Tutorial on Geometry of Interaction
Philip Scott {(Ottawa)

Reporting on recent work with E. Haghverdi



Traditional (model theory & categorical [ogic)

[-] : Logic — Model
formulas +— objects

Proofs +— arrows (functions)

i []
AFB — [A] — |B]

More generally:

AL, AmF By, By — QA O8]
7

3
Cut-Elimination: denotations are equal !
{rewriting) (no dynamics)

mL w2 — [m1] = [w2] ! [A] - [B]

Girard’'s Gol Program (Gol 1-Gol 3 (1989-1995),
Gol 4 (2004) ) aims to mathematically model the
dynamics of cut-elimination via operator algebras.
One Goeal: dynamical invariants.



Recall Gentzen's Cut-Rule

rFAA THAFA

rrea, o -

Gentzen proved the following theorem {which ap-
plies to many systems of logic):

Cut-elimination (Gentzen’'s Haupsatz, 1934):
If Nis a proof of T A, then there is a proof N’
of I - A which does not use the cut-rule.

For usual sequent calculus, Gentzen gave an ND
algorithm N ~» M’ (the cut-elimination procedure)

r+B,B
rEB___BFA
rea oo

reduces to (w.r.t. appropriate measure)

rFB,B BrA_ .
rFBA - BrA
rEAA Cut

e A




In Girard's papers;
Proofs — matrix operators on a C*-aigebra B(H)

Idea of Girard's work (Détails l.ater!) for MELL.:

Proofs 7. F[A],T where A is a list of Cut
formulas (e.q. (A, AL, B, BL,C,CL...y ) |b4(=2m
ICl=mn

Dynamic View: A Proof = I/O box (with feed-
back) in a graphical network.

Irj =

* g — N - femados
) = > T g
S
A = A Eim frovadan

Models Concrete @-categories C with distin-
guished ‘“reflexive” object U € , with additional
structure.



Proofs are modeled as follows:

7 F[A]LT — ([rm1,0)

where [x] ; UnT2m _, gnt2m gnd y2m 2, yem
represents the cuts A, where |Al = 2m and
IMN=mn. (Here U*=U®. .- @U  k-times ).

If A =@, nis cut-free and ¢ = O will be a zerc
map {C is a semi-additive ®-category).

Write [m1 as a block matrix;

] = (ﬂ'n}ﬂ'm)

721 | T2

A version of feedback/trace

{The Execution Formuia)

Ez(inl,o) = w11+ Y mo(ory)(ongy)
n>0 :

Here we can think of Exz({nxt, o) : U™ — U™



In Girard’s Hilbert-space models, the Execution
Formula has a special form (described later).

Theorem(Girard): (MELL and System F)

e Ex(i7],o) is a finite sum.

o Ex(|m),o) is an invariant of cut-elimination.
(Under certain restrictions on types for MELL)

o If 7 is a cut-free normal form of =, then

Ez((wl,0) = EEE([[?I'!], 0) = H'n"]l

e Above suggests new idea: Gol computing (a
la Curry-Howard). (Recently studied in Com-
plexity Theory, by Harry Mairson).

Girard also introduced fundamental operator alge-
bra encodings which we need to categorize for:

e Types and Orthogonalities (¢cf. Hyland-Schalk)
e Algorithms

e Data



" Later Works on Gol:
Girard-Style:
e Danos (1990)
e Danos-Regnier (1992-96)
e Malacaria-Regnier (1991)
Gol-style normalization & Complexity:

e Abadi,Gonthier,Levy (1992). Optimal Reduc-
tion C Lﬁmpintjj
e Girard-Scedrov-Scott (1992): Bounded LL

¢ H. Mairson (2002-): Gol & Complexity Classes
Categorical Frameworks:

e Abramsky-Jagadeesan (1994): New founda-
tions for Gol

¢ Abramsky (1997). Siena Lectures

¢ Esfan Haghverdi (2000): Phd Thesis

e AHS (2002): Gol & LCA's

o Lenisa-Honsell: A-Calc. & “wave-styie” Gol

e H-S (2004): 2 papers onh UDC-based Gol .



Basic Algebraic Framework
e Gol Situations (Abramsky '97, AHS'02)
— Traced Monoidal Category C

— Endofunctor T : C — € with monoidal re-
tracts: TT QT, IdaT ,TRTT, Kr«aT

— Reflexive object UV € C with retractions

U<l , IaqlU, TUQU

Gol Situations isolate basic algebraic structure of
Gol. We obtain Linear Combinatory Algebras on
C(U,U) “modelling” full LL.

Variants of Gol

e @ =+ (Sum or "particle' -styie)

s ® = x (Product or “wave"-style)

Theorem: £>[PInj] is exactly Girard’'s Gol 1.



Unique Decomposition Categories (UDC’'s)
e Symmetric -Category C

e AXioms saying: homsets have infinitary partially-
additive-monoid operation ;o7 f; for count-
able families (compatible with compasition).
In particular zero marphisms 0xy € C(X,Y).

e Finite tensors are quasi biproducts. there are
quasi-injections «; ¢ X; — ®1X; and quasi-
projections p;:®rX;— X; satisfying:

L [l =k
RS T oxx, else

2. Yiertifi = lgx;,

Arrows as Matrices: Given f ! ®;X; — ®rY;
in a UDC with |I| = m and |J| = n, there exists
a unique family {fij}icrjes : X; — Y; with f =
E,E‘EIJEJ Lifijpj- namely, fz’j = Piff*j- We write f as
a matrix f = [f].

