (L(A),0% ¢ o T.A) L (T(2(A), co T(Ox co T.2),

0% =(ZL(A),0x coT.A)5(TA, coT.A)

(note that this functor lands in anchored bundles of non-singular lifts; see Defini-

tion 2.3.1). Morphisms of anchored bundles
(fym):(m:A—-M,E,A,p)—(qg:E—N,L1,0)

are sent to
L(f,m)=frmXtmTf:Agxrn TA— Esxp4TE

Proof. First, note that the tuple
(% 2L(A)— A&7, 2%, 0%)
is an anchored bundle, and that each morphism is a lift morphism:
o 1% :(%(A),0x coT.2)—(A,0)follows because
T.poT.mo(Axl)=T.polon;=00pom
o £Z:(A,0)— (Z(A),0x coT.A) follows since
(T.EoT.m, T.0)o0 = (0007, T.000)= (0007, coT.A00)=(0xcoT.A)o(Eo,0)
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e A% :(Z(A),0x coT.A)—(T.%(A),0x coT.(co T.2)) follows by the commu-
tativity of 0 x c o T.A) and A x ¢, and

e 07 :(%(A),0x coT.A)—(TA,coT.))is alift by definition of p% = ;.

This gives an anchored bundle in the category of non-singular lifts in C.

Next, check that the mapping is functorial. To see that Z(f, m) preserves the
lifts, note that (f, m) gives a morphism of diagrams for each pullback in Lift(C)
defining the two lifts, so the induced map £(f, m) preserves each lift. To see that
Z(f, m) preserves the anchor, check that

%P o(fm)=m o(f x T.f)=T.fom =T.fop®".
O

Corollary3.2.12. Inatangent category C where pullbacks along differential bundle
projections exist, such as a tangent category equipped with a proper retractive
display system (Definition 1.5.3) like the category of smooth manifolds, there is an
endofunctor on the category of anchored bundles in C,

%'+ Anc(C) - Anc(C)= Ut 2.

Observation 3.2.13. T -Limits in Anc(Lift(C)) are computed as pointwise limits
in C by Observations 3.2.8 and 2.4.2, and £ is constructed as a limit, so it follows
that & preserves T -limits.

Proposition 3.2.14. The prolongation endofunctor £’ : Anc(C) — Anc(C) has
natural transformations

e p': ¥ =id

e 0:id=>¥

L4 +/:$/plxp/$/:>$/
VY=Y

satisfying all of the axioms of a tangent category that do not incvolve the canonical
flip (Definition 1.3.2).
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(Sketch). Note that the full argument is given in Section 4.3, but it is not difficult to
sketch it out here. For the projection, zero map, and addition, use the differential
bundle structure induced by Corollary 3.2.11. To see the lift axiom, note that up

to a choice of pullback, we have:

(pomi,pomy): L*A)—L(A)
(Eomomy,00my,00m,): L(A)— L%(A)
AxEx0): L2A)— T.L2%A)
| (m, 1) Z?(A)— T.2(A)

L' L'(m:A—> M, E A )=

The “lift map” is then

AXT.A
B —

V%" =922 2A) ZL%(A)

(where we recall that A = (Eo 7, 1): A — £(A)). O

Remark 3.2.15. The structure described in Proposition 3.2.11 leads to the theory
of double vector bundles, developed by MacKenzie and his collaborators
(2019); (1992). Adouble vector bundle is a commuting square
ag

B
lor
qA

— M

az

»<4— U

where each projection is a vector bundle projection, and “vertical” and “horizontal”
orientations of the square are each vector bundle homomorphisms. It was observed
by (2009) that this is equivalent to a pair of commuting
R -actions on the total space E ; following the development in Chapter 2, this is a

commuting pair of non-singular lifts on E,
A AP E—STE, TAPoA =coT A% 02",

A proper exposition of the so-called “Ehresmann doubles” ( ( )) for
the structures in Lie theory would substantially expand the scope of this thesis, and

so it has been relegated to the margins.
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Finally, observe that a connection (see Section 2.6) on an anchored bundle’s

underlying differential bundle behaves similarly to an affine connection.

Lemma 3.2.16. Let(n: A— M,&, A, ) be an anchored bundle with £ (A) existing
in a tangent category C. If (m, &, A) has a connection, then define

kR:=xm, V:=V(myom)
and note that

(i) k:%(A)— Aisaretract of (57, A), and & : (£(A), 1) — (A, A) is linear for both
I=(Ax{£),(0xcoT.A);

(i) V: Ay, — Z(A) is a section of (g, p o m,) and is bilinear;

(iii) thereis an isomorphism £(A)= Ajz:
V(pomy, 00my)+(rr.my(pom,K)=id.

Example 3.2.17. Every vector bundle in the category of smooth manifolds has a
connection; it follows that Lemma 3.2.16 holds for every anchored bundle in the

category of smooth manifolds.

Remark 3.2.18. The category of anchored bundles in a tangent category is almost
a tangent category, except that it lacks a symmetry map. The “differential objects”
in such a category will act like a cartesian differential category, except that the
symmetry of mixed partial derivatives fails. There has been some interest in settings
for differentiable programming where the symmetry of mixed partial derivatives
need not hold (see Definition 3.4 along with the discussion at the end of Section 6
in (2021)); the category of anchored bundles in a tangent category

appears to be a source of examples.

3.3 Involution algebroids

Involution algebroids are a tangent-categorical axiomatization of Lie algebroids.
Recall that a Lie algebroid has almost all of the structure of the operational tangent
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bundle, in particular a Lie bracket on sections that satisfies the Leibniz law so
that it gives a directional derivative. In Proposition 3.2.14, it was demonstrated
that the category of anchored bundles have almost all of the same maps as the
tangent bundle, the only structure map missing being the canonical flip

c:T°M=T?*M

which, we may recall from the chapter introduction (and

( ), ( )), is used in constructing the Lie bracket of vector fields in
a tangent category with negatives. Thus, a natural next step is to add an involution
map to an anchored bundle and require that it satisfies the same coherences as ¢
from the tangent bundle.

Definition 3.3.1. An involution algebroid is an anchored bundle (A, 7, &, A, p)
equipped with a map o : £(A) — £(A) satisfying the following axioms:

(i) Involution:
24 25 2(4)

N b

Z(A)

(ii) Double linearity:
T.2(A) %5 T.%(A)

AXZT TOXCOT]L

24 —— 2(A)

(iii) Symmetry of lift:

(Eom,A)

A—&.SZ(A

Nl

Z(A)

(iv) Target:




(v) Yang-Baxter:

22(A) L8 2y

2 2

LHA) - LA
A is an almost-involution algebroid if the involution does not satisfy the Yang-
Baxter equation. A morphism of involution algebroids is a morphism of anchored
bundles, so that £(f)oco,=0g o 2Z(f). (Note that because o is an isomorphism
ando=07",

0:(%(A),0xcoT.A)—(ZL(A),Ax{)

is linear as well.) Write the category of involution algebroids and involution alge-
broid morphisms in C is written Inv(C).

Observation 3.3.2. It is not immediately clear that the Yang—Baxter equation is
well-typed. This follows from the target axiom (iv) and the double linearity axiom
(i1). Starting with(u, v, w): AgX 77 TA7 X121 T?A, we see that o x ¢ is well-typed
ifand only if

T.oomoo(u,v)=T?mocow=coT?’tow=coT.pov.

Similarly, 1 x T.o is well-typed if T.poou = T.momyo T.o(v, w); then use the double
linearity axiom to compute

T.nomgoT.o(v,w)=T.toT.poT.m(v,w)=T.noT.pow

=T.poT? mow=T.poT.0ov=T.wou.

This perspective on Lie algebroids has already appearad in the work of Mar-
tinez and his collaborators in ( ), where a “canonical involution”

was derived on space of prolongations of a Lie algebroid using the formula

og:%A)—- LA)jo(x,y,z)=0(y,x,z+(x,y)).

94



The structure of this map has been largely unexplored; helpfully, involution al-

gebroids succeed in reverse-engineering axioms for an involution map that will

induce a Lie bracket on the sections of the projection map. The bracket from

the original Lie algebroid is induced using the same formula as for the bracket of

vector fields on the tangent bundle:

Ao[X, YT =((myo00(id, T.X0p)oY—, T.YoX0p0)—7,0Y).

Furthermore, a morphism of anchored bundles is a Lie algebroid morphism if

and only if it preserves the derived involution map.

Example 3.3.3.

)

@)

(iii)

ForanyM inC,(TM,p,0,id, c) is an involution algebroid. Furthermore, for
any involution algebroid anchored on M, (o, id) is a morphism of involution
algebroids (by the target axiom). This defines a fully faithful functor C —
Inv(C). The same construction as the anchored bundle case in Example 3.2.4(i)

exhibits C as a reflective subcategory of Inv(C).

For any differential bundle, the trivial anchored bundle(n: A— M,&E,A,00m)
has an involution using the isomorphism £ (A) = As, given by o := (11, 7Ty, T»)
(proving this map satisfies the involution algebroid axioms is just an exercise in
combinatorics). It follows that every differential bundle morphism gives rise to
a morphism of thesetrivial involution algebroids. The same construction from
the anchored bundle case (Example 3.2.4(ii)) exhibits Diff(C) as a coreflective

subcategory of involution algebroids.

Consider a groupoid
$;t:G-M, e:M—G, (- ':G—-G, m:G,—G.

The underlying reflexive graph has an associated anchored bundle, con-
structed in Example 3.2.4, and the space of prolongations of this anchored
bundle includes into (T?.G,). Note that there is a well-formed involution
map:

o(u,v)=co((0opo v L (T.00u);v)
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The direct proof of this involves a more conceptual construction, which is the
focus of Section 5.5.

An involution algebroid resembles a generalized tangent bundle, and so the
lift (§ o ,A) : A— £(A) satisfies the same universality conditions as £ : T = T?.
The double linearity condition is equivalent to the naturality condition for ¢,/ in
Definition 1.3.2:

£(4) = > 24 T2 — T2
Liaxra it 0 b B4
LHA) i LA o LA T8 —= T3 —— T°
which, using string diagrams for monoidal categories ( ( )), is the
equation

S

where the circle denotes the lift and c is the crossing of two lines.

Proposition 3.3.4. Let(w:A— M,&, A, o) be an anchored bundle, and suppose
that
o:%(A)— Z((A)

satisfies the involution axiom (i) and the symmetry of lift axiom (iii), and further-
more that the involution “exchanges” the idempotents associated to the two lifts
(Ax{€)and(0x coT.A) on £(A) (Proposition 2.2.8)

go((poA)x(pol))=(po0)x(pocoT.A)=id x(T.poT.A)

Then the double linearity axiom is equivalent to the left-hand commuting diagram
in Diagram 3.4:

(Ax0)oo=(idx T.o)o(o x ¢)o(id x T.A).

96



Proof. Starting with the left-hand side of the equation,

idx T.o)o(o x c)o(id x T.A)o(u,v)

)o(
idxT.o)o(oxc)o(u, T.EoT.mov, T.AV)
idxT.o)o(oo(u,T.Eopou),T.Av)
)o(
)o(

idxT.o)o(Eomou,0cpou, T.Av)

idxT.g)o(Eomou,00T.mov, T.AV)

(
(
(
(
(
(Eomou, T.ooAov).

For the right-hand side:

A0)ooo(u,v)

Eomomyooo(u,v),(AxLf)ooo(u,v))

(
(
(Eemopov,(Axl)odo(u,v))
(EopoT.mov,(Ax{)ooo(u,v))
(

(

(

é’opogou,(kxf)oa'o(u,y))

Eomou,(AxLl)ooo(u,v))

Eomou, T.oo(0x coT.A)o(u,v)).
So the naturality equation 3.4 is equivalent to
T.oo(0xcoT.A)=(Ax{)o0o.
O

The category of involution algebroids is “tangent monadic” over the cate-
gory of anchored bundles, in the same sense that anchored bundles are tangent
monadic over the category of differential bundles, or internal categories over
reflexive graphs in a category. The “tangent monadicity” leads to a similar obser-

vation about T -limits of involution algebroids as in Observation 3.2.8.

Observation 3.3.5. The forgetful functor from involution algebroids to anchored
bundles creates limits; that is to say, the T -limits of the underlying anchored bundles
give the limits of involution algebroids. Recall that by Observation 3.2.13, the limit
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Z(lim A;)=1lim ¥£(A;) in the category of anchored bundles, and this induces a map
between objects in C
limo; :lim Z(A;) — lim .2 (A;).

The axioms for an involution algebroid are induced by universality.

Note that a point-wise tangent structure may be defined following the an-
chored bundles example from Lemma 3.2.9:

Proposition 3.3.6. For a tangent category C, the category of involution algebroids

has a “point-wise” tangent structure that maps objects as follows:
(m:A-M,E,A,p0,0)—(T.nt,T.,,coT.A, T.0,07)
where o 7 is defined as
or:=(1x,c)oT.co(l1x,.c): Z(Ar)— ZL(Ar). (3.5)

Proof. The tangent structure on involution algebroids is inherited from the func-
tor Inv(C) — Anc(C). Thus, it suffices to give the involution map for the tangent
involution algebroid.

Note that given (7 : A— M, &, A, p, ), the space of prolongations on (7.7, T &,
coT.A,coT.0)is TAcor.p X121 T?A. We can construct an isomorphism between
the objects Z(TA) and T(Z(A)) in C using the cospan isomorphism

oT.
TA ST8 p2pg AT g2y

o ]
TA = T°M N T?A
thus inducing a map
idxc idxc

TAcorp X 12n T ASES T(Ay x 17 TA) =S T(Ay x 12 TA)2Z5 TA oy p x 72 T A

which we call o 7. The linearity and involution axioms follow by construction.
Now check the rest of the axioms. For the unit:

(Ix,c)oT.oo(1x%x,c)o(T.(Eom),coT.A)
=(1x,c)oT.co(T(En), TA)=(1x,c)o(T.(Eom), T.A)=(T.(Eom),coT.A).
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For the anchor:

T.oromoor=T(coTp)omo(lx,c)oT.oo(lx,c)
=T.cocoT?poT.moT.co(lx,c)=T.cocoT.coT?.poT.m 0(lx,c)

ICOT.COCOngOCOﬂl=COTCOT2.QO7'C1=COT.QTO7T1.

The Yang-Baxter equation is straightforward to check. O

The tangent bundle is a canonical involution algebroid on every object in a
tangent category, and the anchor induces a morphism from an involution alge-
broid to the tangent involution algebroid on its base space. The anchor acts as a
reflector from involution algebroids in C to C itself.

Proposition 3.3.7. Any tangent category C is a reflective subcategory of the category

of involution algebroids in C.

Proof. First, observe that the inclusion of C into Inv(C) (Definition 3.3.1) is fully
faithful because the anchor on the tangent involution algebroidis id : TM — T M.
This means that the only involution algebroid morphisms TA — T B are pairs
(Tf,f) f:A— B. Now consider the functor Inv(C) — C that sends (7 : A —
M,&E,A,p,0) to M: this gives an endofunctor S : Inv(C) — Inv(C) along with a
natural transformation g : id = S, so that S.p = 9.S = id, given by the anchor
map. Thus, the category C is the category of algebras for an idempotent monad
on Inv(C). O

Corollary 3.3.8. Let

A=(n:A->M,E A, 0,0)

be an involution algebroid in a tangent category C.

(i) The morphism
(Tot,m): TA—>TM

is an involution algebroid morphism from the tangent involution algebroid

on A to the tangent involution algebroid on M.
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(ii) The morphism
(0,id):A—TM

is an involution algebroid morphism.
If pullback powers of p o 7ty : £(A) — A exist, then
(pom: £(A)— A,(Eom,0),(Ax L))

is a differential bundle; note that 1y acts as an anchor. If the prolongations exist,
then
(pom : L(A)— A (Eom,0),(AxL),m,0")

is an involution algebroid; this follows from computing the pullback in the category
of involution algebroids (o’ is induced as in Observation 3.2.8).

The above corollary puts an involution algebroid structure on the differential
bundle (Z(A), A x £). Note that the map o gives an isomorphism of differential
bundles

(Z(A),Axl)—(ZL(A),0x coT.A).

Martinez observed that the canonical involution o puts a unique Lie algebroid
structure on (Z(A),0 x c o T.A), and o is a uniquely determined isomorphism of
involution algebroids (see ( )):

Corollary 3.3.9. For an involution algebroid (n: A— M,&, A, p,0), the isomor-
phism of differential bundles

0:(¥(A),0xcoT.A)— (ZL(A),Ax{)
induces a second involution algebroid structure on £ (A).

Recall that Proposition 3.2.14 sketched out a proof that the category of an-
chored bundles in C has an endofunctor ¢’ and natural transformations p’,0’,+’, £
satisfying the axioms of a tangent structure; this endofunctor and the natural
transformations all lift to Inv(C). The involution map o is the missing piece that
gives a tangent structure on Inv(C). The construction may be spelled out here at a
big-picture level, but the actual proof brings up tricky coherence issues that make
up the bulk of Chapter 4.
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Proposition 3.3.10. The category of involution algebroids in a tangent category C

has a second tangent structure, where the tangent functor is given by

£’ Inv(C) — Inv(C)

and the tangent natural transformations are given as in Proposition 3.2.14, with

the canonical flip

oYL= A)—S

1xT.o

ZL2(A).

Starting with an involution algebroid, £’(A) and ’..£'(A) are given by

/

/

(where £3(A) =

'
g
LA N
o’:

/.

242 A n”
(&Eom,0)

A= p(a) £

2N L o) £ 2(A)] A

LA TA 0"

22(A)ZS 22(4A) o’

mations are given by

\

ApX7nTAr g X127 T(Ay X7 TA)).

o p:Y'=id; LA A

o :L(A)=>L.L5 L(A)

0:id=>%"; A

o' ¥ =>T

c: L YLNA)=> LY LA —=

(id,T.EoT.70)
_

Z'(4)

idx+

1= L AgXTnon, BA— L(A)

1xT.(Eom,A) ,‘£2(A)

1xT.o

Proof. Deferred to Section 4.5.
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(pomy,pomy):
_—

ZL2(A) Z(A)
2(4) (Eomomy,00my,007,) 22(4)
.,%Z(A) T.2%(A)
zZ(A) LT, Z(A)
,%3(14) 0'><c><c gs( )

(AxEx{)

The tangent natural transfor-



3.4 Connections on an involution algebroid

In this section we take an involution algebroid with a chosen linear connection on
its underlying anchored bundle (Definition 3.3.1, 2.6.1), and rederive Martinez’s
structure equations for a Lie algebroid (Proposition 3.1.5).

In a tangent category C with negatives, there is a natural transformation
n:T=T

making each fibred commutative monoid (p : TM = M, 0,+, n) a fibred abelian
group. Because the additive bundle structure on differential bundles is induced via
universality (Proposition 2.4.4), in a tangent category with negatives the additive
bundle structure for differential bundles will likewise have negatives. We adopt
the following notation for the “fibred linear algebra” used in this section, as there
are a significant number of computations done on bundles with multiple choices
of additive bundle structure (e.g. the second tangent bundle of a differential
bundle has three additive bundles structures).

