O n t h e r e l a t i o n b e t w e e n C h u r c h - s t y l e t y p i n g a n d

C u r r y - s t y l e t y p i n g : E x t e n d e d A b s t r a c t ∗

J≀\⊣⊔⟨⊣\ P↙ S⌉↕⌈⟩\ D⌉√⊣∇⊔⇕⌉\⊔ ≀{ M⊣⊔⟨⌉⇕⊣⊔⟩⌋∫ ⊣\⌈ C≀⇕√⊓⊔⌉∇ S⌋⟩⌉\⌋⌉ U\⟩⊑⌉∇∫⟩⊔† ≀{ L⌉⊔⟨⌊∇⟩⌈}⌉ L⌉⊔⟨⌊∇⟩⌈}⌉⇔ A↕⌊⌉∇⊔⊣⇔ C⊣\⊣⌈⊣ |≀\⊣⊔⟨⊣\↙∫⌉↕⌈⟩\ℵ⊓↕⌉⊔⟨↙⌋⊣ ⟨⊔⊔√¬∝∝⊒⊒⊒↙⌋∫↙⊓↕⌉⊔⟨↙⌋⊣∝∼ ∫⌉↕⌈⟩\

J⊓\⌉ ∀⇔ ∈′′△

A⌊∫⊔∇⊣⌋⊔

T⟨⌉∇⌉ ⊣∇⌉ ⊔⊒≀ ⊑⌉∇∫⟩≀\∫ ≀{ ⊔†√⌉ ⊣∫∫⟩}\⇕⌉\⊔ ⟩\

λcalculus. Churchstyle in which the type of each variable is Θxed and Currystyle ↼also called �domain free�↽ in which it is not▷ As an example in Churchstyle typing λx : A . x is the identity function on type A and it has type A → A but not B → B for a type B different from A▷ In Currystyle typing λx.x is a general identity function with type C → C for every type C▷

In this paper I will show how to interpret in a Currystyle system every Pure Type System ↼PTS↽ in the Churchstyle▷ ↼This generalizes some unpublished work with Garrel Pottinger▷↽