Composition in UDC's = matrix multiplication.



Symretric monoidal casaguies (€,1,8,2) , 4
equipped with a farily efw%m
Try : C(XQU, YOU) — C(X,Y) Shiiect 1088 '
axioms. In our mrodels, think Qfﬁ%x y(f)m
“feedhack” .

T N
T

Natural in X, Tr% (flg = Tk (F g ® 1))
where f: X QU — Y QU, g: X' — X,

Natural in Y, gTry (/) = Trg (g ® 1u)f)
where f: X QU — Y Q®U, g:Y =Y/,
Dinatural in U,

Trd ((ly ® 9)F) = Tr%y(f(1x ® g)) whese
f: X@U-ﬁY@U’,g ' — U,

Vanishing (l.]t),
T’f‘f){ v(f)=/f and

TriSY (9) = TP§ y(Friouyeu(9)) (ef. BokiE)



Superposing,

T yv(f®g =
Trkewyez{(ly ®ayz)(f ® 9)(1x @ owy))

for f: XU —Y3Uand g: W — Z,

Yanking TTE{U(UU,U) = 1.

There a general geometric caiculus for reasoning
about such TMC's...

Some Examples of TMC's

e Rel, , Vecsy, more generally any compact
category (where ® = p) has a canonical trace

o w-CPO,; where trace given by Y combinator

e Unique Decomposition Categories

(Iterative Traces:) Rely , SRel, Pfn , PInj,

and in general all partially additive categories
(Manes-Arbib), etc.

¢ (Sﬁ[fﬁger ) Quavium TMC 's

[1a
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Building a UDC from Hilbert Spaces

Let Hilb = the category of Hilbert spaces and
linear contractions (norm < 1). M. Barr defined
a contravariant faithful functor /¢, : Pinj°? — Hilb

as follows:

On Objects: X — {£o(X) = set of all complex
valued functions a on X for which the (uncrdered)

sum Yrcx la(@)|? is finite.

¢>(X) is a Hilbert space with
o [alf = (Toex lal)]|?)1/2

e Inner product < a,b>=3 cxa(z)b(zx)
for a,b € £7(X).

On Maps Given f: X — Y in PInj,

£x(f) 1 (YY) — £5(X) is defined by
b(f(z)), if € Dom(f),

0,- otherwise.

£ (f)(B)(z) = {

SO we get a correspondence

partial inj. functions|« |partial isometries in Hilb|.




Various isomorphisms:

L(XeY) = 6HL(X)P (YY)

H(X xY) = €2(.X) ® £2(Y)

Define Hilby, = £7[PInj]. More precisely:
define the subcategory Hilb, of Hilb:

Objects €~(X) for a set X

Morphisms u : £2(X) — £5(Y) of the form &:(f)
for some f:Y — X € PInj.

There are two &@-structures on Hilb»> induced from
tensors on PInj

(X))@ L(Y)=EL(X xY)
(X))@ LH(Y)E2EHL(XWY) («— UDC tensor)
Note: £-(X) & £-»(Y) is direct sum (biproduct) in

Hilb but only a tensor product in Hilb,, (otherwise
XwY would be coproduct in PInj, a contradiction.)



Hilb, is a traced UDC (with UDC structure in-
duced from PInj)

& is the tensor product, with unit 25(8).

Consider a family {Z2(f;)}r €Hilby{(42(X ), ¢5(Y))
with {f;}; €ePIni(Y, X)

Define: {£:(f;)} is summable if {f;} is summable
in PInj and in that case 3 ; £(f) =def (5 1.

Clearly, €5 is an additive functor.

Quasi injections and proiections are the Z> images
of quasi projections and injections in PInj.

Hilbs is traced. Given

u  €o(X) ®L€a(U) — £2(Y) @ &x(U)

Tr(u) =geg L2(Try x(£))
where u = £»(f) with f: Y WU — X WU € PInj.

PInj and Hilb, form Gol situations.



Gol Situations:

1. TT T (e, e") (Comult)

TTU JL..TU

2. IdaT (d d’) (Dereliction)

3. TRT AT (¢, ) (Contraction)
. C.J
TU@® TU — T

W

4. Kr<aT (w,vw') (Weakening).
u!
T =2 TvU

Wy,

5. U € C, a reflexive object,

(@) UQSU < U (4, k)
JOU __*-f:.-..xf

(b) IqQU

(¢c) TU#:IU (u,v). | TJ f__;_:_;U"



?fwg ' GoTl s ituation %

U=N ; Ty = Nx()
+ U s additiw . Mon. Cunctor
™

. NWIN =W 3Cum=an
3 y(2,n)= aAnt|

etc. ({‘eTPa.ci“s ate Wna?c{c.q...)
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Example of Gol Semantics

Let N be the following proof:

AL A AL A
- [A, A], AL A

(cut)

Then the Gol semantics of this proof is given by

[Nl =

I
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