Notation 3.4.1. Let E be an object with multiple differential bundle structures
(' : E — M, &4 AY) in a tangent category with negatives. Addition over a specific
differential bundle is written using infix notation, where a subscript is added to
the symbol denoting the projection of the differential bundle. Lettingx,y : X — E
denote a pair of generalized elements for which the nt' -addition operation is well-
defined; we set

(x,y) +
X +7‘E[i] y =X— Eﬂ[i]xﬁ[i]E — E.
Similar notation is used for subtraction:

(x,y) idxnli] 4
X—ni) Y =X — Eqiy)Xni)E — Eqiy¥n)E — E.

Throughout this section, we work in a tangent category C with negatives and
a chosen anchored bundle (7: A— M, &, A, ), equipped with a connection (k, V),
whose base object has a torsion-free connection (x/, V') and a morphism

o:%2(A)— Z(A)
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that exchanges the two projection maps p o 7y, Ty, meaning that the following
diagram commutes:
2L(4)

v
A o
poi ¥

Z(A)

N /s

The following notation will be useful when working with local coordinates.

Notation 3.4.2. First, recall the V -notation for morphisms of differential bundle
where each morphism has a choice of connection from Equation 3.3:

f:A—=B («4,V4 A2 (xB,VE B,AB)
V[f]:=kBoT.foVA:A,— B

Let
(n:A—-M,E,A,p),(g:B—N,{,1,p)

be a pair of anchored bundles equipped with connections. “Hatting” a map f :
ZL(A)— £(B) refers to the map:

W10, m2)+V (110,71) f (o,pomy, KO )

f: A3 ——— > Y(A)— £ (B)———  B;.
Similarly, for f : TA— TB,
70,72+ V(70,71) f (1o, pomy,komy

FiTMyxpApxy A ZRE N EE), gy T, g g S0PV, gy o Brx o B

Clearly, T‘E = f o g. Similarly, a map A3 — By may be “barred” to form a map
L(A)— Z(B):

§:$(A)M>A3£>Bg Mo, ma 4V (1o, m1) <(B).
It is straightforward to see that f =f ,?z g.

Lemma 3.4.3. 0 : % (A)— Z(A) induces a bracket onI'(m):

Ao[X,Y]=(oo(id, TXo0p)oY —r,(id,TYop)oX)—00Y.
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Proof. Let X,Y eTI(rr) and compute:
pomo(ogo(id, TXop)oY —, (id,TY 0p)oX)

=po(moogo(id,TXop)oY—r,TYopoX)
=pomocgo(id,TXop)oY—poTYopoX
=mpo(id, TXop)oY—YopopoX
=Y-v=¢
ngo(ogo(id, TXop)oY — (id, TY op)oX)
=mgo0o(id, TXop)oY —,myo(id,TYop)oX
=pomo(id, TXop)oY— X
=poTXopoY— X=X—X=¢.

The universality of the lift induces a new section [X, Y] so that

Ao[X,Y]=(0o(id, TXop)oY —1,(id, TY 0p)oX)—0Y.
O

Definition 3.4.4. The map o : £(A) — £(A) is linear whenever the two bundle

morphisms
O:(ZLA)Axl)—=(ZL(A),0xcoTA) 0:(ZL(A),0xcoTA)—(ZL(A),Ax{)
are linear, and cosymmetric if
Tgod=A=(Em, Q).
Note that whenever o is linear and cosymmetric, o o i(u, v)= Wu, v).

Linearity and unit axioms, along with the connection on the differential bun-
dle, force the existence of a bilinear bracket (—,—) as in the definition of a Lie

algebroid in Proposition 3.1.13.

Proposition 3.4.5. For an anchored bundle(rn: A— M, &, A, p) with connection
(k,V), a cosymmetric and bilinear o is equivalent to a bilinear (—,—) : A, — A, with
the correspondence given by
(——):KkogoV—KoV
o:%(A) Z(A)

(1,700,270, 71))
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Proof. Derive

Go(x,y,2)=(y,x,k000(V(0X,¥)+por, U(¥,2)))

= (%, (X, y) +r 2)

where (—,—) is certainly bilinear. The converse is immediate: take
o(u,v,w):=(,u,w+{u,)).

It is easy to see that ¢ is linear and cosymmetric. O

The linear bracket must be involutive for the bilinear bracket to be alternating.

Proposition 3.4.6. Ifo is cosymmetric and linear, then the bilinear bracket (—,—)
is alternating ifand only ifc oo =id.

Proof. First, note that 0 oo = id ifand only if 0 0 = id. Then check that
coo(u,v,w)=0(v,u,w+(u,v))=u,v,w+(u,v)+(v,u)).
By the cancellativity of addition on A,
w=w+{u,v)+{v,u) < 0={(u,v)+ (v, u).
(]

Observation 3.4.7. A bilinear (—,—) on an anchored bundle with a connection
induces the maps

{1, X}y =K 0 T.0oV(1,x), {v,X, ¥} =Ko T((—)wv)oV*2o(v,x,y)

from Equation (3.2) in Proposition 3.1.13.
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Proposition 3.4.8. Let o be cosymmetric and bilinear, with the associated bracket
(—,—). Then

Tpomoo=coTpom
if and only if the Leibniz equation is satisfied:
po({u,v)y+{pv,ut={ou,v.} (3.6)

Proof. Following the given notation and using the hypothesis that the connection

is torsion-free on M,
Toom(u,v,w)=(Qu,0v,w+{u,v}) exy2)=(y,x2).
Computing each side,

TEOTEAIOZT\O(L{, v, w):TEon’IO(v, u,w+{u,v))
:TEO(QU,M, w+{u,v))
=(ov,pu,ow+p{u,v)+Dlplov, u)
=(ev,ou,pw+p(u,v)+{v,u}),

EOTEOTG(U, v,w)=clpu,pv,pw+{u,v})

=(ov,pu,pw+{u, v},

so it follows that the two terms are equal if and only if the desired equality holds.
(]

Lemma 3.4.9. Let o be linear and cosymmetric. Then
(i) T({(—,—)): TA, — TA satisfies

T(<_)_))(a)m uy’ Uz, uxy) uxz)

=(ay, (uy’ uz){ay, Uy, Ve}+ (uy’ Uyz) + (uxyr uz));

(ii) T.o satisfies

(id X T(a))(u_x} uy) uxy) uzy u_xz; uyz, uxyz)
=(ux’ UzyUxzy Uy, Uyy, Uyg +(uy, uz),

Uxyz +{ax, uy’yz}+<uy, uxz)"‘(”xy» uz))
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Proof.

(i) By the universality of the vertical lift and bilinearity of (—,—), the outer
squares below are pullbacks:

({mo,71),{T0,7T3)+(71,72))

\MA‘Z

A\

T(4) - T(4)

\LTnOTn,» lTn

T™M —— TM

M M

Z
h)

so that

T((»))(Or Uy, Uz Uy, uxz):.uA((uy) uz)r (uyr uxz) + (uxyr uz))

Now we compute

TN (1, ¥2), (tey, U2)) +p V2(ay, (uy, 1))
= TN (1, ), (1, ) +p T(()) 0 Viay, (uy, 1))

=.UA(<uy» uz)r (uy, uxz) + (uxy! uz>)+p T((,))OV(dx,(uy, uz))

and then postcompose this with (77, p, k) to obtain

(0, (uyr uz)» (uy’ uxz) + (uxy, uz>)+p (ay, (uy’ uz>’{ax’ Uy, yz})

=(ay, (uy’ uz),{ay, Uy, Ve}+ (uy’ Uyz) + (uxy» uz)).
(ii) Consider the following diagram:

TMp XnAESerrrAS T_ff> TMp XnAESerrrAS

VA3+,;.UA3\L T(T(n3)ypyl</*3)
%
T(A > T(A
(45) T(my, 70,72+, 71)) (45)
T(V’+nou'))l TT(no,pom,Kom)
To%(A) ——2— ToZ(A)
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We want to find TG = T(my, o, T2 + {7y, 71)). Note that
T(7y, 0o, T2+ (0o, T1)) = T (701, T, T2) +17 T(ERTT;, 0, (70, 7T1))-

The left term is straightforward:

T(NO’NI’TCZ)(ax»(uy» uxy)»(uz» uxz))(uyz» uxyz))

=(ay, (u, uxz)’(uyr uxy)r(uyz’ uxyz))

and for the right term, use part (i) of this lemma:

T<_»_> ° T/(;O’\ﬂl))(ax»(uy’ uxy)’(uz» uxz);(uyz» uxyz))

=T(——)(ay, Uy, Uyy, Uz, uxyz)
=(ay, <uy’ uz){ay, Uy, J’z}+ <uy» Uyxz) + (uxy» uz))
Then compute

Tb'\(ax: Uy, Uxy, Uz Uxz) Uyz) uxyz)
:(ax! UzyUxzy Uy, Uyy, Uy, + (uy’ uz>’ Uxyz + q)
where g ={ay, uy, y,} +(uy, uy;) +(uy,, u;), giving the desired equation.

O

Proposition 3.4.10. Let o be cosymmetric, doubly linear, and involutive, and

satisfy the target axiom. Then o satisfies the Yang—Baxter equation if and only if
(—,—) and {—,—,—} satisfy the Bianchi identity:

0= Z (X, () 2, )) + Z o Xy, Xy, Xy, 3.7)

reCy(3) r€Cy(3)

Proof. We expand idx To and o x ¢. Start with T(id x o), which was derived in

Lemma 3.4.9:

o(u)=(d x T(O) Uy, Uy, Uy y) Uzgy Usz, Uy, Uyyz)
:(le, Uz, Uyzy uy; uxy; uyz +<uy, le>,

Uyyz +<uyr uxz) +<uxy» uz>+{9 OlUy, Uy, uz}).
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Using the fact that k’ is torsion free, so ¢(u,z, Uy, Uyzy) = (Uyz, Uyz, Uyyz), it
follows that

0'2(ux’ Uy, Uxy, Uz, Uxz) Uyz, uxyz)z(uy’ Uy, Uxy + (ux’ uy>’ UzyUyzy Uxz, uxyz)-
Then compute

0,010;(u)

= (U, gty o+ {1y ) Uy Uy (g 1), Uy + (s 1)), 21),
010,0(u)

= (g, ty, gz + 1y, Ug), g, Uz + (U, 1), Uy + 1y, 1), 25).

Note that the first five terms are equal, so it suffices to check z; = z, for z; =

010201 (1), 29 = g0 2010 2(1h).

Z1=Uygyz +(Uy, Uyz) + Uy, Uz) +{Q 0 Uy, Uy, U} + {00 Uz, Uy, Uy}
(U Uy z + Uy, 1)) + Uz + (1, Uz), Uy)
= Uyyz + Uy, Uxz) + (thxy, Uz) {00y, Uy, uz} + {00 Uz, Uy, Uy}
+ (U Uy 2) + (U, (U, 1)) + (U y) + (U, Uz), Uy)
= Uyyz +(they, tz) +{Q 0 Uy, Uy, U} +{0 0 Uz, Uy, Uy}
(U, ty2) + (U, (uy, 1)) + Uy, Uuz), y),
Zp = Uyyz +(th, Uy ) +{Q 0 Uy, Uy, Uz} + (U y + (U, 1hy), Uz)

=Uyxyz + <uxr uyz> +{Q OUy, Uy, uz}+ <uxy’ uz) + ((uxr uy>r uz)-
So z; = z, is equivalent to requiring

Uxyz +<uxy» uz) +{Q OlUy, Uy, uz}+{Q OlUz) Uy, uy}
+ (e, Uy ) + (U, (g, uz)) + (1, Uz), uy)

=Uxyz + (ux’ uyz) +{Q OUy, Uy, uz}+ (uxy’ uz>+ ((ux, uy>’ uz>;

cancelling alike terms, this is equivalent to

<uxr(uy’ uz>)+<(um le>, uy>+{|Q OlUy, Uy, uz}+{g OUz, Uy, uy}

={go Uy, Uy, u b+ ((uy, uy>r Uz).
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Using the fact that (—,—) and {—,—,—} are alternating in the last two arguments,
this is equivalent to

0= (uty, (tty, uz)) + ((uy, uz), uy) +(uz, (ty, y))
+ooug, uy, uzb+{oous, ux, uyl+{gouy, uz, uyl

= (s (uy, uz)) + (tty, (12, Uy)) + (uz, (g, uy))
+ooux, uy, uzb+{oous, uy, uyt+{gouy, uz, uyl

giving the desired identity. O

Corollary 3.4.11. Let(m: A — M,&, A, p) be an anchored bundle in a tangent
category with negatives, with anchored connection (V,k) on A and torsion-free
affine connection(V’,k’) on M. An involution algebroid structure on A is equivalent
to a bilinear map
<—, —> . A2 — A
with derived maps
{——}:A;x, TM — TM :=«"o T o(mg,m;),
{——-}: TMp X?‘[O?‘EiAZ — Ai{a, uy, up} =k o T({(——))o(V(a, u), Via, u,))
satisfying
(i) (—,—) is linear and cosymmetric,

(ii) (—,—) is alternating,

(iii) (—,—) and {—,—} satisfy the Leibniz equation, Equation 3.6.

(iv) (——),{— —}, and {—,—,—} satisfy the Bianchi identity, Equation (3.7).

Morphisms of involution algebroids may also be characterized by preservation
of the tensor.

Proposition 3.4.12. Let A, B be a pair of involution algebroids with chosen con-
nections in a tangent category with negatives. Then an anchored bundle morphism
f : A— B isaninvolution algebroid morphism if and only if (recalling the notation
from Equation 3.3)

VIfIx, y)+{fox,foy)=VIflly,x)+ fo({x,y).
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Proof. Note that

(0o Z(f)=%(f)o0)
> (71, g, T2 + (g, M) o (fox, foy, foz+V[f](x,y))
:(f,f,forcz+V[f](7'c0,7'c1))0(y,x,z+(x,y))

while the second condition reduces to

VIfIx, y)+(fox,foy)=VIfIy,x)+ folx,y).

3.5 Theisomorphism of Lie and involution algebroid

categories

Sections 3.1 and 3.4 have made the relationship between involution algebroids and
Lie algebroids clear. It is important to note that while the proofs used connections
as a tool to identify the local coherences satisfied by involution and Lie algebroids,
the construction of a Lie algebroid from an involution algebroid (or vice versa) is

independent of the choice of connection.

Theorem 3.5.1. There is an isomorphism of categories between Lie algebroids and

involution algebroids in smooth manifolds.

Proof. For the equivalence of categories, note that by Propositions 3.1.13 and
3.1.14, Corollary 3.4.11, and Proposition 3.4.12 there is an isomorphism of cate-
gories between involution algebroids with a choice of connection and Lie alge-
broids with a choice of connection (morphisms are rnot restricted to connection

preserving morphisms). This allows us to chain together isomorphisms
Inv(SMan) = Inv(SMan)chosenConn = LieAlgd chosenconn = LieAlgd.

To complete the proof, we must show that the assignment that sends an

involution algebroid to a Lie algebroid whose bracket is given by
AolX,Y[*=((myo00(id, T.X0g)oY —, T.Y 0po)—7,00Y), (3.8)

111



is a bijection on objects, which brings up some subtleties. First, while an involu-
tion map
0 Agxr TA— Ayxp, TA

is defined with respect to a particular choice of pullback A, x 7, T4, the category
of involution algebroids does not distinguish between different choices of this
pullback (and therefore different representations of the map o), and it is not part
of the data of an involution algebroid. It is immediate by universality that the
left-hand-side of Equation 3.8 is independent of the choice of pullback A, x 7, T A.
Now, recall that the canonical involution of a Lie algebroid is uniquely by
Theorem 4.7 of ( ) (this was also mentioned in Corollary 3.3.9).
Once we make a choice of prolongation A, x 7, TA, we have made a choice of
pullback .Z(A) in LieAlgd, which uniquely determines the canonical involution

0 Agxr TA— Ayx 1, TA.

While the exact map o depends on the choice of pullback A, x 7, T4, they all deter-
mine the same involution algebroid, thus proving the bijection correspondence
of objects. O
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Chapter 4

The Weil nerve of an algebroid

The first three chapters of this thesis demonstrated that tangent categories allow
for an essentially algebraic description of Lie algebroids by axiomatizing the be-
haviour of the tangent bundle, and showing that a Lie algebroid over a manifold
M is a “generalized tangent bundle”, namely an involution algebroid. This chapter
will make precise the sense in which an involution algebroid is a generalized
tangent bundle, by showing that the category of involution algebroids in a tan-
gent category C is equivalent to a certain tangent-functor category from the free
tangent category over a single object to C, or more generally that there is a fully
faithful functor
Inv(C) — Tang ,«x(FreeTangCat(x),C).

This functor, the Weil nerve of an involution algebroid, builds a functor from
the free tangent category over a single object to C using a span construction.
This chapter primarily builds on two pieces of work: Leung’s construction of the
free tangent category Weil; ( ( )) , and Grothendieck’s original nerve
construction (first published in ( ).

To understand Leung’s construction of the free tangent category, and more
generally his actegory-theoretic presentation of tangent categories (Section 4.2),
we first look at Weil’s original insight relating the kinematic and operational de-
scriptions of the tangent bundle in SMan. The definition of a tangent vector on a
manifold M as an equivalence class of curves (Definition 1.2.8) puts a bijective

correspondence between tangent vectors and R-algebra homomorphisms from
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the ring of smooth functions C°°(M) to the ring of dual numbers:
C%(M)—- R[x]/x2.

The hom-set RAlg(C (M), R[x]/x?)is precisely the set of derivations on C°°(M),
which defines the operational tangent bundle discussed in Definition 1.2.16: there
is a natural smooth manifold structure on this set. The Weil functor formalism,
most notably developed in ( ), extends this observation to a general
class of endofunctors on SMan. For example, the fibre product T, M corresponds

to R-algebra morphisms,
COO(M)_) R[x’y]/(xzt yzrxy)y

while the second tangent bundle corresponds to R-algebra morphisms into the
tensor product,

C*°(M)— RIx]/(x*)® R[y1/(y*)= Rlx, y)/(x*, y*).

By applying Milnor’s exercise (Problem 1-C ( )), which
states that the C°° functor

SMan — RAIg®?; M — C°°(M)=SMan(M,R)

is fully faithful, the structure maps occur as natural transformations. For example,
the tangent projection is induced by the morphism

/x2 a+bx—a

p:Rlx] R,

so that
™M 2 M =[C®(M),R[x]/x2] P25 [C (M), R].

The zero map and addition are similarly induced by

o b
0: R 224H0%, R[x]/x? and+:R[x,y]/(xz,yz,xy)%)R[x]/xz,
—a+(vb+c)x

respectively, while the lift and flip are induced by the morphisms
£:R[x)/x* —“Rlx, y /(5% y?)
—a+bxy
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and
a+bx+cy+dxy
- - v 7,

c:Rlx, yl/(x?,y?) Rlx, y1/(x% y?).

—a+cx+by+dxy
More generally, there is a monoidal category of Weil algebras (Definition 4.1.1)
which has a monoidal action on the category of smooth manifolds. The Weil func-
tor formalism, then, studies differential geometric structures from the perspective
of the endofunctors and natural transformations induced by this action. Leung’s
insight is that there is an analogous category of commutative rigs' built by re-
placing R[x]/x? with N[x]/x?, called Weil, (Definition 4.1.3); a tangent structure
is precisely a monoidal action by Weil, satisfying some universal properties. In
particular, this category Weil; is precisely the free tangent category over a point,
FreeTang(x), so that every object A in a tangent category C determines a strict
tangent functor
TOA:Weil, - C;V —T" A

and morphisms f : A— B are in bijective correspondence with tangent-natural
transformations T A = T)(B).