∗T ⟨ ⟩∫ ⊒ ≀ ∇‖ ⊒ ⊣∫ ∫⊓ √ √ ≀ ∇⊔⌉⌈ ⟩\ √ ⊣∇⊔ ⌊ † ⊣ } ∇⊣\ ⊔ {∇≀ ⇕ ⊔⟨ ⌉

N ⊣⊔⊓ ∇⊣↕ S ⌋⟩⌉\ ⌋⌉∫ ⊣\ ⌈ E \ } ⟩\ ⌉⌉∇⟩\ } R ⌉∫⌉⊣∇⌋⟨ C ≀ ⊓ \ ⌋⟩↕ ≀ {

C ⊣\ ⊣⌈ ⊣↙ S ≀ ⇕ ⌉ ≀ { ⊔⟨ ⌉ ⊒ ≀ ∇‖ ⟩\ ⊔⟨ ⟩∫ ⊔⊣↕‖ ⊒ ⊣∫ |≀ ⟩\ ⊔ ⊒ ≀ ∇‖

⊒ ⟩⊔⟨ G ⊣∇∇⌉↕ P ≀ ⊔⊔⟩\ } ⌉∇↙

I ⊒ ⟩↕↕ ⊔⟨ ⌉ \ ∫ ⟨ ≀ ⊒ ⟨ ≀ ⊒ ⊔≀ ⟩\ ⊔⌉ ∇ √ ∇ ⌉ ⊔ ⟩\ ⊣ ∫ † ∫ ⊔⌉ ⇕ ≀ {

⊔⟨ ⌉ C ⟨ ⊓ ∇ ⌋ ⟨ ↖ ∫ ⊔† ↕⌉ ⇐ ⊣ ⇕ ≀ ⌈ ⟩× ⌉ ⌈ P T S ⇒ ⌉ ⊑ ⌉ ∇ † P T S ↖

↕⟩‖ ⌉ ∫ † ∫ ⊔⌉ ⇕ ⟩\ ⊔⟨ ⌉ C ⊓ ∇ ∇ † ∫ ⊔† ↕⌉ ↙

K ⌉ † ⊒ ≀ ∇ ⌈ ∫ ¬ C ⟨ ⊓ ∇ ⌋ ⟨ ↖ ∫ ⊔† ↕⌉ ⊔† √ ⟩\ } ⇔ C ⊓ ∇ ∇ † ↖ ∫ ⊔† ↕⌉

⊔† √ ⟩\ } ⇔ ⌈ ≀ ⇕ ⊣ ⟩\ ↖ { ⊓ ↕↕ ⊔† √ ⟩\ } ⇔ ⌈ ≀ ⇕ ⊣ ⟩\ ↖ { ∇ ⌉ ⌉ ⊔† √ ⟩\ }

∞ I \ ⊔ ∇ ≀ ⌈ ⊓ ⌋ ⊔ ⟩ ≀ \

T ⟨ ⌉ ∇ ⌉ ⊣ ∇ ⌉ ⊔⊒ ≀ ⇕ ⊣ ⟩\ ∫ ⊔† ↕⌉ ∫ ≀ { ⊔† √ ⌉ ⊔⟨ ⌉ ≀ ∇ † ¬ ⊔⟨ ⌉

C ⟨ ⊓ ∇ ⌋ ⟨ ↖ ∫ ⊔† ↕⌉ ⇔ ⟩\ ⊒ ⟨ ⟩⌋ ⟨ ⌉ ⊣ ⌋ ⟨ ⊣ ⌊ ∫ ⊔∇ ⊣ ⌋ ⊔⟩≀ \ ⟩\ ⌈ ⟩↖

⌋ ⊣ ⊔⌉ ∫ ⊔⟨ ⌉ ⊔† √ ⌉ ≀ { ⊔⟨ ⌉ ⊑ ⊣ ∇ ⟩⊣ ⌊ ↕⌉ ⇔ ⊣ ∫ ⟩\

λx : A . M,

and the Currystyle in which no such type is given. λx . M.

These two styles of typing are often called the domainfull and the domainfree styles respec tively. These styles are compared and discussed in [2].

Remark 1 Barthe and Sørensen [2] distinguish between domain-free systems, which they regard as Church-style systems with the types of theboundvariablesomitted, andwhattheythink of as the Curry view, in which typing assigns types to terms that already exist in the pure - la -calculus. In this they are following Barendregt [1, De�nition 4.1.7], who identi�es as the Curry-version of λ2 a system in which the rules for ∀ ⊣∇⌉ }⟩⊑⌉\ ⊣∫ {≀↕↕≀⊒∫¬

⇐∀↖⌉↕⟩⇕⟩\⊣⊔⟩≀\⇒

Γ ⊢ M : (∀α . σ) Γ ⊢ M : [τ/α]σ

↼∀↖⟩\⊔∇≀⌈⊓⌋⊔⟩≀\⇒

Γ ⊢ M : (∀α . σ) Γ ⊢ M : σ

where in the latter rule α ∉ FV(Γ).

But these two rules seem to me to be closer to the ideas of the intersection type systems than to any of the systems that interested Curry. To be historically accurate, I think it is better to identify the Curry-style with domain-free type systems.

In this paper, I propose to show how to interpret a system of each style in an appropriate system of the other. In one direction, the direction from Church-style to Curry-style, this paper extends previous work with Garrel Pottinger [8], which carried through the interpretation for three systems from the Barendregt cube: λ_! , λ2, λC, and its extension, the system ECC of Luo [4, 5].

