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Tangent structure T on an underlying category M consists of:
@ A tangent functor

T M—-M
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What are Tangent Structures?

Tangent structure T on an underlying category M consists of:

@ A tangent functor
T-M—->M

@ A list of natural transformations
p: T —idy
n: idy — T
+:T, =T
[:T — T2
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What are Tangent Structures?

The Free
Tangent
Structure

P e Tangent structure T on an underlying category M consists of:

Biefimiinaies @ A tangent functor
T-M—->M
@ A list of natural transformations
p: T — idpm
n: idp — T
+: T2 — T
[:T — T2
c:T? > T?

satisfying a set of axioms.






@ Used in Synthetic Differential Geometry to describe
structure of infinitesimals

D = {d € R|d*> = 0}

where tangent bundles are then given as

™ = MP
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Preliminaries

Why the Weil Algebras?

@ Used in Synthetic Differential Geometry to describe
structure of infinitesimals

D ={d € R|d*> =0}
where tangent bundles are then given as

™ = MP

@ Even without SDG, they somehow model the correct type
of behaviour
@ (Soon) Another strong relationship with tangent structure!






o Commutative, unital k-algebra A with finite dimensional
underlying k-module
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o Commutative, unital k-algebra A with finite dimensional
underlying k-module

@ Augmentation € : A — k agrees with unit n: k — A, i.e.
con = idy
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What are Weil Algebras?

The Free
Tangent o Commutative, unital k-algebra A with finite dimensional

Structure .
underlying k-module

Poon Leung

@ Augmentation € : A — k agrees with unit n: k — A, i.e.
gomn = idg

Definitions

e Multiplication y satisfies the “nilpotency condition”:

If dim(A) = m, then for any m vectors
Vi, ooy Vm € ker(e)

we have
Vi X...XVp=0
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What are Weil Algebras?

o Commutative, unital k-algebra A with finite dimensional
underlying k-module

@ Augmentation € : A — k agrees with unit n: k — A, i.e.
gomn = idg
e Multiplication y satisfies the “nilpotency condition”:

If dim(A) = m, then for any m vectors
Vi, ooy Vm € ker(e)

we have
Vi X...XVp=0

@ We can write them in their presentations (not unique)

A= k[al> tee an]/QA
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The category Weil consists of:

@ Objects: Weil algebras
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The category Weil consists of:
@ Objects: Weil algebras

@ Morphisms: Augmented algebra homomorphisms;
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@ Morphisms: Augmented algebra homomorphisms;

Definitions k-algebra maps f : A — B that agree with the
augmentations
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The Category of Weil Algebras

The Free
SR The category Weil consists of:
Poon Leung o Objects: Weil algebras
@ Morphisms: Augmented algebra homomorphisms;

Definitions k-algebra maps f : A — B that agree with the
augmentations, I.e.

commutes.

Equivalently, the full subcategory of Alg/k.



The Category of Weil Algebras

The Free
SR The category Weil consists of:
Poon Leung o Objects: Weil algebras
@ Morphisms: Augmented algebra homomorphisms;

Definitions k-algebra maps f : A — B that agree with the
augmentations, I.e.

commutes.

Equivalently, the full subcategory of Alg/k.
Remark: We are only interested in k being {0,1}, N, Z or R






@ There is an important Weil algebra

W = k[x]/x>
with (soon) an important connection to the tangent
functor T
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isifelesiing with (soon) an important connection to the tangent
structure functor T

@ In fact, we have Spec(W) = D
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Weil algebras with (soon) an important connection to the tangent
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@ In fact, we have Spec(W) = D

e T is an object of [M, M], and tangent structure T
involves two important operations:
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@ There is an important Weil algebra
W = k[x]/x>

with (soon) an important connection to the tangent
functor T

@ In fact, we have Spec(W) = D

e T is an object of [M, M], and tangent structure T
involves two important operations: pullback and
composition

@ We shall consider two operations in Weil that will turn out
to be analogous:



Weil algebras and Tangent structure

The Free
Tangent
Structure

Poon Leung @ There is an important Weil algebra

W = k[x]/x>
isifelesiing with (soon) an important connection to the tangent
structure functor T