The axioms of an involution algebroid in a tangent category C correspond
bijectively with those of the tangent bundle - this suggests that an involution
algebroid should determine a tangent functor from Weil, to C. A first guess would
lead one to think that p : N[x]/x?> - Nissentto w: A— M, 0to &, and + to +4. As
the space of prolongations .£(A) = A, x 1, TA plays the role of the second tangent

bundle, we can see that
0:N[x]/x* = N[x,yl/(x*, y*) = (Eom L) : A— L(A),

and
c:N[x,yl/(x* y*)= N[x,y)/(x* y?*) = 0 L(A) - ZL(A).

This pattern may be neatly summed up using span composition - we will construct

a functor that sends N[x]/x? to the span

1A rig is a ring without negatives, i.e. a commutative monoid equipped with a bilinear multipli-
cation.
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and the tensor product N[x]/x? ® N[x]/x? to the span composition (e.g. the
pullback)
Z(A

)
PN
A /TA

S\
i 1% T.t T.o
K NS X b
M ™ M

N

which is the space of prolongations. This leads to the first major result of this
chapter, the Weil Nerve (Theorem 4.3.9), which states there is a fully faithful
embedding

Nweil : Inv(C) — [Weily, C].

This bears a strong similarity to Grothendieck’s original nerve theorem, which
takes an internal category s, t : C — M and constructs a functor A°? — C (where
A°P is the monoidal theory of an internal monoid) by sending tensor to span

composition, and the composition and unit maps given span morphisms

G M
v AN / \
SoT tor,
K ‘ N / \
M m M M e M
N l P N l P
S t S t
AN e AN yd
C C

while the unit and associativity axioms for a category are exactly the unit and
associativity laws for a monoid in this setting. The Segal conditionsidentify exactly
the functors C : A°”? — C that lie in the image of the nerve functor N as those
whose [n]""* object is sent to the wide pullback C([n])= C[2], x;C[2]..., xs C[2].
The corresponding result for involution algebroids is found in Theorem 4.4.8,
which states that a tangent functor (A, @) : Weil; — C is the nerve of an involution
algebroid if and only if A preserves tangent limits and « is a T -cartesian natural
transformation (this forces A.(W®"*)= A oXT.nTA...7n1pXng T A). The similarity
between the Weil nerve and Grothendieck/Segal’s nerve runs deep, and in Chapter
5 we demonstrate that the enriched perspective on tangent categories puts these
both into the same formal framework.
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Sections 4.1 and 4.2 give a detailed introduction to the Weil functor formalism
( ( ) ( )) and Leung’s unification of Weil
functors with tangent categories ( ). The rest of the chapter contains
contains new results developed by the author. Section 4.3 proves the embedding
part of the Weil nerve theorem, that the category of involution algebroids em-
beds into the category of tangent functors and tangent natural transformations
[Weil;, C]. Section 4.4 identifies exactly those tangent functors (A, a) : Weil; — C
that are the nerve of an involution algebroid, completing the proof of the Weil
nerve theorem. Section 4.5 uses the Weil nerve to develop a novel tangent struc-
ture on the category of involution algebroids in a tangent category (in particular,

the category of Lie algebroids will have this novel tangent structure).

4.1 Weil algebras and tangent structure

This section gives a more thorough introduction to the Weil functor formalism of
( ), and in particular how the structure maps of a tangent category
may be teased out of it. We begin by introducing Weil algebras, and the prolonga-
tion of a smooth manifold by a Weil algebra. (The relationship with prolongations
of involution algebroids from Definition 3.2.1 will be made clear in Section 4.3.)

Definition 4.1.1. AnR-Weil algebra’ is a finite-dimensional R-algebra V so that
V =R®V asR-modules and V is a nilpotent ideal. The category RWeil is the
full subcategory of RAlg spanned by the R-Weil algebras. The prolongation of a
manifold by a Weil algebra V is given by the manifold

TV M :=RAIg(C*°(M,R), V).

( ) showed that every product-preserving endofunctor on the cate-
gory of smooth manifolds is constructed as the Weil prolongation by some Weil
algebra. Consequently, R-algebra homomorphisms induce natural transforma-
tions between these product-preserving endofunctors on the category of smooth
manifolds.

2Not to be confused with the normal usage of “Weil algebra” in Lie theory, e.g.

( ).
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Example 4.1.2. Consider the following R-Weil algebras and their associated pro-
longation functors.

(i) Prolongation by R induces the identity functor, and the tangent bundle is
given by R[x]/x?. The tangent projection, then, is equivalent to the R-algebra
morphism

p:Rlx]/x*—R; pla+bx)=a

while the 0-map induces the zero vector field:

0:R—R[x]/x? 0(a)=a+0x.

(i) ThealgebraR[x;|i<i<n/(XiXjh<i<j<n = (R[x]/x?)" is the wide pullback T, M =
TM,x,TM ...,x,TM. In particular, prolongation byR[x, y1/(x?, y% xy)
gives the bundle ,M = TM , %, T M. TheR-algebra morphism

+:Rx, y1/(x% y% xy) = RIx]/x% +Hag+a1x +ay) = ao+(a; + ax)x
corresponds to the addition of tangent vectors.

(iii) The algebraR[x,y]/(x?, y?) = (R[x]/x?)® (R[x]/x?) is the second tangent
bundle T>?M = T T M. The vertical lift T — T? is induced by the morphism

0:R[x]/x* - R[x,y)/(x% y?); t(a+bx)=a+bxy.

(iv) The monoidal symmetry map induces ¢ : T?> = T?, as follows:

c: (R[x]/x*)® (R[y]/y*)— Rly)/y*)® (R[x]/x);
cla+bix+byy+bsxy)=a+b,x+by+bsxy.

(v) For n > 2, the algebraR[x]/x" gives the n-jet bundle. Note that this is the
equalizer of ®"R[x]/x? by the symmetry actions of S,,.

Further examples may be found in the monograph ( ). Tangent
categories bridge the gap between the Weil functor approach to studying the
differential geometry of smooth manifolds and the synthetic differential geom-

etry approach of axiomatizing a tangent bundle using nilpotent infinitesimals.
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The main structure axiomatized here is that of monoidal action of a symmetric
monoidal category on a category M x C — C, or equivalently, a lift from a cate-
gory to the category of complexes C — [M, C], which involves translating a bit of
classical category theory to the 2-categorical setting.

Example 4.1.2 leads to the classical theorem that the category of smooth
manifolds has an action by the category of R-Weil algebras that preserves all
connected limits that exist. These “natural” universal properties (in the sense
of ( )) is foundational to synthetic differential geometry; see, for
example, Chapter Two of ( ). Unfortunately, Weil algebras are
not an ideal syntactic presentation: they are not a finitely presentable category,
and it is not immediately clear when a diagram is a connected limit.> Moving from
R-algebras to commutative rigs and restricting to an appropriate subcategory
solves this problem.

Definition 4.1.3 (Definition 3.1 ( )). The category Weil, is defined to
be the full subcategory of commutative rigs, CRig, generated by the rig of dual
numbers W :=N[x]/x?, constructed as follows:

1. Start with finite product powers of W in CRig, and make a strict choice of
presentation:

Wo =N, W, :=N[x;]/(x;x})i<;,0<i<n.

2. Then take the closure of W,, under coproduct of commutative rigs, written Q.

Again, make a strict choice of presentation:

Wn(0)®"'® Wn(m—l) = N[x,-,j]/(x,-]-xl-k)jgk,0< i<m,0<j< n(i).

Note that we will often suppress the tensor product ® and simply write
Uv=U@8V.

Proposition 4.1.4 (Definition 3.3 ( )).

3It should be noted that ( ) made progress applying techniques
from computer algebra to latter problem.
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(i) The category Weil, is a symmetric strict monoidal category with unitN and
coproduct ®.

(ii) N is a terminal object in Weil, .
Note that there is a forgetful functor
Weil; — (CMon/N) — CMon

that reflects connected limits. This gives the following class of limits, identified in

( ).

Definition 4.1.5. We say the following pullback diagrams in Weil, are transverse:

— W W —— N

whereu(a+a,x+ayy)=a+a;x+ayxy. The®-closure of these three pullbacks is
the set of transverse squares, and they are also pullback squares by (2017).

To see that each transverse square in the ®-closure is a pullback diagram, take
the two non-identity squares and rewrite them in CMon:

7'!,'0 0o! 7'[1

Nx(NxN) 2% NxN  Nx(NxN) 0%y Ny (Nx Nx N)

J |
anol iﬂo ﬂol len:l

NXNT)N N (id,00)) )NXN

The coproduct of Weil algebras is the tensor product of the underlying commuta-
tive monoids, which are finite-dimensional and free, so these limits are closed
under ®.

Proposition 4.1.6 ( ( ) Proposition 4.1). The category Weil; is a tangent
category, where the tangent functor is

T:=W®(): Weil, — Weily
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and the natural transformations are given by

pe(_ 08() )

L0 002 we() + e we(),

t:we ) wewe(), c:wewe( )2l wewe( ).

p:wWe()

The category Weil; is, in some sense, a finitely presented theory. It is precisely
the free tangent category on a single object:

Proposition 4.1.7 (Proposition 9.5, ( )). The category Weil, is generated
by the maps {p,0,+,¢, c} from Example 4.1.2, closed under composition, tensor,
and maps induced by transverse limits.

Corollary 4.1.8. The category \Weil, is the free tangent category over a single object:
every object C in a tangent category C determines a strict tangent functor T_.C :
Weil, — C, mapping

V=wMe. .o W' T, (..).TC=T"C

so that there is an isomorphism of categories between C and the category of strict

tangent functors Weil, — C with tangent natural transformations as morphisms.

Notation 4.1.9. Throughout this section, the notation TV C will refer to the action
of the Weil algebra V on an object C in a tangent category. In particular, we will
make use of the isomorphism TV.TVC =TVV C.

4.2 Tangent structures as monoidal actions

The presentation of Weil; as the free tangent category situates the formal theory of
tangent categories as an instance of more general categorical machinery, namely
monoidal actions. Recall that in a symmetric monoidal category (C,®,I), an
internal monoid (C, e, i) determines a monad:

(C®_:C—Cu:CoCe®)=5Ce_ n:_ Hie_5Cce.)

The category of algebras for this monad is exactly the category of C-modules,

objects with an associative and unital action by C. A morphism will be a map on
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the base object that preserves the action:

C 5 M®C MeM®C XX pMecC
SO -
C M®CT>C

c—L 0

Strict actegories are the 2-categorical generalization of modules over a monoid.
The coherences for a 2-monad follow from the coherences from a strict monoidal
category in the 2-category of categories. The following proposition relies on a
few facts from enriched category theory (treating the cartesian closed category

Cat as a Cat-enriched category, per ( )) but a more general treatment of
non-strict actegories may be found in ( ):

* A 2-functor and 2-natural transformations are exactly a functor and natural
transformations that satisfy extra coherences. These coherences follow for
free by constructing the monad and comonad .# x _,[.#,_].

* An algebra of the underlying 1-monad is exactly an algebra of the 2-monad
(the same result holds for comonads).

When working with algebras of a 2-monad, four different notions of morphisms

can come into play ( ( )). These arise through using the 2-
categorical data to weaken the notion of a morphism:

(i) Strict: this is exactly a morphism of the underlying algebras. Write the 2-
category of strict ./ -actegories.

(ii) Strong: the morphisms preserve the action to an isomorphism:

//[x(CM//[x]D

S
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(iii) Lax: the 2-cell is no longer an isomorphism:

MxC L <D

‘Xcl / a / \LOCD

C———D

(iv) Oplax: the 2-cell travels in the opposite direction (these will not figure into
this account).

2-cells between actegory morphisms must satisfy a coherence between the natural

transformation parts of the actegory morphisms.

Definition 4.2.1. In the case of strict, strong, and lax tangent functors, the same no-
tion of a 2-cell applies: a natural transformationy : F = G satisfying the following
coherences with the natural transformations a and p :

MxF
x>
M xC LE D xS D

l /locm _ MCL%W

<C ﬁ C——F—D
\_/(
G
We call these actegory natural transformations.
Note that for strict actegory morphisms, this condition holds for any natural

transformation y : F = G. Now consider the following three 2-categories.

Definition 4.2.2. Let(.#,®,I) be a strict monoidal category. Define the following
three 2-categories.

1. M Actgyict: the 2-category of strict ./ -actegories, strict actegory morphisms,
and natural transformations.

2. M AcCtsirong: the 2-category of strict ./ -actegories, strong actegory mor-
phisms, and actegory natural transformations.

3. M Act),y: the 2-category of strict M -actegories, lax actegory morphisms, and
actegory natural transformations.
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Note that the inclusions of these 2-categories arelocally fully faithful, so only the
1-cells differ.

The case where the action preserves certain limits in the monoidal category
is of particular interest. A small category equipped with a class of chosen limits
is known as a sketch. The previous correspondence restricts to the class of limit-

preserving actions in this case.

Definition 4.2.3. Asketch is a small category with a class of chosen limits, and
a sketch morphism is a functor sending chosen limits to the chosen limits in the
domain (up to isomorphism). The category of models of a sketch 6 in a category C,
Mod(%,C), is the full subcategory [ ,C] whose functors preserve the chosen limits.
Amonoidal sketch, then, is a sketch (6 ,.£) equipped with a symmetric monoidal

category structure on 6 so that_® _ preserves limits in each argument.

Now use the fact that the category Weil, is a monoidal sketch, since it is a
small, strict monoidal category equipped with a class of limits stable under the
tensor product.

Theorem 4.2.4 (Theorem 14.1, ( )). LetC be a category. The following
are equivalent:

(i) A tangent structure onC,
(ii) A sketch action oc: Weil, x C — C.

Observation 4.2.5. Thereisacoalgebraic perspective on tangent categories, coming
from the equivalence between algebras of the 2-monad (Weil; x (_),®, I : 1 — Weily)
and the 2-comonad ([Weil,,_],[®,_],[1,_]). Forany categoryC, thereis a free tangent
category given by

Weil; xC

and this agrees with the free Weil -actegory. However, for the cofree tangent cate-
gory, take
Mod(Weil;,C),

the category of transverse-limit-preserving functors Weil, — C.
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We can use Leung’s theorem to induce a monoidal functor Weil; — C when a

tangent structure is induced by a single object.

Corollary 4.2.6. Let(C,®,1) be a strict monoidal category. If an additive bundle
(p:A—1,+:A,— A0:1— A) equipped with morphisms

ASASA®A AL A®A

determines a tangent structure on C using the endofunctor A® (—), then A deter-
mines a strict, transverse-limit-preserving, monoidal functor

A(—=): Weil; - C; Wn[l] ®...0 Wn[k] '_)An[l] ®---®An[k] = Tn[l] Tn[k]'I

Note that this allows for a more conceptual description of representable tan-

gent structure.

Proposition 4.2.7. In a symmetric monoidal closed category, an infinitesimal

object is exactly a strict symmetric monoidal functor D : Weil, — C.

This presentation of an infinitesimal object makes it tautological that C°” has

a tangent structure.
Corollary 4.2.8. Given a strict symmetric monoidal functor
D : Weil, — C°P
there is a strict action of Weil, on C°P given by
D°P®C

. ®
Weil, x CP =—25CP x coP 2, COP,

There is a clear correspondence between the notions of a (strict, strong, lax)
tangent functor and a (strict, strong, lax) actegory morphism. This proposition
extends to the following equivalence of 2-categories.

Corollary 4.2.9 (Theorem 14.1 ( )). The following pairs of 2-categories
are equivalent.

(i) The 2-category of tangent categories and strict tangent functors is the full
sub-2-category of Weil, Acts,ict Spanned by sketch actions.
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(ii) The 2-category of tangent categories and strong tangent functors is the full
sub-2-category of Weil; Actstrong Spanned by sketch actions.

(iii) The 2-category of tangent categories and lax tangent functors is the full sub-

2-category of Weil, Act) , spanned by sketch actions.

4.3 The Weil nerve of an involution algebroid

The construction in this section is analagous to the nerve of an internal category—
hence the “Weil nerve” construction—and deals with similar technical issues. In
particular, the construction in this section will mimic the nerve construction for
internal categories by replacing the tensor product of Weil; with span composition
in the domain category. Recall that every anchored bundle or internal category
has a canonical span associated with it:

In any category C, there is a category of spans in C as well as span composition.

Definition 4.3.1. Aspan from A to B in a category C is a diagram of the form

There is a notion of span composition, so givenaspan X :A— BandY :B— C,
then the composition of X and Y is the pullback (if it exists):
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A morphism of spans is a commuting diagram of the form
A«+1— X —r—-> B
fi fe Ir
C<«<r—Y —v-+D

Note that if f and g are span morphisms with f, = g;, then the horizontal compo-

sition may be formed if each respective span composition exists:

X \ w
e AN \ \
l r \
'g N :

B E
| I |
fi fe fr=8 : 8¢ 8r
v v | ~
C D F
N Ay /

I r’ I
N V¥ | ~

When discussing span composition in a tangent category, it is assumed that the

pullback is a T -pullback.

Observation 4.3.2. Note that the category of spans in C is a functor category, so
that limits are computed pointwise in C. This also means that the horizontal

composition operation, when it exists, preserves limits in either argument.

These span constructions can be helpful in constructing functors from a
monoidal category into a non-monoidal category C, by forming a monoidal cate-
gory from C using spans. In the case of an internal category over M, one takes
the slice category C/(M x M) where the tensor product is span composition. An
internal category s, ¢ : C — M is a monoid in this category of spans over M, so

that it determines a monoidal functor
C:A°? - C/(M x M),
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remembering that A°” is the monoidal theory for monoid (every monoid in a
monoidal category C determines a monoidal functor A — C). The construction of
the corresponding monoidal category for spans is more nuanced, as the category
Weil, is not N-indexed. Observe that the prolongation of an anchored bundle is
constructed as a span composition:

Z(A

v

A
M% N:r

The third prolongation is given by span composition as well:

)
=~

TA
A%

M T*M

L2(A)
% ’ N
A T.%4(A)
/S AN - ~
T o T.mom, T.pom;
’4 N K >
M TM T°M

This horizontal composition will play the same role as the tensor product in
C/(M x M).
Definition 4.3.3. In a tangent category C, consider a pair of spans
X:M—-TM, Y:M—>T"M.
Define XR'Y to be the horizontal composition (when it exists):
Z
X TVY
; / N ry U - \TU
x" N K T
M TVYM TVVM

(recall that we will often suppress the ® in Weil, to save space). So the span compo-
sition is
U
mME VML TV VMg
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)
M X x Xy pUp

M—Y—TUM

1 Ty
! 4.1)
Mtoa gy
|
H g le
\l/
V/
M4— B —— T

The horizontal composition f R g is defined as f xg 5 0.8:

Z \
X Y _
Iy d h rx TY.ly TY.ry
K > k >
M TUM TV.TVM
| lowr o Lo
M UM TV . TV M
K X >
Iy Ta TV g TY g
A2 / ~ \// ~
A \ TU'B
C

In any tangent category with a tangent display system (Definition 1.5.3), the
category of spans on M whose maps are of the form given by Equation 4.1 with
| € 2 is amonoidal category. Any anchored bundle in a tangent category gives
rise to a monoidal category after a strict choice of T-pullbacks (assuming those
T -pullbacks exist).