2 B a sic d eΘ n it io n s

I will assume that the reader is familiar with the basic deΘnitions and notation of [3]. The systems considered in this paper are deΘned from the pure syntax for pseudoterms

M −→ v|c|MM|λv : M . M|(Π v : M . M),

for a Churchstyle system or from the pure syn tax M −→ v|c|MM|λv . M|(Π v : M . M)

for a Curry-style system. The reduction we consider will be βreduction▷ For a Churchstyle system a βcontraction will be

(β_{Ch} ) (λx : A . M)N Λ_{Ch} [N/x]M

whereas for a Currystyle system it will be

(β_{Cu} ) (λx . M)N Λ_{Cu} [N/x]M▷

A pseudocontext is a Θnite ordered sequence x_1 : A_1,x_2 : A_2,...,x_n : A_n w h e re th e

v a ria b le s x1,x2,...xn a re a ll d istin c t▷ Ty p in g

ju d g e m e n ts w ill a ll h av e th e fo rm

Γ ⊢ M : A,

which says that M : A where M and A are pseudoterms can be derived from the context Γ by the typing rules of the system; in this case, M and A are called legal expressions or legal terms and Γ is a legal context.

DeΘnition 1 A pure type system, or PTS is determined by a speciΘcation, which consists of a triple S = (S,A,R) where

1. S ⟩∫ ⊣ ∫⌉⊔ ≀{ ⌋≀\∫⊔⊣\⊔∫ ⌋⊣↕↕⌉⌈ ∫≀∇⊔∫∅ ∈↙ A ⟩∫ ⊣ ∫⌉⊔ ≀{ ⊣§⟩≀⇕∫ ≀{ ⊔⟨⌉ {≀∇⇕ c : s, where c is a constant and s is a sort, 3▷ R ⟩∫ ⊣ ∫⌉⊔ ≀{ ∇⊓↕⌉∫ ≀{ ⊔⟨⌉ {≀∇⇕ (s_1,s_2,s_3), where s_1,s_2,s_3 ∈ S↙ T⟨⌉ ⊔†√⟩\} ∇⊓↕⌉∫ {≀∇ ⊣ C⟨⊓∇⌋⟨↖∫⊔†↕⌉ PTS⇔ λS = λ(S,A,R) are as follows:

(axiom) If c : s ∈ A⇔ ⊢ c : s ↼start↽ If s ∈ S ⊣\⌈ x ∉ FV(Γ), Γ ⊢ A : s Γ,x : A ⊢ x : A ↼weakening↽ If s ∈ S ⊣\⌈ x ∉ FV(Γ), Γ ⊢ M : B Γ ⊢ A : s Γ,x : A ⊢ M : B ↼product↽ If (s_1,s_2,s_3) ∈ R ⊣\⌈ x ∉ FV(Γ) Γ ⊢ A : s_1 Γ,x : A ⊢ B : s_2 Γ ⊢ (Π x : A . B) : s_3

(a p p lic a tio n )

Γ ⊢ M : (Π x : A . B) Γ ⊢ N : A Γ ⊢ MN : [N/x]B ↼abstraction_{Ch} ) If s ∈ S ⊣\⌈ x ∉ FV(Γ), Γ,x : A ⊢ M : B Γ ⊢ (Π x : A . B) : s Γ ⊢ (λx : A . M) : (Π x : A . B)

(conversion) If s ∈ S

Γ ⊢ M : B Γ ⊢ B^0 : s B =_β B^0 Γ ⊢ M : B^0

T h e t y p i n g r u l e s f o r a C u r r y - s t y l e P T S , CS =

C(S,A,R), are the same except that the rule (abstraction_{Ch} ) is re p la c e d b y

(a b stra c tio n Cu ) If s ∈ S ⊣\⌈ x ∉ FV(Γ),

Γ,x : A ⊢ M : B Γ ⊢ (Π x : A . B) : s Γ ⊢ (λx . M) : (Π x : A . B)

3 C h u r ch -st y le t o C u r r y -st y le The basic idea of this interpretation is due to Garrel Pottinger [7], who proposed using a constant Label so that in the Curry-style syntax (λx : A . M) is an abbreviation for LabelA(λx . M). By the analogy with (β_{Ch} ), we will want

LabelA(λx . M)N Λ_{Cu} [N/x]M. This suggests that Label should have the reduction rule LabelXYZ Λ YZ, which in turn suggests that Label can be de- Θned by Label ≡ λxyz . yz.

