ON THE RELA TION BETWEEN CHURCH-STYLE TYPING AND CURRY-STYLE TYPING

Jonathan P. Seldin Depa rtment of Mathematics and Computer Science Universit y of Lethb ridge Lethb ridge, Alb erta, Canada jonathan.seldin@uleth.ca http://www.cs.uleth.ca/ ∼ seldin

June 7, 2004

Pure T yp e Systems (PTSs) Church-st yle Pseudoterms:

M −→ v|c|(M M )|(λv : M . M )|(Π v : M . M ) Sp eci fication: A triple λS = λ(S,A,R ), where 1. S: a set of constants called sorts 2. A: a set of axioms of the form c : s 3. R : a set of rules of the form (s1,s2,s3) A rule (s1,s2) means (s1,s2,s2)

Contexts: Γ is x1 : A1,...,xn : An; all xi are distinct, and xi not free in A1,...,Ai− 1 dom (Γ) = {x1,...,xn} Typing judgments: Γ ⊢ M : B

Rules:

(axiom) If x : s ∈ A ⊢ c : s

(sta rt) If s ∈ S and x ∉ dom (Γ ) Γ ⊢ A : s Γ ,x : A ⊢ x : A

(w eak ening) If s ∈ S and x ∉ dom (Γ ) Γ ⊢ M : B Γ ⊢ A : s Γ ,x : A ⊢ M : B

(p ro duct) If (s1,s2,s3) ∈ R and x ∉ dom (Γ ) Γ ⊢ A : s1 Γ ,x : A ⊢ B : s2 Γ ⊢ (Π x : A . B) : s3

(application)

Γ ⊢ M : (Π x : A . B) Γ ⊢ N : A Γ ⊢ M N : [N/x]B

(abstraction Ch ) If s ∈ S and x ∉ dom (Γ ) Γ ,x : A ⊢ M : B Γ ⊢ (Π x : A . B) : s Γ ⊢ (λx : A . M ) : (Π x : A . B)

(conversion) If x ∈ S

Γ ⊢ M : B Γ ⊢ B ′: s B = ∗ B ′ Γ ⊢ M : B ′

Curry-st yle Same as Church-st yle except: Pseudoterms

M −→ v|c|(M M )|(λv . M )|(Π v : M . M ) Rule (abstraction Ch ) replaced by (abstraction Cu ) If s ∈ S and x ∉ dom (Γ ) Γ ,x : A ⊢ M : B Γ ⊢ (Π x : A . B) : s Γ ⊢ (λx . M ) : (Π x : A . B) Called CS = C(S,A,R ) Also called domain-free PTS Church-st yle also called domain-full PTS

To interp ret Church-st yle in Curry-st yle:

Mak e (λx : A . M ) an abb reviation for LabelA(λx . M )

Want

LabelA(λx . M )N � [N/x]M

To get this, de fine Label ≡ λxyz . yz

De fine: − Cu from λS to CS by:

1. If x is a variable, xCu ≡ x

2. If c is a constant, cCu ≡ c

3. (M N )Cu ≡ M Cu N Cu

4. (λx : A . M )Cu ≡ LabelACu (λx . M Cu )

5. (Π x : A . B)Cu ≡ (Π x : ACu . B Cu )

This translation preserves free variables, substitution, and reduction

For a pseudo context

Γ ≡ x1 : A1,x2 : A2,...,xn : An de fine

Γ Cu ≡ x1 : ACu1 ,x2 : ACu2 ,...,xn : ACun

A topso rt of a PTS is a sort s for which there is no sort s′ such that s : s′∈ A

Given a PTS λS ≡ λ(Sλ,Aλ,R λ) in the Churchst yle, let CS be de fined as C(SC,AC,R C) where SC is obtained from Sλ, AC from Aλ, and R C from R λ as follo ws:

1. If there is a topso rt s which occurs in the first position of a rule in R λ, then a new sort sT is added to SC and for each such topso rt s an axiom s : sT is added to AC

2. If there is a rule (s1,s2,s) ∈ R λ of λS, then (s′,s, s) and (s, s, s) are added to R C if they are not already present, where s1 : s′∈ AC

Theo rem 1 If Γ ⊢ M : A in λS, then Γ Cu ⊢ M Cu : ACu in CS. Furthermo re, if no new rules need to be added to R C, then the converse is true.