Definition 4.3.4. Let(n : A — M,&, A, p) be an anchored bundle in a tangent
category C. Write the span

AW, =MEE A 21 M), AN:=(M=M=M).
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A choice of prolongations for (7, &, A, p) is a strict choice of horizontal composition
foreach Ve Weily :

AV Ig.(Wn[l] Wn[k]) = E.Wn[l] E"'IZA.Wn[k].

We will write the span as follows:

AV
M TV

(notice that the apex is not hatted). Given a choice of prolongations for an anchored

M

bundle(r,&, A, ), the category Span(m, &, A, 0) is defined as follows:
* Objects are A.V for V € Weil,.
* Morphisms are given by pairs
(f,9):AV =AU

where f : A.V — AU and ¢ : V — U determine a span morphism of the
form

as discussed in Definition 4.3.1.

e Tensor structure: The tensor product is defined using the horizontal compo-
sition ® as defined in Definition 4.3.1.

The idea is to show that an involution algebroid structure on an anchored
bundle induces a tangent structure on the monoidal category of prolongations,
and then to apply Leung’s theorem. The following two lemmas will simplify this
proof.

Lemma 4.3.5. Let(w: A— M,&, A, p) be an anchored bundle with chosen prolon-
gations in a tangent category C, and identify the monoidal categorySpan(r, £, A, ).
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(i) Thereis a functor
U : Span(m, £,4,0) = C

constructed by sending a span morphism to the morphism between the objects

at its apex:
7V 0" v
M<{—— AV — T".M AV
I
M < AU —= TY.M AU
m 0

(ii) Suppose we have a square

iv P Ay

”’“)l l(g.w)

AX —s AZ
(f.9)

whose image under U® is a T -pullback in C, and so that the square in Weily
is a transverse T -pullback:

AU —/— AY u-—Lsy
Ll
AX T) AZ X T) Z
Then U?€ reflects the limit; that is, the original square in Span(n,&, A, 0) isa

T -pullback.
(iii) T -pullbacks of the form described in (ii) are closed under K.

Proof. The functor in in (i) is straightforward to construct, as it simply forgets the
left and right legs of the spans. For (ii), note that because the Weil, part of the

diagram is a transverse T -pullback, then given a pair of maps

AV )
av 2P 2y
(x.) ”’“)l l(g,w)
AX —— Az
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a unique span morphism A.V — A.U may be induced using the apex map from
C, and the unique map induced in Weil; by the universality of transverse squares
(this square is also universal in C), so the span morphism diagram will commute
by universality.

For (iii), T -pullback squares of the form in (ii) are closed under X as transverse
squares in Weil; are closed under ®, so the result follows by the commutativity of

limits and by applying part (ii) of this lemma. O

Observation 4.3.6. It will be useful to have a “flat” presentation of the prolongation
AW,y .. Wy). The higher prolongations of an anchored bundle may be concretely
described as the T -pullback of the zig-zag below:

A-Wn(l) .. Wn(k)
AWy Tny-A- Wy To)...n(k—1)A- Woi
@n) %[1]‘(”0”0) Ta(1)-Cn(2) Ta(1)...n(k)-(TT070)

T,,M
so that the prolongation AW ™Y . . W"* may be written concretely as

(ul’ ERN) uk) : An[l]g’ XT.qt Tn[l]'An[Z] T.o XT2geen o’ X Tt Tn[l]...n[k—l]An[k]~

Furthermore, the choice of prolongation identifies the following limits:

AUV s TUAV
AUV —— TUAV : lTU.nV
l - l/TU.ﬂ'V TUM f—] TUM

AU —— T'M H
e

so that
AUV=AURAV =AU RidyRAV

whereidy; is thespan M =M =M.
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Note that a g sends the involution algebroid structure map to its correspond-
ing tangent structure map. Each of the structure maps, then, gives a span mor-

phism where X is well defined:

Definition 4.3.7. Let(n: A — M,&,+4, A, 0,0) be an involution algebroid in C
with chosen prolongations. Then define the following maps in Span(r,£, A, p):

e The projectionp : AW — AN,

M<E A2y TM

1r

|
M M M

e Thezeromap0:AN— AW,

M M M
U .

M4— A —— TM

The addition map +: AW, — A.W,

TToTT;

M &5 A, 2 oM

H H L

M4 A —— TM

The lift map{ : AW — AWW,

M+ —aA—2 5 TM

Em) lK.M

2
M W AQXTT[TA ﬁﬂlT M

Theflipmapc:AWW — AWW,

M EE pAyxp,TA 25 T2M

& ~1Fﬁ4
<

M 4o Apxrp TA o> T*M

Qo7
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The idea is to show that the monoidal category of chosen prolongations
Span(r, &, A, o) for an involution algebroid has a tangent structure generated
by the structure maps in Definition 4.3.7 and the endofunctor AWR(-). Using
the flat presentation, we can then show that U2 will determine a tangent functor
in C. The following lemma about p will be useful in constructing the natural
transformation part of a tangent functor.

Definition 4.3.8. Let(n : A — M,&, A, 0) be an anchored bundle with chosen
prolongations. Recall that by Definition 4.3.4, the right leg of A.U is written p, so
it induces a span map:

U
M <™ AU -2 TUM

|l

U
M & TUM —— TUM

This map has a flat presentation as

AUV == AUyuxrunwTV.AV
oVmAV nU><T|U.A.V
TUAV == TYM,;xrv v TV.AV

We write the map
oV V=p"Rr(AV)
which corresponds to the following span morphism:

AUV

AU TUV.AV
~

- ~
- TV .7V TY.0"
e ~ Ve A



Theorem 4.3.9 (The Weil Nerve). There is a fully faithful functor
NWeiI . Inv((C) - [Weill,C]

that sends an involution algebroid to the transverse-limit-preserving tangent func-
tor:
(A4, a): Weil, - C

Proof. For the first step of this proof, we show that an involution algebroid struc-
ture on an anchored bundle (7 : A— M, &, A, o) determines a tangent category
structure on the monoidal category Span(n: A— M, &, A, ).

We check that the endofunctor AR (—) determines a tangent structure, with
the structure maps given by Definition 4.3.7:

[TC.1] Additive bundle axioms:
(i) Use Lemma 4.3.5 to see that
AWy =AW ,x, AWA, % A;

this is preserved by A.V ®(—).

(ii) The triple (A.+,A.p, A.0)= (+4, 7, &) is an additive bundle induced by
Proposition 2.4.4, and K preserves pullbacks (and therefore additive
bundles), so the additive bundle axioms hold.

[TC.2] Symmetry axioms:

(i) A.coA.c=id follows from the involution axiom o oo =id.
(ii) For Yang-Baxter, note that
(AR c)o(cRA)o(ARCc)=(cRA)o(AR c)o(c RA)
follows from the Yang—Baxter equation on an involution algebroid
(oxc)o(idxT.o)o(oxc)=(idxT.o)o(o xc)o(id x T.0),
since

oxcA=(A.c)R(AW)andid x T.o =(A.W)Rc.
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(iii) For the naturality conditions:

(a) The interchanges of +,0, p all follow from the fact that
O:(AWW,Ax{)—>(AWW,id xcoT.A)

is linear, and so is an additive bundle morphism.
(b) The axiom
{.Toc=T.coc.ToTt

is equivalent to the equation
(xc)o(lxT.o)o(Axl)=(1xTA)oo

which is equivalent to the double linearity axiom on o by Propo-
sition 3.3.4.

[TC.3] The lift axioms:
(i) The additive bundle equations are a consequence of A being a lift

and + being the addition induced by the non-singularity of A.
(ii) The coassociativity axiom
£.Tol=TAol
is equivalent to
(Ax0)oA=(id x T.A)oA
proved in (i) of Proposition 3.2.6.

(iii) The symmetry of comultiplication, ¢ of =/, is given by the unique

equation for an involution algebroid, so that 0 o (§ o, A)=(E o, A).

(iv) The universality of the lift follows from part (ii) of Proposition 3.2.6;
Lemma 4.3.5 ensures that for any V € Weil;, A.V Ry and uRA.V are

universal.

This lemma puts a tangent structure on Span(r, &, A, ). Now consider the functor

sending spans to the apex map,
U® :Span(m,&,A,0)—C.
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The family of maps
{oV.V:pYRA.V|U,V € Weil,}

gives a family of natural transformations
oV :ATY =TV A,
so that the following pair constitute a tangent functor
(U¢,p):Span(n, &, A, 0)— C.

Because the universality conditions on Span(r, £, A, ¢) followed by reflecting limits
in C using Lemma 4.3.5, it follows that (U2, p) will preserve the tangent-natural
limits in Span(r, &, A, o) corresponding to transverse limits in Weil;.

By Leung’s Theorem 4.1.7 (by way of Corollary 4.2.6), the tangent structure on
Span(r, &, A, o) induces a strict, monoidal, transverse-limit-preserving functor

A:Weil; — Span(w, &, A, 0)

that sends the tensor product ® to the span composition X. By composing
the strict tangent functor (4, id) and (U9, p), we have a lax, transverse-limit-

preserving, tangent functor:
(A, 0):Weil, - C; V— AV

Now, check the bijection on morphisms. Starting with an involution algebroid
morphism (f, m): A— B, note that this gives a span morphism f:

M+—A——TM

I I L

N <—B —— TN

This gives a natural definition of f.V using the horizontal composition of span

morphism, so that
fUV)=fURF.Vand fN=m, 4.2)

giving a family of maps {f;; : U € objects(Weil)}. Because f will commute with
the structure maps {r, &, +,(§ o, A), o}, it follow immediately that f is a natural
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transformation, because the following calculation holds foreach 6 : X —» Y €
{p,0,+,¢,c}:

fUYVo(AURORA.V)
=(fURF.YRF.V)o(AURORA.V)
=fUR(f.YoO)Rf.V
=fUR@Of.X)Rf.V
=(AURORA.V)o fUXV

Tangent naturality will follow by the preservation of the anchor map by f. The
equality, for any Weil algebra U, of the diagrams

M Ay -2 UM M <™ AU — TUM
[ R P A
N+ BU -5 TUN = M UM —— TUM
H l@” H mi J/Tu.m \LTU.m
N<p—UTUN:TUN N<p—UTVN:TVN

is precisely the tangent-naturality condition from Definitions 1.3.12, 4.2.1.
For the inverse of this mapping, consider a tangent natural transformation
(Definition 1.3.12)
Ao T(A) 5 BoT(A)
r:(A,a)—(B,B), laA lﬁ”
T
ToA(A) —2 To B(A)
where (A, a) and (B, ) are tangent functors Weil; — C built out of involution

algebroids with chosen prolongations. For any U, V, the map y.U V decomposes
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asy.URy.V:

—~ T=
T.T ¢ Tm s TAT
Sy IT ~
‘ N Ty.T
Ap.T=m, B.T.T . s T.B.T
I T.Ap
B.p.T=m \l/ ‘
AT | ip— TA T.B.p
~ l ~
r.T Ty
N ~ Y
B.T By s T.B

Applying this relationship inductively, it is clear that the base maps y.W and y.N

determine the entire morphism y.V:

U
Vi o

M < AU s TYM
y.N\L T.U\L TU.y.N\L
U
N < oy B.U o0 > TYN
Qnl1] Typ-(om;)

TToTT; n
M <— An[l] — Tn[l]-M < Tn[l]---Tn[k]-M

N (ﬂoni Bn[l] Qn[l]) Tn[l]-M Tn[l]---Tn[k]-N

v

~

< .
Tnp)-(mom;)
Thus, every tangent-natural transformation is constructed out of a pair

(yN:M—>N,yW:A— B)

using the X construction from Equation 4.2. All that remains to show is that this
pair is an involution algebroid morphism.

Tangent naturality gives the following two coherences:
oBoy.W=TyNop?andoBoy. WW =y.WWoog4

since o8 =B.W,p4=a.W,08 = B.c, and 0 = A.c by construction. The follow-

ing diagram proves that y.W preserves the lifts, so that (y.W, y.N) is an involution
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algebroid morphism:

TAT —— TAT —— TAT —'s T.B.T —— T.B.T —— T.B.T
AN

AN A A
T Ty a.T B.T p.T T

| I
AT.T L1 BT.T

|
24 AT.T —— —— B.T.T 2B
A A A A
(;’n,)kA) Al Bt (in,)LB) ‘
1 I I 1
A.T A.T AT —2 s B.T B.T B.T

Thus, a tangent natural transformation (4, a) — (B, ) is exactly a morphism of
involution algebroids A — B, proving the theorem.
O

Now, the projection for a Lie algebroid is a submersion, as we may make a
choice of prolongations for each U € Weil,. These prolongations lead to a new
observation about Lie algebroids: they embed into a category of functors into

smooth manifolds.

Corollary 4.3.10. Using the Weil nerve construction, the category of Lie algebroids
embeds into the tangent-functor category:

LieAlgd — [Weil,,SMan)].

4.4 Identifying involution algebroids
This section identifies those tangent functors
(A, a): Weil, = C

that are involution algebroids as precisely those where A preserves transverse
limits and « is a T -cartesian natural transformation (Definition 4.4.1). These con-
ditions will force each A.V to be the V -prolongation of the underlying anchored

pre-differential bundle:
(Ap:AT —A A0:A—AT, AT25ATTEL TAT, a: AT — T.A)

(these conditions also ensure that this tuple is an anchored differential bundle).
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Initially, itis only clear that a is T -cartesian for the projection p. Indeed, recall
that the prolongation A.U V is defined to be the T-pullback of the cospan:

U.A.pV

o~ u T o~
AU TV AN TU AV

Then consider the following diagram:

AUWV —— TUAT.TY

E.TU.p.TVl B lTU.A.p.V
AUV —— TUAV
E.TU.pV\L - lTUﬁ.pV
ATV —— TV.AN
This means that every naturality square of a for p is a T -pullback; natural transfor-

mations satisfying this property for every map in the domain category are called
T -cartesian.

Definition 4.4.1. A natural transformationy : F = G is cartesian whenever each
naturality square
Fc - Gc

F.fl/ - lc.f

FDT>GD

is a pullback. A natural transformation between functors into a tangent category is
T -cartesian whenever each component square is a T -pullback (we will generally

suppress the T when the context is clear).

Now, recall that the Weil complex determined by an involution algebroid has

A.U.V determined by the following T-pullback squares:

AUV —s TV AV

P - -~
A.TU.pV\L lTU.A.pV

ATV —— TV AN

Then it is not difficult to show that the T-cartesian condition on a Weil complex

forces it to be an involution algebroid. We first need:
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Definition 4.4.2. A T -cartesian Weil complex in C is a tangent functor
(A, a): Weil, = C

for which A sends transverse limits to T -limits and a is a T -cartesian natural
transformation.

The first condition to check is that a T'-cartesian Weil complex gives a natural
anchored bundle A whose Weil prolongations coincide with the functor assign-
ments on objects.

Proposition 4.4.3. Let (A, @) be a T -cartesian Weil complex. Then we have an
anchored bundle

(M:=AN, A:=AW, n:=Am, §:=AL, A:=a.ToAl).

Furthermore,
YLA=AWW, L A=AWWW.

Proof. Suppose we have a tangent functor (F, @) : C — D and a differential bundle
(m,&,A)in C. If F preserves T-pullbacks of 7, it preserves the additive bundle
structure on (7, £,+), so to show (F.7t, F.£,a o F.A) is universal it suffices to show
that the following diagram is a T -pullback in D:

aoF.A

FA, *— TFA

FﬂZ\L F. T.nl/

FM BT T.FM

Expand this to
F.p* a.A
FAy —— FT.A—— T.FA

F. ﬂzl/ F.T. n\L T.F. nl

F.M W} FT.M a.—M> T.F.M

In this case, it restricts to the diagram

A.
AT, =2 A2 2T TAT
l A.IT.p - T.)Lp
e e

A——> AT —— TA
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Each square is a T-pullback by hypothesis, so the universality of the lift follows
by the T-pullback lemma. Because the complex is T-cartesian, the assignment

A.V gives a coherent choice of prolongations by the T-pullback

AUV —Z5 TU AV

A.U.pvl/ lTU.A.pV

AU —5— TV.A
a

There is, of course, a natural candidate for the involution map.

Corollary 4.4.4. Let(m: A — M,&, A, ) be the anchored bundle induced by a
T -cartesian Weil complex in a tangent category C. Then we have an involution
map

o LML 2(A).

The equations for an involution algebroid should follow immediately by func-

toriality; one need only ensure that the maps take the correct form.

Lemma 4.4.5. Let A be a T -cartesian Weil complex in a tangent category C, with

(m:A— M,E, A, o) its underlying anchored bundle. Then we have:
(i) A.c.T=0 xc,
@ii) AT.c=1xT.o,
(iii) AL.T=AxL.A,
(iv) ATL=idxT.A.

Proof.
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(i) Consider the diagram

AT.T.T Ac.T s AT.T.T
B aTT g
T.T.AT <25 T.TAT
AT.T.p lT.T.A.p lT.T.A.p AT.T.p
T.T.A —— T.T.A
N 4 \ N

AT.T A.c > A.T.T
Observe that this forces A.c.T =A.c xc.A.T=0 X c.

(ii) Likewise, the diagram

AT.T.T AT.c > A.T.T.T
y a.TT a.TT 5
T.T.AT 2% T.TAT
AT.p.p lT.T.A.p lT.T.A.p A.T.p.p
TA——T.T.A
~ al al ~
AT AT

forces A.T.c=idxT.Ac=id xT.o.

(iii) The diagram

AT.T ALT > AT.T.T
~
4 a'Tx aIT. T L
TAT Y25 T.TAT
A.T.p \LT.A.p lT.T.A.p AT.T.p
TA—— T.T.A
a alT
v /> ~ ~
AT Al > A.T.T

forces AL.T=ALl x{. A=) xU(.
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(iv) As ais T-cartesian, the following diagram is a T-pullback:

AT.T 218 aTTT

.|
a. Tl \La. T.T

T.AT Ve T.AT.T

Using previous results, this means that A./.T is the unique map making the

following diagram commute:

Apx7TA —== AgX7 TAr X712, T?A

nll l(ﬂw'fz)

TA T) TAT_ngz_ﬂ T?A

which we can seeis id x A.
O

Pulling together this lemma and the previous proposition, the following is

now clear:

Proposition 4.4.6. A T -cartesian Weil complex determines an involution alge-
broid.

However, we have not yet exhibited an isomorphism of categories between the
image of the Weil nerve functor and T -cartesian Weil complexes. At first glance,
the Weil nerve construction only gives a Weil complex that is T-cartesian for
the tangent projection p € Weil,. Being T -cartesian for p is, however, sufficient:
a Weil complex that is T-cartesian for tangent projections will be T-cartesian
for every map in Weil; (a similar result appears in the context of differentiable
programming languages; see ( ).

Proposition 4.4.7. A lax tranverse-limit-preserving tangent functor(F, a) : Weil; —
C for which F preserves pullback powers of each TV .p is T -cartesian if and only if
each

FT.T -5 T.F.T

F.T. pl lT. F.p

FT —% s T.F

145



isa T -pullback.

Proof. We only check the converse since the forward implication is trivial. We
make use of the T-pullback lemma.

(i) c is anisomorphism, so its naturality square is a T-pullback.