With this deΘnition we can deΘne a function to interpret the Churchstyle syntax in Curry style syntax as follows. DeΘnition 2 The function −^{Cu} fro m th e

C h u rc h -sty le sy n ta x to th e C u rry -sty le sy n ta x is d e Θ n e d a s fo llo w s b y in d u c tio n o n th e stru c tu re o f th e p se u d o te rm s o f th e C h u rc h -sty le sy n ta x :

1. If x is a variable x^{Cu} ≡ x 2▷ If c is a constant c^{Cu} ≡ c 3▷ (MN)^{Cu} ≡ M^{Cu} N^{Cu} , 4 . (λx : A . M)^{Cu} ≡ LabelA^{Cu} (λx . M^{Cu} ), 5. (Π x : A . B)^{Cu} ≡ (Π x : A^{Cu} . B^{Cu} ). The following lemmas are easily proved by induction: Lemma 1 For everypseudotermofthe Churchstyle syntax, FV(M^{Cu} ) = FV(M). Lemma 2 For pseudoterms M and N of the Churchstyle syntax ([N/x]M)^{Cu} ≡ [N^{Cu} /x]M^{Cu} .

L e m m a 3 If

M Λ_{βCh} N then M^{Cu} Λ_{βCu} N^{Cu} .

For a pseudocontext

Γ ≡ x_1 : A_1,x_2 : A_2,...,x_n : A_n

d e Θ n e

Γ^{Cu} ≡ x_1 : A^{Cu}_1 ,x_2 : A^{Cu}_2 ,...,x_n : A^{Cu}_n . Recall that a topsort of a PTS is a sort s for which there is no sort s^0 s u c h t h a t s : s^0 ∈ A↙ D⌉×\⟩⊔⟩≀\ ∋ G⟩⊑⌉\ ⊣ PTS λS ≡ λ(S_λ,A_λ,R_λ) in the Church-style, let CS be deΘned as C(S_C ,A_C ,R_C ) where S_C is o b ta in e d fro m S_λ A_C fro m A_λ a n d R_C fro m R_λ a s fo llo w s.

1 ▷ If th e re is a to p so rt s which occurs in the

Θrst position of a rule in R_λ th e n a n ew

so rt sT is a d d e d to SC a n d fo r e a c h su c h to p so rt s an axiom s : sT is a d d e d to AC a n d

2 ▷ If th e re is a ru le (s1,s2,s) ∈ R λ o f λS

then (s, s, s) and (s^0 ,s, s), where s_1 : s^0 ∈ A_C a re a d d e d to R_C ▷ ↼H e re s^0 m a y b e s^T ▷

If th e re is m o re th a n o n e so rt s^0 w i t h s1 :

s^0 ∈ A_C th e n a n y o n e m a y b e c h o se n ▷↽

T h e o r e m 1 If

Γ ⊢ M : A in λS then Γ^{Cu} ⊢ M^{Cu} : A^{Cu} in CS▷ Ifno newrules are added to those ofR_λ

to g e t R C th e n th e c o nve r se a lso h o ld s▷

T h e p ro o f is b y in d u c tio n o n th e d e riv a tio n o f

Γ ⊢ M : A▷ The interesting case is for ↼ab straction↽ and the additions speciΘed in clauses 1 and 2 of DeΘnition 3 are used to show that Label has the type needed for this clause of the proof, which assures that if