Note that in all the systems of the λ-cub e, new rules need to be added to those in R λ to get R C, so for none of these systems is the converse true.

An example for which the converse is true is Luo’s Extended Calculus of Constructions . For this system, which is an extension of a PTS, we have

S = {∗} ∪ {� i|i ∈ N} A = {∗ : � 0} ∪ {� i : � i+1 |i ∈ N} R = {(∗,∗)} ∪ {(� i,� j ,� max i,j )|i, j ∈ N} ∪ {(∗,� i)|i ∈ N} ∪ {(� i,∗,� i)|i ∈ N}

The reason we do not have to add a rule (� i,∗) to R C is that this system has the prop ert y that

Γ ⊢ A : ∗ → Γ ⊢ A : � i (i ≥ 0) , Γ ⊢ A : � i → Γ ⊢ A : � j (j ≥ i)

The pro of of the theo rem is by induction on the derivation of Γ ⊢ M : A. The interesting case is for (abstraction), and the additions sp eci fied in clauses 1 and 2 of the de finition of CS are used to sho w that Label has the typ e needed for this clause of the pro of, which assures that if Γ ⊢ (λx . M ) : (Π x : A . B) (1)

in CS, then

Γ ⊢ LabelA(λx . M ) : (Π x : A . B) (2)

is also derivable in CS.

Note that (1) follo ws from (2) by reduction

To interp ret Curry-st yle in Church-st yle:

Add new typ e A to the Church-st yle systax so that (λx : A. M ) interp rets Curry-st yle (λx . M )

We need rules:

(AI) If B is any legal typ e, Γ ⊢ M : B Γ ⊢ M : A

(Aλ)

Γ ⊢ (λx : B . M ) : (Π x : B . C) Γ ⊢ (λx : A. M ) : (Π x : B . C)

The function − Ch from the Curry-st yle syntax to the Church-st yle syntax is de fined by induction on the structure of the pseudoterms:

1. xCh ≡ x

2. cCh ≡ c

3. (M N )Ch ≡ M Ch N Ch

4. (λx . M )Ch ≡ (λx : A. M Ch )

5. (Π x : B . C)Ch ≡ (Π x : B Ch . CCh )

This translation preserves free variables, substitutions, and reduction

Given a PTS CS in the Curry-st yle, de fine the system λS′ by first de fining λS to be the Church-st yle PTS with the same sp eci fication as CS. Then add the two typing rules (AI) and (Aλ) given ab ove.

Note that the system λS′ is not a PTS

Theo rem 2 If Γ ⊢ M : B in CS, then Γ Ch ⊢ M Ch : B Ch in λS′, and conversely .

Op en problems:

1. The ab ove interp retation of the Curry-st yle system in a Church-st yle system leaves one problem op en: ho w to deal with η-reduction. This is no problem in the Curry-st yle semantics, but in the Church-st yle semantics, CR fails for η-reduction, as the follo wing example due to Nederp elt sho ws: Let x, y, and z be distinct variables. Then

λx : y . (λx : z . x)x � β λx : y . x and λx : y . (λx : z . x)x � η λx : z . x, and the terms λx : y . x and λx : z . x are distinct terms in no rmal form.

In the Church-st yle syntax, we might consider extending βCh -reduction by adding the contraction scheme

(λx : B . M ) � (λx : A. M ). (3)

In conjunction with this extended reduction, the typing rule (Aλ) would preserve the Subject-Reduction Theo rem. Furthermo re, the contraction scheme (3) is the analogue for the Church-st yle syntax of a valid reduction in the Curry-st yle syntax. But would the Church-Rosser prop ert y hold for this reduction?

2. It is possible to ca rry out the interp retation of the Curry-st yle system in a Church-st yle interp retation using the typ e ω of the intersection typ e discipline instead of A. Then instead of Rule (AI), we have

(ω I) If M is any pseudoterm of the Churchst yle semantics,

Γ ⊢ M : ω

The no rmal form theo rem fails for a system with this typing rule. In intersection typ e systems with this typ e, it can be proved that any term that has a typ e in which ω do es not occur has a no rmal form. Would this be true here?

3. Is it possible to find pairs of systems of the form λS′ and CS such that the functions − Cu and − Ch interp ret each system in the other without further change?