(ii) For projections T, — T, the retract of a T -pullback diagram is a T-pullback,
so the following diagram is universal:

ET.T F.T.T,

FT.x;
ET.m, / T

F.T.T, — F.T.T

J/a l/a a
T.ET, 225 TRET

Fm 4

ET.T, ET.T,

v

N/

(iii) For 0, observe that the following two diagrams are equal:

ET.0 F.T.p
FT — FT.T —— F.T FT —— F.T
| o 4
I

The right diagram is a T-pullback, and the right square of the left diagram
is a T-pullback by hypothesis. By the T-pullback lemma, the left square of
the left diagram is a T -pullback.

(iv) For{, observe that

FT/ FET.p.T ET.p ET.0
FT.T — FT.T.T —— F.T.T FT.T — F.T —— FET.T
a.T\L a.T.T\L B l/a.T a.T\L - al - l/a.T
T.F.T T—”> T.F.T.T TF—p% T.F.T T.F.T m} T.F m} T.F.T
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The outer perimeter of the right diagram is a T-pullback (left square by
hypothesis, right square by (ii)), as is the right square of the left diagram (by
hypothesis). By the T-pullback lemma, the left square of the left diagram is
a T-pullback.

(v) For +, observe that

F.T. Ty F.T.
ET.T, 2% prr —A ET.T ET.T, % prr B B
a.T\L a-Tl ’ l/a.T a.TZ\L - a.Tl - la
T.ET, — T.FT w0 T.FT T.ET, 172 T.ET = T.F

The outer diagram on the right is a T-pullback by composition, and the
right square on the left diagram is a T-pullback by hypothesis, so the result
follows.

To check that the naturality square is a T-pullback for every map in Weil;, we
once again use Leung’s characterization of maps in Weil; from Proposition 4.1.7.
Inductively, the set of maps generated by {p,0,+,¢, c} closed under ® and o follows
as T-pullback squares are closed to composition. For maps induced by a tranverse
limit in Weil;, F preserves transverse limits so this follows by the commutativity
of limits. O

Theorem 4.4.8. For any tangent category C, the replete image of the Weil nerve
functor
Inv(C) — [Weily, C]

is precisely the category of T -cartesian Weil complexes.

Corollary 4.4.9. Thata:A.T = T.A is T -cartesian is equivalent to requiring that
the tangent functor
(A,a): Weil, = C

restricts to an anchored bundle
A. . . :
(M ATZBAN, £:A25 AT, A AT2SATTEL T AT, 0: AT S T.A)
and each A.T"V is the V -prolongation of this anchor bundle.
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Remark 4.4.10. The condition in Corollary 4.4.9 is analogous to the Segal condi-

tions identifying those simplicial complexes
A—-C

that are internal categories. Note that every simplicial object has an underlying
reflexive graph

try(X):=(s, £ : X([1]) — X([0]), i : X([0]) — X([1]))

where X ([n)) is isomorphic to the object of n-composable arrows for the underlying
reflexive graph.

Remark 4.4.11. Notably, being T -cartesian for p is enough to force that a natural
transformation is T -cartesian for the other tangent-structural natural transforma-
tions. This has consequences when one uses partial maps to combine topological
notions with tangent categories. In this context, a partial map N — X with domain

M — N isaspan

whose right leg is monic. The intuition is that the map f is defined on the subobject
M of N, which introduces a new problem: what is the proper notion of a subobject
in a tangent category? Such a notion should give rise to a stable class of monics:
one that is closed under horizontal span composition. One answer is the notion
of etale monics: a morphism is etale whenever the naturality square for p is a

T -pullbacks:

T.f
TM —— TN

P\L B lp

M T—f> TN
Geometrically, this means that the morphism is a local diffeomorphism; for exam-
ple, an etale subobject of R" in the Dubuc topos is precisely an open subset in the
usual sense. An endofunctor lifts to the partial map category whenever it preserves

the class of monics. A natural transformation lifts to endofunctors on the partial
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map category whenever it is T -cartesian for the class of monics, and the same proof
will show that this property holds for etale monics (2019).

4.5 The prolongation tangent structure

One of the most important consequences of the Weil Nerve Theorem 4.3.9 is
that the category of involution algebroids (with chosen prolongations) may be
equipped with two tangent structures. The first tangent structure is the pointwise

tangent structure described in Proposition 3.3.6. The tangent functor sends
(A,a)— (T.A:Weil;, > C,c. Ao T.a: T.A.T = T.T.A)

(recall the composition of tangent functors given in Example 1.3.11 (ii)). The struc-
ture morphisms will be given by whiskering, so in this case §.4,0 € {p,0,+,¢,c}.
The restriction to tangent functors that preserve transverse limits along with the
fact that the natural part a is T -cartesian, however, ensures that precomposition

with the tangent functor
(A,a)— (AT :Weil, - C,T.aoA.c:AT.T = T.A.T)

returns an involution algebroid. The structure maps are once again given by
whiskering, with the pre-composition tangent structure A.8,8 € {p,0,+,¢,c}.
Preservation of transverse limits guarantees that this tangent structure will satisfy

the necessary universality conditions.

Proposition 4.5.1 (Proposition 3.3.10). The category of involution algebroids with
chosen prolongations in a tangent category C has a second tangent structure, where
the action by Weil, is given by

(A a)— (A.T:Weil, = C,a.ToA.c:A.T.T = T.A.T).

Proof. The proposition statement means that the structure morphisms for this
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new involution algebroid are given by

a.ToAc=p": LA)STA

AT.p=n": Z(A)ﬂA
AT, a.ToAc)2{ aTo=¢: AE™% o)

00 ATL=): L(A)ZL T.204)

AT.c=a": L?A)ZS 22(A)

\
Similarly, we can see that

(A.T.T,a.T.ToA.c.ToA.T.c)

(71,72)

a.T.ToAc.ToAT.c=p": £%A) " 1. 9(a)
AT.p=n": LA LT o)
={ ATO=E": p(A)EmT0lm0m) ooy
(AxEx0)
0”0 ATL=2": ALY T w24

AT.T.c=0": L3A)—= £3A)

O'XCXC

These coincide with the involution algebroids ¥’(A), £’.#¢’(A) in Proposition
3.3.10: the second tangent structure follows from the fact that the natural trans-

formations for the tangent structure there are given by
A¢:AU=>AV,9p:U—-Ve{p0,+/{c}

The result follows as a corollary of Theorem 4.3.9. O

The Jacobi identity for involution algebroids

Classically, the theory of Lie algebroids uses the algebra of sections I'(rr). One key
observation is that when using the Lie tangent structure (Inv(C), ), sections of 7t
are in bijective correspondence with y «(A). This observation allows for different
statements about Lie algebroids to be translated into formal statements about
the tangent bundle in (Inv(C), £).

Proposition 4.5.2. Let A be an involution algebroid in C. There is a bijection
between the sections of 1 in C and the vector fields on A in Inv(C):

Xel(n)—((id, TX00),X):A— Ti(A); X€yy(A)—Xz:AR— A.T.
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Proof. Recall the coherence for tangent natural transformations y : (H, ¢) =

(G, y):
7.T
HT — K.T

I 1w

Ty
TH— T.K

We specify this to a morphism X : (A, a)= T;(A,a)=(A.T,a.T) at N, W:

A XLy A xr,TA

\L&Q J/T[]
T.X

™ —%X 5 TA

and so infer that, if we set X := Xy, we have 1,0 X.T = T(X)o g. Furthermore, the
condition that p; o X = id forces id = my0 X.T; thus, we can see that every section
X of p; is given by a morphism of the form ((id, T X o g), X)) on the underlying
involution algebroids, where mo X =id.

We now show that every X € I'(n) gives rise to a section of 7r;. Observe that

the following is a morphism of involution algebroids:

(id, TXop)
A LT A g, TA

ln |pem

M—* 4

Note that it is well typed, as T.mo T.X o p = p o id. Check that it is a bundle

morphism:
poﬂlo(id,T.XOQ):pOT,XOQ:XopoQ:XOﬂ-
and that it is linear:

(Aomg,lomy)o(id, T.Xop)=(ALoT.Xop)
=L, T?Xo0lop)=(A,T*>XoA)=T(id, TX)oA.

Then check that it preserves the anchor:
mio(id, TXop)=TXop
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and the involution:
(19,71, T*’X 0o Tpm)oo =(0,T*X 0 Tp om,0)

=(o,T*X o cTpom)=(o(mg, m), cn3)o(id, T?X o Tpomy).

Thus we have that (id, T X o pm;) is a morphism of involution algebroids,
inducing a morphism of T-cartesian Weil complexes. Lastly, we check that it is a

section of pl, but this is clear, since
moo(id, TX op)=id;
thus we have the desired bijection. O

Recall that given an involution on an anchored bundle, there is a bracket on its
set of sections (see the explicit construction in Section 3.4). Given an X, Y € I'(r),

there is a bracket defined as follows:
Ao[X,Y]s+ (Em,0)0 Y =((0o(id, TY 0p)oX—,(id, TXo0p)oY)).

A direct proof of the Jacobi identity is a detailed calculation (see the original
preprint on involution algebroids ( )) and still relies on
Cockett and Cruttwell’s result for an arbitrary tangent category with negatives.
As aresult of Proposition 4.5.2, we can instead use Cockett and Cruttwell’s result

directly:

Corollary 4.5.3. Let A be a complete involution algebroid in a tangent category C
with negatives. There is a Lie bracket defined onT(r), [—,—] induced by

Ao[X,Ya+ (Em,0)0Y =((0o(id, TY 00)o X —(id, TX 0 )0 Y))
Proof. The bracket is induced by Rosicky’s universality diagram, as

O=po((oe(id, TYop)oX—(id, TXop)oY))—0Y
=Tpo((oo(id, TYop)oX—(id,TXop)oY))—0Y.

We look at the Lie tangent structure for Inv*(A); this is precisely the vector field
induced by
evp([X, Y]).
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We complete the proof by using the result that for any A in a tangent category
with negatives, the bracket on y(A) that is defined by

Lo[X,Y]=(coT.XoY—T.YoX)—0X

satisfies the Jacobi identity. O

Identifying categories of involution algebroids

Section 4.4 identified whenever a functor Weil; — C is an involution algebroid,
whereas this section identifies tangent categories C that embed into the category
of involution algebroids in some tangent category C. We call this structure an
abstract category of involution algebroids. This notion involves some 2-category
theory, using a modified notion of codescent (see ( ) for a development
of codescent).

Recall that for any tangent category C, the category of involution algebroids
has C as a reflective subcategory. Furthermore, because limits of involution
algebroids are computed pointwise, this reflector is left-exact. This left-exact
reflection is the main structure we axiomatize.

Definition 4.5.4. An abstract category of involution algebroids is a tangent cate-
gory C with a left-exact T -cartesian tangent localization (Z,0): C — D, where L
satisfies a codescent condition:

TangCatsyyict(Weily, C) — TangCat 5 (Weil;, C) L Ta ngCaty ,x(Weil;, D)
(where L, denotes post-composition by L) is fully faithful.

Example 4.5.5. The category of involution algebroids in any tangent category C is
an abstract category of involution algebroids using (Inv(C), ). The reflector is the
functor sending an involution algebroid to its base space; the T -cartesian natural
transformation is the anchor map. Any tangent subcategory of Inv(C) that contains

C as a full subcategory will give rise to an abstract category of involution algebroids.

Proposition 4.5.6. LetZ — C be an abstract category of involution algebroids.
Then there is an embedding C — Inv(Z).
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Proof. The proof follows by treating objects in C as strict tangent functors Weil; —
C and morphisms as tangent natural transformations.

f(—,A)
RN
Weil, 2.5 C—-2z>72
¥
\y(—,B)/

The natural part of Z is T-cartesian, and the functor part preserves limits, so
Z.%(—,A)=: Z[A] determines an involution algebroid in Z, and f a morphism of
involution algebroids. The embedding is guaranteed by the codescent condition
so that the post-composition functor is fully faithful. O

Corollary 4.5.7. An abstract category of involution algebroids Z — C is exactly a
full subcategory 7Z.— C — Inv(Z).
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Chapter 5

The infinitesimal nerve and its

realization

The main thrust of Chapters 2, 3, and 4 has been that the tangent categories

framework allows for Lie algebroids to be regarded as tangent functors
Weil, — SMan

which satisfy certain universality conditions. This chapter, which is more exper-
imental than the previous four chapters and represents work still in progress,
puts Lie algebroids into the framework of enriched functorial semantics. This
new perspective on algebroids uses Garner’s enriched perspective on tangent
categories ( ( )) and the enriched theories paradigm from

( ). The functorial-semantics presentation of the Lie functor will gen-
eralize the Cartan-Lie theorem (that the category of Lie algebras is a coreflective
subcategory of Lie groups) into a statement within the general theory of functorial
semantics.

The goal is to show that the infinitesimal approximation of a groupoid, as
discussed in Example 3.1.2, may be constructed as a nerve, just like Kan’s original
simplical approximation of a topological space. The nerve of a functor K : .o/ — C
approximates objects and morphisms in C by .¢/ -presheaves, so it sends an object
in C to the .o/ -presheaf

Ny :.o -C;C—C(K—C).
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Thus there will be an infinitesimal object,
2 : Weil?” — Gpd(#)

where Gpd(#’) denotes groupoids in the category # of Weil spaces (formally
defined in Section 5.1). The nerve of & has a left adjoint, the Lie realization, given
by the left Kan extension (just as Kan's geometric approximation of a simplicial
set is, in ( )):
Weil?” —2— Gpd(#)
L e &
[Weily, #]

Theorem 5.5.13 (The Lie Realization). There is a tangent adjunction between the
category of involution algebroids and groupoids in ¥/, where each functor preserves
products and the base spaces.

—
Gpd(#) + Inv(¥)
—la

Note, however, that the left Kan extension in Equation 5.1 does not immedi-
ately give the desired adjunction of Theorem 5.5.13, as there is no guarantee that
the nerve functor N, lands in the category of algebroids. To prove this we must
revisit the work in Section 4.3 presenting involution algebroids as those functors
A:Weil; — C for which each A(V) is the prolongation of its underlying anchored
bundle; this leads naturally to the formalism for enriched theories developed in

( )

The presentation of algebroids as models of an enriched theory requires situat-
ing the categories of differential bundles, anchored bundles, and involution alge-
broids in # as full subcategories of #-presheaf categories on small # -categories.
Section 5.1 reviews the work in ( ) characterizing tangent categories as
categories enriched in # = Mod(Weil;, Set) (the cofree tangent category on Set,
by Observation 4.2.5).

Section 5.2 reconfigures the content of Chapter 2 using the enriched perspec-
tive, so that lifts are #/-functors from the #'-monoid D + 1, while differential
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bundles are a reflective subcategory of functors from its idempotent splitting.
Similarly, the category of anchored bundles are a reflective subcategory of the
category [Weili, C], where Weil} is the category of 1-truncated Weil algebras (Defi-
nition 5.2.8).

Section 5.3 reviews the basic idea of an enriched nerve/approximation. A
particularly important example is the linear approximation of a reflexive graph,
the functor introduced in Example 3.2.7, which is the nerve of a functor

3 : (Weil})°? — Gph(#).

Section 5.4 applies the enriched theories framework introduced in
( ), where a dense subcategory of a locally presentable .o/ — C
forms the “arities”, and a bijective-on-objects functor ./ — 7 is the theory. The

category of models is the pullback of (enriched) categories:

c7 —— [7,v]

| l

C —— [F°P, V]

The first step is to freely complete the # -category Wei |} of truncated Weil algebras
(Definition 5.2.8) so that its base anchored bundle has all prolongations; call this
W -category £. Then, in every tangent category C, the category of anchored bun-
dles with chosen prolongations (Definition 4.3.4) in C embeds fully and faithfully
into the functor category:

Anc?(C)— [£,C]

(here, Anc (C) denotes the category of anchored bundles with chosen prolonga-
tions). In particular, the tangent bundle on N in Weil; determines a bijective-on-
objects functor

< — Weil,

so that the category of involution algebroids in any tangent category C is the
pullback in #/ Cat:

Inv¥(C) —— [Weil,,C]

Anc*(C) —— [¥°P,C]
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This means that the category of involution algebroids in # is monadic over the
category of anchored bundles in # using the monad-theory correspondence
from ( ).

The final section looks at the category of #'-groupoids. Essentially, the free
groupoid over the linear approximation of a graph will now give an infinitesimal
object Weil, — Gpd(#). The nerve of 8 : Weil]” — Gpd(#)—the infinitesimal
approximation—has a right adjoint via the realization of the nerve functor from
Definition 5.3.5. This is used to prove the culminating Theorem 5.5.13.

The individual pieces of categorical machinery used in this chapter are not
new (the enriched perspective on tangent categories, enriched nerve construc-
tions, enriched theories). However, all of the results dealing with the application
of enriched nerve constructions and enriched theories to tangent categories is

original work of the author.

5.1 Tangent categories via enrichment

This section gives a quick introduction to Garner’s enriched perspective on tan-
gent categories. The enriched approach to tangent categories first appeared in

( ) and builds on the category perspective on tangent categories in-
troduced in ( ). Garner was able to exhibit some of the major results
from synthetic differential geometry as pieces of enriched category theory; for
example, the Yoneda lemma implies the existence of a well-adapted model of
synthetic differential geometry.

The category of Weil spaces is the site of enrichment for tangent categories
and is closely related to Dubuc’s Weil fopos from his original work on models of
synthetic differential geometry ( ); a deeper study of this topos may
be found in ( ). Recall that the category Weil; is the free tangent
category over a single object. The category of Weil spaces is the cofree tangent
category over Set, which is the category of transverse-limit-preserving functors
Weil; — Set by Observation 4.2.5. Call this the category of Weil spaces, and write
it 7. Just as a simplicial set S : A — Set is a gadget recording homotopical data, a

Weil space records infinitesimal data.
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Definition 5.1.1. A Weil space is a functor Weil, — Set that preserves transverse
limits (Definition 4.1.5): that is, the ®-closure of the set of limits

Liim —— T T, —u- T? I, —= T,
Lo
I, — N N—o0o—>T I, —=1T1,

A morphism of Weil spaces is a natural transformation. Write the category of Weil
spacesas W .

Example 5.1.2.

(i) Every commutative monoid may be regarded as a Weil space canonically.
Observe that for every V € Weil, and commutative monoid M, one has the
free V -module structureon M given by |V |®cmonM (here|V | is the underlying
commutative monoid of V). The commutative monoid |V | is exactly N4™V,
so that

~ ndimV
VI®cmon M =™ " M.

This agrees with the usual tangent structure on a category with biproducts.

(ii) Following (i), any tangent category C that is concrete—that is, admitting a
faithful functor U : C — Set—uwill have a natural functor into Weil spaces
(copresheaves on Weil, ). Every object A will have an underlying Weil space
V — Uset(TV (A)), and whenever U preserves connected limits (such as the
forgetful functor from commutative monoids to sets), each of the underlying
copresheaves will be a Weil space.

(iii) Consider a symmetric monoidal category with an infinitesimal object, which
by Proposition 4.2.7 is a transverse-colimit-preserving symmetric monoidal
functor D : Weil, — C. Then for every object X, the nerve (Definition 5.3.1)
Np(X):C(D—, X): Weil, — Set is a Weil space.