Γ ⊢ (λx . M) : (Π x : A . B) (1) in CS then

Γ ⊢ LabelA(λx . M) : (Π x : A . B) (2) is also derivable in CS▷ Remark 2 The converse will fail if new rules are added to those of R_λ to g e t R_C sin c e th e underlying system is made stronger. New rules will have to be added for all the systems of Barendregt’s λcube▷ However no new rules needtobeaddedinthecaseofLuoφsECC♭45♯▷ ECC is really an extension of a PTS but it is enough like a PTS that the above result holds▷

Remark 3 Note that the inference from ↼2↽ to ↼1↽ follows by the SubjectReduction Theo rem ♭2 Theorem 17♯ since

LabelA(λx . M) Λ_{Cu} (λuvw . vw)A(λx . M) Λ_{Cu} λw . (λx . M)w Λ_{Cu} λw . [w/x]M Λ_{Cu} λx . M.

This means that in CS ↼1↽ and ↼2↽ are equiva lent▷

If subtyping is present (λx . M) is, in a sense, a restriction of (λx . M) to the type A as domain▷ The equivalence of ↼1↽ and ↼2↽ means that Currystyle typing identiΘes functions with their restrictions▷ At Θrst this might seem sur prising but if we stop to think about it I think it makes sense. λcalculus involves uniform def initions of functions as rules and Currystyle typing emphasizes this fact▷

4 C u r r y st y le t o C h u r ch st y le

An interpretation in the reverse direction re quires a type to use as the domain in the Church style syntax to interpret the Currystyle abstract (λx . M). Since the latter abstract can be applied to any term as an argument, the needed type would have to be a type of all terms with types in the Church-style syntax. It would be possible to use the type ω that is often a part of intersection type systems since every term has this type▷ However a system with this type does not have the normal form property▷ An alterna tive is to postulate a constant A along with the rule

(AI) If B is any legal type

Γ ⊢ M : B Γ ⊢ M : A

But this is still not enough. We also need the rule

(Aλ↽

Γ ⊢ (λx : B . M) : (Π x : B . C) Γ ⊢ (λx : A . M) : (Π x : B . C)

This rule formalizes in the Church-style the inferenceintheCurry-stylesystemfrom(2)to(1). It also turns out to be necessary for the proof of the Theorem 2 below.

We can now deΘne the mapping from the Curry-style syntax to the Church-style syntax:

DeΘnition 4 The function −^{Ch} fro m th e C u rry -

sty le sy n ta x to th e C h u rc h -sty le sy n ta x is d e -

Θ n e d b y in d u c tio n o n th e stru c tu re o f th e p se u -

d o te rm s:

1 . x^{Ch} ≡ x

2▷ c^{Ch} ≡ c

3▷ (MN)^{Ch} ≡ M^{Ch} N^{Ch} ,

4 . (λx . M)^{Ch} ≡ (λx : A . M^{Ch} ),

5. (Π x : B . C)^{Ch} ≡ (Π x : B^{Ch} . C^{Ch} ).

Thefollowinglemmasfolloweasilybyinduction:

Lemma 4 IfM is a termofthe Currystyle syn tax then FV(M^{Ch} ) = FV(M).

Lemma 5 If M and N are terms of the Curry stylesyntax then([N/x]M)^{Ch} ≡ [N^{Ch} /x]M^{Ch} .

L e m m a 6 If

M Λ_{βCu} N

then M^{Ch} Λ_{βCh} N^{Ch} .

DeΘnition 5 Given a PTS CS in the Curry style deΘne the system λS^0 b y � r s t d e � n i n g λS to be the Churchstyle PTS with the same spec iΘcation as CS▷ Then add the two typing rules ↼AI) and (Aλ↽ given above▷

Note that the system λS^0 i s n o t a P T S .

T h e o r e m 2 I f

Γ ⊢ M : B

in CS then

Γ^{Ch} ⊢ M^{Ch} : B^{Ch}

in λS^0 , a n d c o n v e r s e l y .

5 O p e n Q u e s t i o n s

T h e f o l l o w i n g q u e s t i o n s a r i s e n a t u r a l l y f r o m t h e

a b o v e i n t e r p r e t a t i o n s , b u t a r e s o f a r u n a n s w e r e d :

1 . T h e a b o v e i n t e r p r e t a t i o n o f t h e C u r r y - s t y l e

s y s t e m i n a C h u r c h - s t y l e s y s t e m l e a v e s

o n e p r o b l e m o p e n : h o w t o d e a l w i t h η

reduction▷ This is no problem in the Curry style semantics but in the Churchstyle se mantics CR fails for ηreduction as the following example due to Nederpelt ♭6 p▷ 71♯ shows. Let x y and z be distinct vari ables▷ Then

λx : y . (λx : z . x)x Λ_{βCh} λx : y . x and λx : y . (λx : z . x)x Λ_η λx : z . x,

and the terms λx : y . x and λx : z . x are distinct terms in normal form▷ In the Churchstyle syntax we might con sider extending β_{Ch} -re d u c tio n b y a d d in g

th e c o n tra c tio n sc h e m e

(λx : B . M) Λ (λx : A . M). ↼3↽

In conjunction with this extended reduc tion the typing rule ↼Aλ↽ would preserve the SubjectReduction Theorem▷ Further more thecontractionscheme↼3↽istheana logue for the Churchstyle syntax of a valid reduction in the Currystyle syntax▷ But would the ChurchRosser property hold for this reduction⋆

2▷ It is possible to carry out the interpretation of the Currystyle system in a Churchstyle interpretation using the type ω of the inter section type discipline instead of A. Then instead of Rule (AI), we have (ω I↽ If M is any pseudoterm of the Church style semantics

Γ ⊢ M : ω

The normal form theorem fails for a system with this typing rule▷ In intersection type systems with this type, it can be proved that any term that has a type in which ω does not occur has a normal form▷ Would this be true here⋆

3▷ Is it possible to Θnd pairs of systems of the form λS^0 a n d CS such that the functions −^{Cu} a n d −^{Ch} in te rp re t e a c h sy ste m in th e

o th e r w ith o u t fu rth e r c h a n g e ?

R e f e r e n c e s

[1] H . B arendregt. L am bda calculi w ith types. In

S . A bram sky, D . G abbay, and T. M aibaum , edi-

tors, H a ndbook of Logic in C om puter Science,

volum e 2, pages 117�309. O xford U niversity

P ress, 1992.

[2] G . B arthe and M . H . S �rensen. D om ain-free

pure type system s. Journa l of F unctiona l P ro-

gra m m ing, 10(5):412�452, S eptem ber 2000.

[3] J. R . H indley and J. P. S eldin. Introduction to

C om bina tors a nd λCalculus▷ Cambridge Uni

versity Press 1986▷ ♭4♯ Z▷ Luo▷ ECC an extended calculus of con structions▷ In Proceedings of the Fourth Annual Symposiumon Logic in Computer Science June 1989 Asilomar California U▷S▷A▷ 1989▷ ♭5♯ Z▷ Luo▷ An Extended Calculus ofConstructions▷ PhD thesis University of Edinburgh 1990▷ ♭6♯ R▷ P▷ Nederpelt▷ Strong Normalization in a Typed Lambda Calculus with Lambda Struc tured Types▷ PhD thesis Technical University of Eindhoven 1973▷ ♭7♯ G▷ Pottinger▷ A tour of the multivariate lambda calculus▷ In J▷ M▷ Dunn and A▷ Gupta edi tors Truth or Consequences. Essays in Honor of Nuel Belnap pages 209�229▷ Kluwer Aca demic Publishers Dordrecht Boston and Lon don 1990▷

♭8♯ G▷ Pottinger and J▷ P▷ Seldin▷ Interpreting Churchstyle typed λcalculus in Currystyle type assignment▷ Former title �Note on η Reduction and Labelling Bound Variables in Typed λCalculus▷�Unpublished▷