(iv) For any pair of objects A, B in a tangent category, C(A, T B) : Weil, — Set is
a Weil space by the continuity of C(B,—): C — Set.
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Unlike the category of simplicial sets, the category of Weil spaces is not a topos.
The category of Weil spaces does, however, inherit some nice properties from
the topos of copresheaves on Weil; by applying results from Section 5.3, as it is
locally presentable. The basics of locally presentable categories can be found in
the Appendix 6.2. Roughly speaking, a cocomplete category C has a subcategory
of finitely presentable objects C,, those C so that

C(C,—):C— Set

preserves filtered colimits (i.e. those colimit diagrams that commute with all finite

limits in Set). C is locally finitely presentable whenever every object is given by

XG(Cfp
CgJ C(X,C)-X

where S - X is the (possibly infinite) product XS/ with |S| the cardinality of the

the coend

set S. This means that C = Lex(C;’;, Set), where Lex means the category of finite-
limit-preserving functors.

The third point of Corollary 5.1.4 below, that # is locally finitely presentable
as a cartesian monoidal category, means that the category #, is closed under
products. This implies that # is locally presentable as a # -category (this ends up
being an important technical condition whereby locally presentable # -categories
make sense). Whenever we discuss an arbitrary ¥ -category, we will assume that

¥ is locally presentable as a monoidal category.

Proposition 5.1.3 ( ( )). The category of Weil spaces is a cartesian-
monoidal reflective subcategory of [Weil,, Set].

Corollary 5.1.4. The category of Weil spaces is
(i) a cartesian closed category;

(ii) a representable tangent category, where the infinitesimal object is given by
the restricted Yoneda embedding % : Weil}” — #/;

(iii) Locally finitely presentable as a cartesian monoidal category.
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The cofree tangent structure on # is given by precomposition, that is:
TV M.(V)=M.(UeV)=M.TY.V.

This tangent coincides with the representable tangent structure induced by the
Yoneda embedding. The proof is an application of the Yoneda lemma. Observe
that

[D, M](V)=[Weil,, Set](D x %(V), M) [Weil, Set(# (W V), M) M(W V)

where D x %(V) = (W V) follows because the tensor product in Weil; is cocarte-

sian and the reflector is cartesian monoidal.

Notation 5.1.5. The tangent category ¥ is a representable tangent category, where
D =%W (Definition 1.3.7). We will write the Yoneda functor % : Weil?p — W as
D(-), so it is closer to the usual notation used in representable tangent categories
or synthetic differential geometry (a single D may be used as shorthand for D(W),
D(n) for D(W,), etc.). Note that
K
D(V)=D@ W) =] [P(n)
and that D({)=®, D(c)=(m;,my), D(+)= 6, and so on.

At this point, we are ready to move to the enriched perspective on tangent
categories. The basics of enriched category theory may be found in the Appendix
6.2, but one definition in particular is important to include here.

Definition 5.1.6. Let C be a ¥ -category for V a closed symmetric monoidal cat-
egory. For ] € ¥, the power by ] of an object C € C is an object C’ so that the
following is an isomorphism:

¥D:¥(J,C(D,C))=C(D,C’)
whereas the copower is given by

VD :¥(J,C(C,D))=C(JeC,D).
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Let ¢ « ¥ be a full monoidal subcategory of V. A"V -category C has coherently
chosen powers by ¢ if there is a choice of ¢ -powers (—) so that

(C])K — C]®K,
Likewise, coherently chosen copowers are a choice of ¢ -copowers so that
Ke(JeC)=(K®]J)eC.

The sub-2-categories of ¥V -categories equipped with coherently chosen powers and
copowers are ¥ Cat” and ¥ Cat g, Tespectively.

( ) proved that the 2-category of actegories over a monoidal C is
equivalent to the 2-category of [C, Set]-enriched categories with powers by rep-
resentable functors (Definition 5.1.6), using the monoidal structure on [C, Set]
induced by Day convolution'. Moreover, ( ) showed that a monoidal
reflective subcategory ¥ < ./ exhibits the 2-category of ¥ -categories as a re-
flective sub-2-category of .¢/ -categories; this proves that tangent categories are

equivalent to a particular class of enriched category.

Proposition 5.1.7 ( ( )). Atangent category is exactly a ¥ -category with

powers by representables.
Proof. For every A, B € Cy, the Weil space is defined as
C(A,B):=U —C(A, TYB).

The functor C(A,—) is continuous and T~ B is an infinitesimally linear functor, so

this is a Weil space. The following diagram gives the composition map :

Q(B’C)XQ(A»B) ______________________________________ > Q(Ar C)

C(B, TYC)xC(A,TVB) CATVYC

C(TVB, TV.TYC)xC(A, TV B)

'The Day convolution tensor product of presheaves X,Y : C°? — Set is given by X®Y :=
Lang(X ®Y), where (X x Y)(V)=X(V)x Y(V) ( ( ).
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Note that it is natural in U and V.
By the Yoneda lemma (as the internal hom in *# is the internal hom of co-

presheaves on Weil),
C(A,T"B)=(U — C(4,B)V ® U))=[D(V),C(4, B)]
so this category has coherently chosen powers by representable functors. O

Now the original notions of (lax, strong, strict) tangent functors can be shown
to correspond to power-preservation properties of #/-functors between /- categories

with coherently chosen powers:
Theorem 5.1.8 ( ( )). We have the following equivalences of 2-categories:
(i) the2-category of W -categories with coherently chosen powers and TangCat ,,.;

(ii) the 2-category of W -categories with coherently chosen powers and power-

preserving W' functors and TangCats,ong;

(iii) The 2-category of W -categories with coherently chosen powers and chosen-

power-preserving # functors and TangCatgyict-

Note that for a lax tangent functor (F, @) : C — D, the map
aX:FT.X—-TFX

can be seen as the unique morphism induced by universality. Conversely, for a
strong tangent functor, the natural isomorphism « is the isomorphism from a
power F.T.X to the coherently chosen power T.F.X. In contrast, a strict tangent
functor preserves the coherent choice of powers.

The ability to work with #-categories that do not have powers by representa-
bles allows for significant flexibility. It is useful to observe that there are # -

categories which are not tangent categories.
Example 5.1.9.

(i) Every monoid (M, m,e) in ‘¥ gives rise to a one-object W -category whose

hom-object is M, composition is m, and unit is e.
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(i) Given atangent category C, it is possible to take the full "/ -category over some
set of objects D, even though D may not be closed under iterated applications
of the tangent functor.

(iii) Thedual of a W -categoryisa W category, where
C°P(A,B)=C(B, A): Weil, — Set.

Dually, in the case that C is a tangent category, C°P will have coherent copow-

ers by representables.

(iv) Ifacartesian category C has an infinitesimal object D (Definition 1.3.7), it has
a natural ‘W -category structure (with coherent copowers by representables)

C(A, B) : Weil, — Set := C(Ax D(—), B).

Using the dual tangent structure on C°P from Proposition 1.3.8, the enrich-
ment on C is exactly the enrichment found by regarding C as the dual W -
category of the tangent category C°P.

As a final remark, note that the Yoneda lemma applies to # -categories, so
there is an embedding
C—[C°P,Set].

The powers and copowers by representables are computed pointwise in a presheaf
category, so they inherit the coherent choice. Thus the following holds:

Corollary5.1.10 ( ( )). Every tangent category embeds into a #/ -cocomplete
representable tangent category.

(In fact, showing that the Yoneda embedding applies to tangent categories is
the main theorem of ( ).

5.2 Differential and anchored bundles as enriched

structures

This section gives an enriched-categorical reinterpretation of the work in Chapter
2 regarding differential bundles and Chapters 3 and 4 regarding anchored bundles.
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Differential bundles as enriched structures

As afirst case study using the enriched perspective for tangent categories, con-
sider differential bundles. Most of the work in Chapter 2 uses the intuition that
differential bundles are some sort of tangent-categorical algebraic theory; this
section will make that intuition concrete. Recall that a lift (Definition 2.2.3) is
amap A: E — TE. Using the enriched perspective and treating T E as a power

(recall Definition 5.1.6), this gives the following correspondence:

A:1—C(E,EP)
A:D—C(E,E)

The commutativity condition for A, then, is translated as follows:

E—25 TE D xD 2% C(E,E)xC(E, E)
Al lm l@ imb“
TE —— T?’E D —;1> C(E,E)

That is, A is a semigroup morphism D — C(E, E). In any cartesian closed category
with coproducts, a semigroup may be freely lifted to a monoid using the "exception

monad" (—) + 1 from functional programming (see, for example, ( ).

Definition 5.2.1. Regard the following monoid as the one-object # -category A:

tromliglegler
_— 5

DxD+D+D+1" "D +1
m:(D+1)x(D+1)—D+1

Thus, a lift A is exactly a functor A : A — C. Now check that morphisms are
tangent natural transformations. Note that the semigroup D is commutative,
so A = A°P; the choice of using A°” in the next lemma is to be consistent with

conventions used in Section 5.3.

Lemma 5.2.2. The category of lifts in a tangent category C is isomorphic to the
category of W -functors and W -natural transformations A°”? — C.
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Proof. Check that a #/-natural transformation is exactly a morphism of lifts f :
A — A/. Start with the # -naturality square:

A, fol
D+1 — o c(4,4)xC(4, B)

(fol,l)i lmAAB

C(4, B)x C(B,B) ——> C(4, B)

Now, rewriting D +1 — C(A, B) as a semigroup map D — C(A, B), we have:

A, fol
D21, (4, 4) x C(A, B) 74, (A, B)
A, x
155, 4, Tayx ca, B) 2L €4, TA) x C(TA, TB)Z2""2, (A, TB)

T fo)!
1 %%, ¢4, TB)

Similarly, the other path is exactly A’ o f. Thus, a % -natural transformation is
exactly a morphism of lifts. O

It is a classical result in synthetic differential geometry that the object D has
only one point. In the case of #, this follows from the Yoneda lemma (regarding
W as a Set-category):

W(1,D)=Weil,(N[x]/x% N)={!: N[x]/x* - N}

Note that the natural idempotent e : id = id from Proposition 2.2.8, then, must
be the point 0: 1 — D. Note that this idempotent is an absorbing element of the
monoid D + 1, so for any f : X — D +1, it follows that m(f, 0o!) = m(0o!, f)=00!.
A pre-differential bundle is exactly a lift with a chosen splitting of the natural
idempotent p o A.

Lemma 5.2.3. Forevery lift A : A°P — C, the natural idempotent e = p o A is exactly
15 D% D+1-C(E,E).

Now that the natural idempotent is understood as a map in A, that idempotent

splits to give the theory of a pre-differential object.

Definition 5.2.4. The # -category A* is given by the set of objects {0, 1} with hom-
Weil-spaces. Specifically,
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e The hom-spaces are A*(1,1)= D + 1, otherwise A* (i, j)=1.
e Composition (writing the original composition from A as m) is given by
My (D+1)x(D+1)5 (D +1)
My 1x 125 (D+1)
otherwise: m; jj. =!

Idempotent splittings are absolute (co)limits, and are preserved by all functors;
as this is a limit completion, we have the following.

Lemma 5.2.5. The category of pre-differential bundles is exactly the category of
W -functors AT — C (that is, C-valued presheaves).

Itis straightforward to exhibit the category of differential bundles as a reflective

subcategory of pre-differential bundles in [A*, C] (so long as C has equalizers).

Proposition 5.2.6. The category of differential bundles in a tangent category C
with T -equalizers and T -pullbacks is a reflective subcategory of [A,C].

Proof. The category of pre-differential bundles in C is isomorphic to [A*, C]. By
Corollary 2.4.8, the category of differential bundles is the category of algebras
for an idempotent monad on the category of pre-differential bundles in C. The
reflector sends a pre-differential bundle to the T-equalizer:

E
A--—-3 TE :;eT TE
.e

This equalizer will always exist if C has equalizers, and pullbacks of the projection
will exist if C has pullbacks, so the pullback is a differential bundle. This reflection
gives a left-exact idempotent monad on [A*, C] whose algebras are differential
bundles. O

Now, in the case that C is a locally presentable tangent category (such as #/),
[A*,C] is locally presentable and so is the reflective subcategory of differential
bundles; thus the following holds.

Corollary 5.2.7. If C is locally presentable, then DBun(C) is a locally presentable

category.
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Anchored bundles

There are two ways to think about anchored bundles:
(i) an anchored bundle is a differential bundle with an anchor A — T M, or
(ii) an anchored bundle is an involution algebroid without an involution.

These two perspectives can be unified by regarding A as a cylinder for the weighted
limit T M, so that the anchor is induced by the unique map A.T.0 — T.A.0:

A
TR
At e C
~—~
T™

That is, the syntactic category for anchored bundles is constructed as a full # -
category of Weil; that doesn’t include the map c. This may be found by taking the
full subcategory of Weil, whose objects are constructed out of W,,, n €N.

Definition 5.2.8. A Weil algebra haswidth k €N if it can be written
V= ®0Si<k Wn(i); n(i)eN

The category of k -truncated Weil algebras, written Weil’f, is the full ' -subcategory
of Weil, of Weil algebras of width k or less.

The full subcategory whose objects are {N, W'} will be given the special notation
Weil7.

Note that for each V in Weil’f, the enrichment is given by
Weilf (U, V) := (X — Weil, (U, X ® V).
The maps in Weili—that is, the full subcategory of Weil; whose objects are
{Whln eN}

—have the useful property that they may be written without the flip c. This makes
WeiI} a natural candidate for the syntactic category of anchored bundles.
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Lemma 5.2.9. Every morphism
Wn —-Ve Wei|1

may be written without c; that is, it is generated by the set of maps {p,+,0,{} closed
under tensor, composition, and maps induced by transverse limits.

Proof. Every map W,, — V in Weil; is the finite sum

UHZ(Axv)ox

where x evar(V), and A, € N” so that A, v is the ordinary dot product. Each term
can be written without ¢, and the whole term is then constructed by adding each
component using the appropriate U. +.V -symbols. 2 O

It is possible, then, to show that the category of anchored bundles in C is a
full sub-tangent-category of functors Weil} — C; note that W acts as a cone for

(—)P, so this induces a map

0 : F(W)— T.F(N).

Proposition 5.2.10. Every anchored differential bundle in C determines a functor
Weil} — C; an anchored bundle morphism is exactly an enriched natural transfor-

mation.

Proof. Start with an anchored bundle (g : E — M, &, A, p); then for hom-objects
with domain N,

Weill(N,N)=1—idy, Weili(N,T)=1—¢.

For the hom-objects with domain T, the problem is slightly more difficult, as
Weil (T, N)(T"V) = Weil (T, TV) and Weil (T, T)(T) = Weil, (T, T.T"). This part of

the proof amounts to constructing maps

Weil (T, TY) - C(E, TV.M), Weil,(T,TV.T)-C(E, TV.E)/

2This may also be regarded as a consequence of the graphical notation for maps in Weil, in
Table 1 on page 308 of ( ).
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The first mapping is straightforward: send 8 to .M o g. For the second map,
observe that the following diagrams commute:

T.
A —2s12M A—23sTM A—%sTM A, %3 TM
A A A A 1 |
A 14 £ 0 N\L l/l? +q +.M
| | 1 | v '

The idea is to take an anchored bundle morphism f and rewrite it as a string of
compositions that does not include c, switching out every occurrence of

TV.0.M,0 €{p,0,+,¢}

and replacing it with TV ("), where 6’ is the corresponding map in {g,&,+,, A}.
This induces a map
Weil (W, W)— C(E,E)e W

and the p is exactly the unique a: F.W — T.F induced by universality.

For morphisms, the inclusion (A*)°? — Weil, ensures that any tangent natural
transformation will be a linear morphism on the underlying differential bundle,
and the tangent natural transformations coherences ensure that a tangent natural
transformation will preserve the anchor. Conversely, an anchored bundle mor-
phism will preserve each of the constructed morphisms E — TV.E,E — TV.M
(asitpreserves each of {q, +,, ¢, A}), giving a natural tangent transformation. Thus
there is a faithful embedding Anc(C) < [Weil;, C]. O

The converse, identifying those functors Weil} — C that determine anchored
bundles, is immediate.

Corollary 5.2.11. The category of anchored bundles comprises precisely the ¥ -
functors and W -natural transformations A : Weil] — C (Definition 5.2.8) so that
the precomposition A* — Weil] — C determines a differential bundle. That is to
say, the category of anchored bundles in C is the following pullback in ‘% Cat:

Anc(C) —— [Weil},(C]
DBun(C) «—— [AT,C]
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5.3 Enriched nerve constructions

Nerve constructions present a powerful generalization of the Yoneda functor that
sends an object C € C to the representable presheaf C(—, C) € [C°P,¥] (for a
general reference on nerve constructions and their realizations, see Chapter 3
of ( )). The Yoneda lemma states that this functor is an embedding
(that is, it is fully faithful), so no information is lost when embedding a category
into its category of presheaves. Nerve constructions, then, move this towards an
approximation of the original category C by some subcategory D < C, or more
generally by some functor K : .¢f — C. In Section 5.5, the “infinitesimal” approxi-
mation of a Lie groupoid as a Lie algebroid will be exhibited as approximation by
a ¥ -functor 0 : Weilfp — Gpd(#).

We work with a ¥ that is locally presentable as a monoidal category, such as

W ,Set, or the category of commutative monoids.

Definition 5.3.1. Thenerve of aV -functor K : .o/ — C is the functor
Ng:C—[g°",¥]; C—C(K—C)
Any presheaf A: .o/ — ¥V thatis in the image of Ny is a K -nerve.

Remark5.3.2. The “K -nerve” terminology seems to go back to Grothendieck/Segals’s
original intuition for the nerve construction of a category® (. ( ) and ap-
pears in, for example, (2012) and (2019). However,
the “approximation” of a category by a functor K : .o/ — C originally used in topol-
ogy seems to be a more intuitive description of the functor N.

Example 5.3.3.

(i) The nerve of the identity functor C = C is the usual Yoneda embedding C —
[CoP, 1.

(i) The first example of a nerve construction in the mathematical literature is
the simplicial approximation of a topological space by (1958). Recall the
original construction of the simplicial nerve of a topological space X, where

3Segal published the result, but seems to have credited the theorem to Grothendieck.
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(iii)

X,, = Top(A,,, X). This is exactly the nerve of the functor A — Top that sends

n to the n-simplex
{x eR”Iin = 1}.

The following example figures into Segal’s original nerve construction for
a category, and is revisited in Section 5.4. Define a reflexive graph to be a
presheaf over the full subcategory of Cat whose objects are the two preorders

[0]=0, [1]=0<1.

This is equivalent to the free category with two parallel arrows and a common
retract,
t

[1] ¢~ [0]

N
so that a graph in a category has an object-of-vertices V and an object-of-
edges E, along with source and target maps s, t : E — V; morphisms of graphs
are maps (fg, fv) that commute with the source and target maps.

By Corollary 5.4.3, any full subcategory containing the representables will
be dense. Define the category of paths, Pth, ro be full subcategory of graphs
generated by

/ [1]
\

so that Gph([n], G) picks out the set of paths of length n in a graph G. We
call this subcategory P : Pth — Gph, and see that Np sends a graph to its

7

,n €N

Pth-presheaf of composable paths:

/\
NN
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The pushout[n] is precisely the graph
0—l1l—...—(n—1)—n
where the reflexive map e at each vertex is suppressed.

Recall the functor sending reflexive graphs to anchored bundles from Example
3.2.7(iv). This may be restated as a nerve construction.

Proposition 5.3.4. There is a functor
0 : Weil] — Gph(#)

so that N : Gpd(#) — [Weil}, #'] is the linear approximation of a reflexive graph
as described in Example 3.2.7 (iv).

Proof. Lets,t:C — M,e: M — C be areflexive graph, and recall that the an-
chored bundle C? — C is induced by the equalizer

e.h
C® —» T.C =3 T.C
T.e’

The category Gph is a representable tangent category, where D is the discrete
graph D = D. By the Yoneda lemma, we have that

[Gph, #1(#1,G)=G;,[Gph, #](#0,G) = Gy, [Gph, # (D x ¥(i),G)=T.G;,

so the limit diagram defining the infinitesimal approximation of a graph becomes
exI)*
C? —— Gph(Dx1I,C) Gph(D xI,C).
(Dxe™)*
Now observe that Gph(#/)°? with the dual tangent structure from Proposition
1.3.8 has a reflexive graph object
s, t:1—=11:1—1.

Construct its linear approximation as in Example 3.2.7(iv) (e.g. take the coequal-
izer of #/'-graphs):

ex]
DxlﬁDxI—)ﬁ.
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By Proposition 5.2.10, this determines a functor
8 : Weil} — Gph(#)°P.

By the continuity of the hom-functor, the nerve N, : Gph(#) — [Weil], %] lands
in the category of anchored bundles. The continuity of the hom-functor ensures
that this is indeed the linear approximation from Example 3.2.7 (iv). O

The simplicial localization in ( ) has a left adjoint, the geometric real-
ization, that constructs a topological space using the data of a simplicial set. This

realization may be constructed using a left Kan extension.

Definition 5.3.5. LetK : .of — C beaV -functor for a cocomplete C. Therealization
of K is the left Kan extension

P AN A
K\L / |—|:=Lang% |C|K Z:f C(KA, C)O KA
C

Anerve/realization context is a ¥ -functor K : .o/ — C from a small A to a cocom-
plete C.

The adjunction between simplicial sets and topological spaces follows from

general categorical machinery as a nerve/realization context:

Lemma 5.3.6. For every nerve/realization context K : .o/ — C, the realization of K
is left adjoint to the nerve of K .

5.4 Nervous monads and algebroids

Transposing the characterization of algebroids from Theorem 4.3.9 to the enriched
perspective introduces the challenge of finding an appropriate framework to
describe algebroids as enriched structures. Kelly’s theory of enriched sketches
(see Chapter 6 of ( )), small ¥-categories equipped with a chosen class of
limits cones, seems to be a natural candidate. However, when regarding a tangent

functor as a # -functor, the natural part

a:FT=T.F

174



is the unique morphism induced by the universality of T as a weighted limit, so

it becomes unclear how to translate the condition that « is a cartesian natural
transformation (Definition 4.4.1).

A clue for how to proceed may be found in ( ), which proved that

Lie algebroids are monadic over anchored bundles (when allowing for infinite-

dimensional vector bundles). Recent work in ( ) and

( ) has developed the appropriate notion of (enriched) theories

that correspond to monads over general locally presentable categories. A critical

insight is that for a filtered-colimit-preserving monad T on Set, the opposite

category of the Lawvere theory 7 is precisely the full subcategory of the Kleisli

category whose objects are [n] =] [, 1, and the nerve of the inclusion
TOP s SetT

is fully faithful; that is, when the functor K is dense. Formally, a functor is dense
whenever its nerve behaves like the Yoneda embedding. The theory of dense
functors is developed in Chapter 5 of ( ). We continue to assume that an
arbitrary site of enrichment 7 is locally presentable as a ¥ -category.

Definition 5.4.1. A functor K : .o/ — C is dense whenever the nerve of K is fully
faithful, and a subcategory inclusion that is dense will be called a dense subcate-

gory.

Dense functors are poorly behaved under composition, but there is a useful
cancellativity result from Section 5.2 of ( )-

Proposition 5.4.2. Consider a diagram of "V -categories

x 2tz
>
Fl a |
Y
where a is a natural isomorphism and K is dense. If this diagram exhibits (a, J) as

the left Kan extension of K along F, then ] is also dense.

Corollary 5.4.3. IfK is dense, F is fully faithful, and J.F = K, then F is a dense
subcategory.
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Generally speaking, we will often refer to dense subcategories rather than

dense functors. This is achieved by factoring the dense functor
K=.d5imK)—C

where im(K) is the ¥'-category whose objects are those of ./ and whose hom-
objects are given by im(K)(A, B) = C(K A, K B), so that the inclusion of im(K) into
C is fully faithful and therefore dense by Corollary 5.4.3.

Example 5.4.4.

(i) The category of finite cardinals ¥ is the full subcategory of Set whose objects
are given by finite coproducts of the terminal object, [n] =] [, 1. This is a
skeleton of the category of finite sets, and a dense subcategory of Set (see e.g.

(2019)).

(i) Recall that the category of V -presheaves on .« , [.</ °P, V] is the free colimit
completion of .</ (seee.g. C ). If C is cocomplete, and K : .o/ — C
is dense, then the realization | — |x exhibits C as a reflective subcategory of
[./°P, V], and is this a locally presentable category*. Conversely, if C is a
reflective subcategory of [.</ °P, V'] that contains the representable functors,
then ./ is a dense subcategory of C.

(iii) By Corollary 5.2.7, the category of differential bundles in W is a reflective
subcategory of [AYop, V], so % : At — [A*op, V] is a dense subcategory of

differential bundles in ' following the argument in the above example.

Nervous theories ( ( )) are generalizations of Lawvere
theories that extend to arbitrary locally finitely presentable ¥ -categories. Re-
call that a classical Lawvere theory is a bijective-on-objects, product-preserving
functor

t:X-T

where 7 is a cartesian category. Nervous theories replace > with a dense sub-
category of some locally presentable ¥ -category, and the product preservation

condition with conditions on the nerve of the theory map.

“In fact, an equivalent definition of a locally presentable category is as a cocomplete category
with a dense subcategory.
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Definition 5.4.5. Let K : .o/ — C be a dense "V -subcategory of a locally finitely
presentable C. We call the replete image of Ny in [.</°P, V] the category of K -
nerves. An .¢f -theory is a bijective-on-objects "V -functor ] : .«f — T, where each

T(J—a):d =V

is a K -nerve. The category of models for an .<f -theory is the pullback in v CAT :

c7 — T
[
c Xy T
(These are called concrete models in ( ).)

Remark 5.4.6. The category of models for a theory is monadic. The core of the
argument is due to Weber'snerve theorem, found in (2007), but an exposition

on that result is beyond the scope of this thesis.
Example 5.4.7.

(i) Afunctort:>X— T isaX-theoryifand onlyif7 is a Lawvere theory, where
we use the fact that > (Example 5.4.4) a skeletal subcategory of finite sets. The
nerve conditions in this case identify the models of the Lawvere theory, as the

nerve of ¥ — Set sends a set to the strict product-preserving functor [n] — A".

(ii) Asshown in ( ) and ( ), the original
nerve construction from ( ) may be restated as saying that small
categories arise as models of a Pth-theory (Example 5.3.3). The set Gph([n], G)
is the set of paths of through the graph G that have n non-identity elements,

as
GtstthXidMidstthxsoeosGtontst-

Next, recall that the category A may be regarded as follows:

e Objects: A strictorder[n]=0<1<---< n, forn >0, regarded as a
category.

* Maps: Functors.
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There is a bijective-on-objects functor from Pth — A that sends the graph [n]
to the pre-order [n), as every graph homomorphism between paths will be

order-preserving. Now observe that a model is precisely a simplicial set, where
X([oD=M,X([1)=C,X([2)=Cx;C, X([8]) = C;x;C %, C.

Furthermore, the map
0
o |
o
g
\ ;
in A becomes a composition map:

X([2]) — X([1])
C,x,C—C

Associativity and unitality (for the section e : M — C) follow by functoriality.
Thus, a model of Pth — A is a small category, and a morphism is exactly a

functor.

Corollary 5.2.11, then, gives a monadicity result for #/-anchored bundles over
W -differential bundles.

Proposition 5.4.8. % -anchored bundles are models of the theory(AT)°P — (Wei I”l‘)” p
(see Section 5.2).

Proof. Note that the inclusion A™ — Weil} is a differential bundle, so it is a nerve.

Then the diagram:
Anc(#) —— [Weil], #]
DBun(#) —— [AT, ]
exhibits # -anchored bundles as models of a (A)°? -theory. O

As a corollary, we see that the category of anchored bundles is locally pre-

sentable.
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Corollary 5.4.9. The category of anchored bundles is locally presentable, and
(Weil})°P < Anc(¥') is dense.

In ( ), the authors identify exactly those monads on a
locally presentable ¥'-category that correspond to the models of a theory. Recall
the notation that the category of algebras for a monad is C” and the category of
free coalgebras is Cy. For a dense subcategory ./ — C, use .</7 for the category

of free algebras over objects in .¢/. Recall that the Lawvere theory
K :FinSet » 7

for a filtered-colimit-preserving monad T on Set may be re-derived as the full
subcategory of free algebras over finite sets, K : FinSety < Sety < Set™. Nervous

monads abstract this property.

Definition 5.4.10. Let C be a locally presentable ¥ -category, withK : o/ - C a

dense sub-"V -category. AV -monad T over C is K -nervous if
1. theinclusion Ky : .o/y — CT is dense;

2. the following diagram is a pullback in V CAT:

Cl —— [P, ]

| |

C —— [.&P, 7]

Theorem 5.4.11 ( ( )). Let K : .o/ — C be a dense sub-
¥ -category of a cocomplete V -category C. There is an equivalence of categories

between .<f -theories and </ -nervous monads on C.

The first step in showing that algebroids are monadic over anchored bun-
dles is to construct a dense subcategory of Anc(#/) that plays the role of the V-
prolongations from Definition 4.3.4. The enriched framework makes this straight-
forward: prolongations are weighted limits, with which we may freely complete
Weil7.
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Definition 5.4.12. Consider the category Anc(#') as a representable tangent cate-
gory, and take the dual tangent structure on Anc(#)°P. The category < is defined as
the full subcategory of Anc(#)°P whose objects are generated by the prolongations
of the Yoneda embedding % : Weil] — Anc(#).

For any small # -category C, the free completion of C is the opposite # -
category of the category of copresheaves on C.° Thus, .¢ is the free completion of
Weil} with prolongations. Therefore, a choice of prolongations on an anchored
bundle A determines a unique functor ¥ — C given by right Kan extension (see

e.g. ( )). The continuity of
Anc(#)(—, A): Anc(#)°P — W

ensures that Anc(#)(Ly,A)is Ay.

By Theorem 4.3.9, the category of involution algebroids in C is a full sub-
W -category of [Weil;,C] that has a forgetful functor down to the category of
anchored bundles. A consequence of Theorem 4.4.8 is that a functor Weil; — C is

an involution algebroid if and only if the precomposition
Weil] — Weil, —» C

restricts to an anchored bundle, with each V sent to the V -prolongation of this
anchored bundle. In other words, algebroids are models of the following enriched

theorem (as in Definition 5.4.5).
Definition 5.4.13. Define the £ °P -theory of algebroids as the functor
a: ¥ — Weil,.

This functor is bijective-on-objects by definition, and satisfies the nerve condition
because the V -prolongation of the tangent bundle is TV, so each presheaf

Weil,(a—,V): L - W

isan < -nerve.

SThis is the dual statement of the classical theorem that the category of presheaves is the free
cocompletion of a small category C.
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The Weil nerve, then, translates to the following characterization of the cate-
gory of involution algebroids in a tangent category C.

Theorem 5.4.14. The category of involution algebroids with chosen prolongations
in a tangent category C is precisely the pullback in % CAT:

Inv*(C) —— [Weil,,C]

l . l (5.2)

Anc*(C) —— [£,C]
Consequently, in ¥ involution algebroids are monadic over anchored bundles.

Proof. Recall the correspondence

A:Weil, - CewCat
(A, a) : Weil, — C € TangCat,,,

If
Weil] — £ — Weil; - C
determines an anchored bundle (7 : A— M, &, A, o) whose V-coprolongation is

A.V, so that A is the nerve of an involution algebroid by Corollary 4.4.9. O

Thus, we may characterize # -involution algebroids as algebras for a £-
nervous monad on the category of # -anchored bundles.

Corollary 5.4.15. The category of involution algebroids in W is equivalent to the
category of algebras for the £ -nervous monad on Anc(#') generated by the theory

a:<¥ — Weily
from Definition 5.4.13, using Theorem 19 from (2019).

Remark 5.4.16. The construction of involution algebroids as the category of models
fora ¥ -theory is remarkably similar to the original nerve construction for categories
in ( ), with the symmetric nerve construction for groupoids replacing A
with the category of finite sets X (see Example 44 (iv) of (2019)).
Each construction truncates the original category to two objects and builds a new
category with a bijective set of objects by freely adding limits to the two-object
truncation.
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5.5 The infinitesimal approximation of a groupoid

This section contains the main theorem of the chapter, namely that there is an

adjunction
—
Gpd(#) <+ Inv(¥)
‘/\_/
This adjunction follows by inducing a nerve/realization context on the category

of groupoids in #:

3 :Weil]? — Gpd(#).
A simplified version of this functor appeared in Proposition 5.3.4, the linear ap-
proximation of a reflexive graph. In fact, & will be exactly the free groupoid over
the graph J from Proposition 5.3.4 (if we had worked in the category of reflexive
graphs equipped with an involution). Recall that groupoids and Weil spaces are
both models of a sketch (recall Section 5.1). The symmetry of the theories gives

two equivalent presentations of groupoids in #:
Definition 5.5.1. The tangent category of W -groupoids is equivalently

(i) the tangent category of internal groupoids in W, where the tangent structure

is computed pointwise;

(ii) the tangent category of transverse-limit-preserving functors Weil; — Gpd(Set)

with the cofree tangent structure from Observation 4.2.5.

It is important to note that the tangent structure on # -groupoids is repre-
sentable, as it is a cartesian closed category with an infinitesimal object given
by Weil, — # — Gpd(#') (a proof that Gpd(C) is cartesian closed for a carte-
sian closed category C with sufficient limits a may be found in Section B2.3 of

( ).

There are two classes of “trivial” #-groupoids that will be useful.
Example 5.5.2.

(i) Every small groupoid G may be regarded as a groupoid in ¥ as the constant
functor Weil, — Gpd(Set) sending V to the groupoid G preserves transverse
limits, we may then apply the symmetry of theories to find a groupoid in the
category of Weil spaces.
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(i) Every object M in a category has a cofree groupoid given by s, t : M = M, this
is the discrete groupoid whose only morphisms are the identity maps. Thus,
every Weil space M € W has a corresponding discrete groupoid (this will often
be written M = M to denote the discrete groupoid over M ).

Using the cartesian closure of # and the full subcategories of trivial and
discrete groupoids, we have the following:

Observation 5.5.3. The category of ‘# -groupoids is both

(i) a W -category, with powers by W . The power of a ¥ -groupoid 4 =s,t:G —
M by a Weil space E is given by the ‘W -groupoid

[E,9]={[E,s),|E, t]:|E,G]—[E,M], [E,e]:[E,M]—|[E,Gl};

(ii) a Gpd-enriched category with powers by small groupoids. The power of a
W -groupoid % : Gpd — W by a groupoid 7 is the W -groupoid

(7, 9)(V)=[s2, %(V)]Gpd'

The following two #-groupoids form the basic building block for the main
result.

Example 5.5.4.

(i) SetD :=%W in# . The discrete groupoid D = D represents the tangent func-
tor internally, and the copresheaf Gpd(D,—): Gpd(#) — # sends a groupoid
s, t:G—MitoTM.

(ii) The arrow groupoid is the free groupoid generated by the graph:
o — 0

Write the trivial ' -groupoid on this groupoid as I. Note that the power by 1

will send a groupoid to its ‘arrow groupoid” 4, the groupoid whose objects
arearrows in 9, with a map u — v being a commuting square. It follows that
Gpd(I, ¥9) is the space of arrows of the groupoid, Gpd(I x I,%) the space of
commuting squares, and so on.
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The next proposition gives the necessary properties of I to construct the Lie
derivative.

Lemma 5.5.5.
(i) For every groupoid 9 =s,t:G — M, there is an isomorphism
G x;Gex;GEGpd(#)I x1,%);
this corresponds to the unique filler for the diagram

o—v>o

Fwovou

(ii) The arrow groupoid has a semigroup with a zero structure (like an infinitesi-

mal object D ), and the multiplication is the coequalizer

1x1
Ix] \xj
IxI IxI 51
Ix! A
Ix1

The dual result of part (i7) is somewhat more obvious to see, as the following
fork is always an equalizer in # for a groupoid G:
m Ge[s]x]
G G_> GD _; GD
Glxe[s]
(where we write G as the object of arrows and Gpd(#)(I x I, G) as GV). Note that
GesXI and G!*¢l5] correspond to the idempotents on G-

° ° o Ly o PR RN
"l lﬁiﬁd lﬁgﬁ]
¢ * *—w’* o — e
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Also note that a commuting square is equalized by these two maps if and only if
u =q =1id, which forces w = v; these commuting squares are exactly the image
of G™.

The semigroup structure on I represents the map sending

Y X —u>Y
[ndl ]
X X=—=X

Now look at the d defined in Proposition 5.3.4, and take the same colimit in
Gpd(#). Groupoids are monadic over reflexive graphs with an involution, so this
is essentially the free groupoid over that graph (as the free functor is a left adjoint
and therefore preserves colimits).

Definition 5.5.6. Define the # -groupoid 0 to be the W -coequalizer

ex]
DxI —=X DxI — 0
Dxels]
where e = 00!, e[s]=1ios. Note that just as in Proposition 5.3.4, 0 is an anchored
bundle.

The properties of the arrow groupoid make it possible to prove the following
theorem.

Theorem 5.5.7. The object 0 determines a cartesian ‘W -functor
2(—): Weilfp — Gpd(#)

that is both an infinitesimal object in "/ -groupoids and an involution algebroid in
Gpd(#)°P.

Proof. Write the pushout powers of £ : 1 — 0 as d(n), and for any Weil algebra
V=W,1®...8 W), write (V)= 9(n;) x ... x d(n;). Composition for internal
categories will be written in the diagramattic order, writing composition as an

infix semicolon “;” to keep it distinct from composition of morphisms in #'.

The proof has two main steps:
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1. For every Weil algebra V, there is an isomorphism
dy=9(V)
where 0y is the V -prolongation of the anchored bundle in Gpd(#)°”.

2. The universal lift for the anchored bundle, given as a coequalizer

e9x0
0 %0 oxo —23 8

e?xd
is a semigroup.

From (1) and (2), we may infer that the object J is an infinitesimal object. The
semigroup map [ is commutative and has a zero by (2), and satisfies all of the

couniversality axioms by (1).

1. The proof of this step follows by induction on the width (Definition 5.2.8) of
the Weil algebra V, where the cases 0,1 both hold by definition. In the case
n =2, we need only check this holds for & x d =y :

(6,id)

™~
, - IXD

/
(id,0)

\\A//

\a

For any G, amap X : d x & — G corresponds to a commuting square in
T?G of the form

sothat T.eov=idande.Tou=id. Itfollows that u =(e.Tov)™};(T.eou); v
(Lemma 5.5.5 (i), and that precomposition with the uniquely induced map

determines (i1, v): X — GL@ where
T.0o it = u.
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Observe that any pair (it, v) : X — G1? determines a square

. T.00 z

°
| |
e.Tov v
v +
e ———> 0

where T.eov=id and T.ec it =id. Note that T.0c T.po T.00it=T.00 i1,

and that the bottom horn is u =(e.T o v)™';(T.00 &t); v; now check

T.eo u:(T.eoe.Tov)_l;(T.eOT.Oo in);(T.eov)
=id;T.0cit;T.eov=T.001ii

and

eTou=e.To(e.Tov) ;(T.00u);v
=(e.Toe.Tov) ;(e.ToT.00u);(e.Tov)
=(e.Tov) };id;(e.Tov)=id
thus determining a map X — G?*9. The two maps are inverse to each other,
giving an isomorphism.

For the inductive case, look at the prolongations of anchored bundles and
recall that

Ayv By Az =Ayy Bew,aAvz
Where Ay and Ay are treated as spans over Ay, so that

idrrV ancVYmAy

Ay Ayv TV Ay

idrn? ancVRrA,

Ay Ayz TV .A,

and observe that their span composition is

Ayvz
Agy TV.Ayz
/ omAy / TV (0VRrAZ)
X >
Ay TV.Ay TZ.TV. Ay
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So it now suffices to prove that the diagram

Oy x Dy —— 0y % (Dy x 0z)

| -l

Oy x 0y — Oy % (Oy x z)
is a pushout. But by the inductive hypothesis,

DV HDanZ

Lo

3V — aVXaZ

so the result follows by the cocontinuity of J;; x(—), and Gpd(#)is a cartesian

closed category (so X x (—) is cocontinuous).

2. Recall that the fork

e[s]xI
IxI —=X IxI "5 1
Ixe[s]

is a coequalizer. Also note that e? is the coequalizer of e, e[s]. The commu-
tativity of colimits then ensures that there is a multiplication map induced

by the following diagram:

(DxI? —= (DxI} — 0?2

U ol

(DxI? —= (DxI} — 0?2
|
l l {
Dx] —=X DxI —— 0
Thus the multplication is associative, is commutative, and has a zero given
0xs
by 1— D x1.

O

Aan immediate corollary of Theorem 5.5.7 is that the 0 determines a nerve/
realization where the nerve factors through the category of involution algebroids.
This puts the Lie functor into a nerve/realization context (recall Definition 5.3.5).
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Definition 5.5.8. The Lie realization is the left Kan extension
|—lpg=Lang : Inv(#)— Gpd(#).
This functor is well behaved. First, ote that it preserved products:
Lemma 5.5.9. The realization functor preserves products.

Proof. Product preservation is a consequence of |—|; being the left Kan extension
of a cartesian functor along a cartesian functor ( ( )). Note that
this implies fv d(v)=1. O

Next, we see that the realization of an involution algebroid has the same base

space.
Lemma 5.5.10. The base space of the groupoid 0 is D".

Proof. When constructing the colimit of groupoids, the colimit’s base space is the
ordinary colimit for the diagram of the base spaces. The reflector from simplicial
objects to groupoids preserves products, so it suffices to check that the base space
of d(n)is D(n).

The base space of I is 1+ 1, and the map ¢ is given by 67 o!. Since D is a

discrete cubical object, its base space is D x 1. Thus the coequalizer defining J is

0o!+00!
D+D ———X D+D — §, .
id+00!

Amapy:D+D — M is apair of maps yg,71: D — M. We can see that vy and 7,
agree at 0 (they are both 7((0)), and y(0) is a constant tangent vector. It follows
thaty, o(id|id)=17. O

Now recall the co-Yoneda lemma: for any ¥ -presheaf A: C°P — ¥,
C’eC
F(C)zf c(c,che F(Ch.
In particular, for an involution algebroid in # (or any # -presheaf on Weilfp )

VeWeil; VeWeily
A(U):f Weil (U, V)xA(V):f Weil,(V, U) x A(V).
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Lemma 5.5.11. For any involution algebroid A,
VEWG”]
A(R):f A(V)xDV.

Proof. Use the tangent structure on Weil, to regard it as a % -enriched category:

DV =(V)=Weil,(V,—) = (U — Weil,(V, U))
= (U — Weil,(V, U ® R))=Weil,(V, R).

The following computation gives the result:

1% \%4
A(R):J Weily(V, R) x A(V)=f DV x A(V).
O

We can now see that the base space of an involution algebroid is isomorphic
to the base space of its realization. That is to say, the realization sends an involu-
tion algebroid over a Weil space M to a groupoid over the Weil space M (up to

isomorphism).
Proposition 5.5.12. Let A be an involution algebroid in % . Then |A|([0]) = A(R).

Proof. Use the Yoneda lemma, and the fact that #/[0] =1 is a small projective so

that Gpd(1,—) is # -cocontinuous. Now apply Lemma 5.5.10 and Lemma 5.5.11:

|Al([0]) = Gpd(1, |A])

veWeil,
:Gpd(l,f A(U)Oal/)

=f A(v)x Gpd(1,2v)

=f A(v)x DV =A(R).
O

Thus, as a final result, we have achieved an adjunction between the category
of involution algebroids and groupoids in # that is product-preserving and stable
over the base spaces.
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Theorem 5.5.13 (The Lie Realization). There is a tangent adjunction between the
category of involution algebroids and groupoids in ", where each functor preserves

products and the base spaces.

—
Gpd(#) + Inu(¥®)
I—la
Remark 5.5.14. Just as the introduction to this thesis begins with the work of
Charles Ehresmann, we should take a moment to see how the Lie realization relates
to his original research into sketch theory. Rather than sketches, we use their
closely related cousins, essentially algebraic theories, which in this case are small,
finitely complete W -categories. We may regard Gpd(#') and \nv(%') as W -functor

categories
Lex(ZGpd, #),  Inv(TGpds #),

respectively (where Lex means finite-limit-preserving ¥ -functors). The functor
2 : Weil” — Gpd(#) induces a left-exact W -functor

é :fginv _’ghGpd-

This means the functor from Lie groupoids to Lie algebroids is induced by a mor-
phisms of essentially algebraic theories, and may thus be presented as a morphism
of sketches.
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Chapter 6

Conclusions and future work

6.1 Conclusions

We now take stock of what this thesis has accomplished.

Enriched essentially algebraic presentations of geometric structures This the-
sis has been concerned with categories of vector bundles and Lie algebroids in
smooth manifolds. While these are not models of a limit sketch in the category
of smooth manifolds, classical results such as the Serre-Swann theorem or Vain-
trob’s presentation of Lie algebroids indicate that these categories do have some
algebraic description. By combining the results in Chapters 2 and 3, we can see
that vector bundles and Lie algebroids are characterized by tangent categorical
gadgets, differential bundles (Theorem 2.5.1) and involution algebroids (Theorem
3.5.1). By combining these observations with the enriched perspective on tangent
categories, the results in Section 5.2 exhibit vector bundles and Lie algebroids
as models of enriched sketches (Proposition 5.2.6 and Theorem 5.4.14), as can
also be found in Chapter 6 of ( ). Note that from this perspective, the
construction of the Weil nerve of an involution algebroid is mostly important as

an intermediate step.

New tangent structures for Lie algebroids and groupoids It is well known that
the categories of Lie algebroids and groupoids have tangent structures induced
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by post-composition with the tangent functor, yielding the tangent algebroid
and tangent groupoid, respectively. The key result in Chapter 4 exhibiting the
category of Lie algebroids as transverse-limit-preserving cartesian-tangent func-
tors Weil; — SMan, then, gives the category of Lie algebroids a second tangent
structure that corresponds to Martinez'’s prolongation Lie algebroid. Similarly,
the construction of the infinitesimal nerve of a local groupoid restricts to a new
tangent structure on the category of Lie groupoids; in this case, the base space is
the Lie algebroid of the groupoid G, and the total space is the Lie algebroid of the
arrow groupoid G2.

While this may seem like a piece of formal category theory, it is closely related
to symmetry reduction in classical mechanics using Lie theory. This goes back to
Poincaré’s celebrated note ( ), which introduced the Euler-Poincare
formulation of Lagrangian mechanics on a manifold equipped with a Lie group
action, where the tangent bundle is replaced with a Lie algebra action (see
( ) for a modern exposition). Poincaré’s formalism has been extended to Lie
groupoids and Lie algebroids in ( ) and ( ), and the
thesis ( ) investigates fluid mechanics through this lens. This work may
be interpreted as using the novel tangent structures on Lie groupoids and Lie

algebroids given in Chapters 4 and 5, and warrants further investigation.

Functorial semantics of Lie theory The work in Section 5.5 puts the Lie deriva-

tive on a new formal grounding:

(i) In the enriching category 7/, the Lie derivative functor now arises as a
nerve/realization context. This guarantees the existence of aleft adjoint—the
realization—that constructs a Lie groupoid from an algebroid. The realiza-

tion preserves products and is stable over the base space.

(i) Itis only a small extension of the work in Section 5.5 to show that the Lie
derivative of a groupoid in a tangent category may generally be regarded
as a weighted limit, where Ay, = {J9(V), G} for each Weil prolongation of the

involution algebroid of the groupoid.

These appear to be new results, although in a nerve/realization approach they

had previously appeared in Lie theory in the form of Sullivan’s construction (
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( )), which takes the differential graded algebra of a Lie algebroid and
constructs a simplicial set:
DGA®P(Q(A,), A)

where Q(A,,) is the de Rham cohomology of the n-simplex in cartesian space.

6.2 Future work

This section outlines various lines of research that were either cut from the thesis
while writing due to time and/or space constraints, or new lines of research that
the thesis-writing process has motivated but which have not yet been pursued.

Enriched sketches and Mackenzie theory Following ( ), Mackenzie
theory refers to the body of research developed by Kirill Mackenzie and his collabo-
rators into Lie theory, particularly structures like double Lie algebroids (

( )), VB-Lie algebroids ( ( )), double Lie groupoids and so
on. Intuitively, a double Lie algebroid is a Lie algebroid in the category of Lie
algebroids, while a VB-Lie algebroid is a vector bundle in the category of Lie al-
gebroids. These structures have an intuitive relationship with tensor products
of sketches; that is, for limit sketches A, B there is a chain of isomorphisms of
categories:

Mod(A, Mod(B, Set)) = Mod(A® B, Set) = Mod(B, Mod(A4, Set)).

We have already demonstrated that the Lie algebroids and vector bundles are
W -sketchable, so the natural next step is to revisit Mackenzie theory via this lens.
Certain results such as the symmetry of partial Lie derivatives from

( ) (given a double Lie groupoid, the order in which the Lie functor is applied
doesn’t matter) should be immediate.

A tangent categorical formalization of mechanics Several papers in synthetic
differential geometry have translated aspects of Lagrangian and Hamiltonian me-
chanics into the synthetic setting ( ( ); ( ),
and to a degree this has made it difficult to build enthusiasm for a tangent cate-

gorical presentation of mechanics. These approaches generally emphasize the
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ability to construct function spaces, or the use of a topos-theoretic internal lan-
guage. The novel tangent structures for Lie algebroids and groupoids presented
here, however, provide a new line of inquiry: to develop a unified framework for
Lagrangian or Hamiltonian mechanics in a tangent category that agrees with the

algebroid and groupoid approaches to mechanics.
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Appendix: Background on locally
presentable 7/ -categories

Synthetic differential geometry uses a topos-theoretic framework, such as can be
found in the final chapters of ( ). The internal language of a
topos is a key tool, and models of synthetic differential geometry are constructed
using sheaf constructions. Tangent categories have an analagous toolbox, drawing
from enriched locally presentable categories. We begin with locally presentable
categories; basic material on these may be found in ( ),
and on enriched categories in ( ). The following class of colimits is
foundational in the theory of locally presentable categories.

Definition .0.1. A category is filtered whenever any finite diagram in C has a
cocone. A colimit whose diagram category is filtered is called a filtered colimit.
Note that a category 9 is filtered if and only if every colimit diagram % — Set

commutes with every finite limit in Set.
Example .0.2.

(i) Any finite category 6 with a terminal object is filtered: for any diagram

D : 9 — 6, the natural transformation!: id = K; is a cocone via whiskering.
//@\
\_j

Ky

9 2y ¢ ¢

(ii) Any category with finite colimits is filtered, because each diagram has a colimit
(and therefore a cocone).
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Definition .0.3. An object in a cocomplete C is finitely presentable whenever
C(C,—) preserves filtered colimits. A cocomplete category C islocally finitely pre-
sentable whenever it has a small subcategory Cy, of finitely presentable objects so
that every object in C is given by the coend

XGCfp
C zf C(X,C)- X.

Example .0.4. In the category Set, the subcategory of finitely presentable objects is
precisely the category of finite sets. Every set is a filtered colimit of finite sets, so that
Set is locally finitely presentable.

Intuitively, this means that every object in C is generated by gluing together
finitely presentable objects in a canonical way; hence the name locally finitely
presentable categories.

The subcategory of finitely presentable objects in a cocomplete category is
itself finitely cocomplete. This follows from the fact that C(—, X) : C°? — Set
is a continuous functor (it sends colimits in C to limits in Set) and also that
filtered colimits commute with finite limits in Set. Thus, for any filtered colimit

of representables,
C(colD,limF)=limylimy C(D(X), F(Y)) ZlimylimxC(D(X), F(Y)).

There are several ways to characterize locally finitely presentable categories; these

may be found in ( ).
Proposition .0.5. For a category C the following are equivalent:
(i) Cisalocally finitely presentable category.

(ii) For a small cocomplete category 6, C = Lex(6¢, Set) (where Lex means finite-
limit-preserving) and 6 = (C?Z.

(iii) C is the category of models for some limit sketch (e.g. a small category €
equipped with a class of cones £, where a model is a functor into Set sending

cones to limit diagrams).
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(iv) C is a reflective subcategory of a presheaf topos for some small category €
(this holds tautologically for presheaf topoi).

(v) C is afull subcategory of a locally presentable category that is closed under
limits (this relies on a large cardinal axiom known as Vopenka’s principle).

One of the remarkable aspects of the theory of locally finitely presentable
categories is that its results translate over to enrichment in a monoidal category
¥ without any significant changes.

Definition .0.6. Let V' be a monoidal category. AV -graph C is given by a (large)
set of objects Cy, and a map
C: (CO X CO - Y.

Given a collection of maps
LTV Tol (C(B» C) X C(Ar B) - (C(A’ C)r jA - C(A)A)

we say C is a ¥V -category whenever the following associativity and unitality dia-
grams commute:

C(B,D)®C(A, B)
W \
(C(C,D)®C(B, C))®C(A, B) C(A, D)

| o

C(C,D)®(C(B,C)®C(A, B)) C(C,D)®C(A,C)

idem

d
B,C) 2% (B, B)eC(B,C)

|m

p Tm

C(B,C)®I W C(B,C)®C(C,C)

I®C

—~~

R

=}

Q

Examples of enrichment abound throughout category theory.

Example .0.7.
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(i) Any category with biproducts is enriched in the category of commutative
monoids.

(ii) A symmetric monoidal closed category is self-enriched using the internal hom

[_) _]
(iii) A 2-category is a category enriched in Cat.
(iv) Theunit”V category is the 1-object ¥ category whose hom-object is I.

(v) When ¥V is symmetric monoidal, we can construct the opposite "V -category of
6, where C°P(A, B)=C(B, A). The new composition is defined by

m°P : C°P(B,C)®C°P(A, B)> C(B,A)® C(C, B)— C(C, A)=C°"(A, C)

There is a 2-category of /' -categories for any V.

Definition .0.8. A ¥ -functor F : C — D is an assignment on objects Fy : Co — Dy

and acollection of maps Fj g : C(A, B) — D(KyA, FyB) so that the following diagrams
are satisfied:

o)
C(B,C)®C(4, B) 25 D(RB, KC)®D(RA RB) I —Y s C(A A)

e [ PR

C(A Q) = > D(RA, F C) D(FpA, BhA)

AV -natural transformation F = G is a collection of mapsy o : I — D(RA, GyA) so
that the following diagram commutes:

P id®y.B
D(fpB, hC) —— D(R{B, {hC)® I —— D(kB, K C)®D(GyB, Fy B)
A
; I

|
F Tm
S

D(GyB, Gy C) — I®D(GyB,GyC) m D(GyB, F,B)®D(GyB, Gy C)

¥ Cat is the 2-category of ¥V -categories, "V -functors and ¥V -natural transformations.
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Enriched categories have a richer notion of (co)limit than ordinary categories.

A limit for a functor is defined as a universal cone; that is, a right Kan extension

9 /Y'—>ﬁl1L Y“ C

so that the universal property

along!:

YC: C(C,imF)Z[C,Set](K¢c, F-)

is satisfied. Dually, a colimit is a universal cocone, and so a left Kan extension:
7 T C
1
where the couniversal property

VC: [C°P,Set](F—, Kc) = C(colimF, C)

is satisfied. This does not translate over to ¥ -categories, for a few reasons. An
obvious one is that ¥ need not be cartesian monoidal, so there is no reason a
¥ -category should have a functor C — 1. The notion of a weighted colimit is more

appropriate:

Definition .0.9. Let % be a V' -category, and call W : 9 — V' the weight and D :
9 — C the diagram. The limit of D weighted by W, or the weighted limit{W, 9},

is an object satisfying the following universal property:

Dually, given a diagram P : 9°P — C, the colimit of P weighted by W, W x P, is an

object in C satisfying the universal property
VC: v(W,[C, ¥V](Kc, F-)=EC(C,F xW).
Example .0.10.
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(i) A conical (co)limit is weighted by the constant functor into the unit I, K; :

(@)

(iii)

(iv)

9 — w. This coincides with the definition of ordinary (co)limits.

The power of C by an object V €V is an object CV satisfying the universal
property that
C(B,CY)=v¥(V,C(B,C)).

Dually, the copower by V' is given by

C(BeV,C)=v¥(V,C(B,C)).

In ordinary categories, the power of an object C by V is given by the (possibly
infinitary) V -indexed coproduct:

cv=]]c
veVv

whereas the copower is the possibly infinitary V -index product of C:

V.c;[]c.

veVv

In a symmetric monoidal closed category V', the power by V' is given by [V, —]
and the copower by V ® _.

Following Kelly’s work, we observe that every finite weighted limit is composed

of powers and conical limits.

Proposition .0.11. Every weighted (co)limit is the composition of conical (co)limits

and (co)powers.

Corollary .0.12. Weighted limits are exactly conical/ordinary limits in ordinary

categories.

The previous definitions relating to locally presentable categories transfer

over mostly unchanged.

Definition .0.13.
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(i) Amonoidal closed ¥ is presentable as a closed category if ¥, is a monoidal
subcategory.

(ii) GivenV asin (i), a weight W : 9 — ¥ is filtered whenever W x(—): G-V

preserves finite limits.

(iii) An object in a cocomplete V' category is finitely presentable when C(C,—)
preserves filtered weighted colimits.

(iv) A cocomplete V -category 6 is locally finitely presentable whenever every

XGCfp
CEJ CX,C)-X.

Proposition .0.14 ( ( ); ( )). All of the previous results

object C is the coend

about locally presentable categories lift up to locally presentable V' -categories,

provided that ¥V is presentable as a closed category.
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