@ In fact, we have Spec(W) = D

e T is an object of [M, M], and tangent structure T
involves two important operations: pullback and
composition

@ We shall consider two operations in Weil that will turn out
to be analogous: product and coproduct (tensor product)






@ Weil has all finite products.
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@ Weil has all finite products. Moreover, given Weil algebras
A and B with presentations

A= k[al, ...,a,,,]/QA, B = k[bl, ceey b,,]/QB
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Poon Leung A and B W|th presentations

A= k[al, ...,am]/QA, B = k[bl, ceny bn]/QB

the product A x B has presentation

Properties of

Weil Algebras A X B — k[a]_7 ceey am7 b]_7 ceny bn]/QA U QB U {a,bj|VI,j}
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Properties of Weil

@ Weil has all finite products. Moreover, given Weil algebras
A and B with presentations

A= k[al, ceny am]/QA, B = k[bl, ceny bn]/QB
the product A x B has presentation

Ax B= k[al, ey @m, b1, ..., bn]/QA UQsU {a,-bj|Vi,j}

@ Weil has all finite coproducts.
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@ Weil has all finite products. Moreover, given Weil algebras
A and B with presentations

A= k[al, ceny am]/QA, B = k[bl, ceny bn]/QB
the product A x B has presentation
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Properties of Weil

@ Weil has all finite products. Moreover, given Weil algebras
A and B with presentations

A= k[al, ceny am]/QA, B = /([bl7 ceny bn]/QB
the product A x B has presentation

Ax B= k[al, ey @m, b1, ..., bn]/QA UQsU {a,-bj|Vi,j}

@ Weil has all finite coproducts. The coproduct A® B has
presentation

A® B = k[al, ey @m, b1, ..., bn]/QA U @B

Remark: Since k is a zero object, then products can be
regarded as pullbacks over k






@ Given an arbitrary Weil algebra A, the functor

A® _ : Weil — Weil
preserves pullbacks over k
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@ Given an arbitrary Weil algebra A, the functor
A® _ : Weil — Weil

preserves pullbacks over k

Wt Aebrae It is then natural to consider a subcategory Weil; of Weil
whose objects are given by the finite closure of W under
product and coproduct.
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All good and well, but exactly which ones do we want?



Properties of Weil

The Free
Tangent
Structure

Poon Leung

@ Given an arbitrary Weil algebra A, the functor
A® _ : Weil — Weil

preserves pullbacks over k

Wt Aebrae It is then natural to consider a subcategory Weil; of Weil
whose objects are given by the finite closure of W under
product and coproduct.

All good and well, but exactly which ones do we want?

(The morphisms we will discuss later)






Recall the presentations

Ax B= k[al, vy @m, b1, .., b,,]/QA UQgU {a;bj|Vi,j}

ARQ B = k[al, weeydm, b1, ..., b,,]/QA U QB
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Weil algebras and graphs
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A® B = klai,...,am, b1, ..., by]/Qa U Qp
If we take the closure of W under products and coproducts,
then any resulting Weil algebra X will have a presentation of
Graphe the form

kxt, oy xe ) {Xixi1xi ~ x;}

for some symmetric reflexive relation ~



Weil algebras and graphs

The Free
Tangent
Structure

Recall the presentations

Poon Leung
Ax B = k[al, ey @m, b1, ..., bn]/QA UQgU {a,-bjWi,j}
A® B = klai,...,am, b1, ..., by]/Qa U Qp
If we take the closure of W under products and coproducts,
then any resulting Weil algebra X will have a presentation of
Graphe the form

kxt, oy xe ) {Xixi1xi ~ x;}

for some symmetric reflexive relation ~

We can represent such Weil algebras with (finite simple)
graphs.






Weil Algebra

Presentation

<O <Fr o«

Q>



Weil Algebra

k

Presentation

Graph

k(1

«Or Fr o«

Q>



Weil Algebra Presentation Graph
k k[ ]
w

k[x]/x?
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Weil Algebra Presentation Graph
k k[ ]
w

k[x]/x?

k[x1, xl /%3, x5
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Weil Algebra Presentation Graph
k k[ ]
w

k[x]/x? [
k[x1, x2] /X2, x2 ] G
k[x1, x2l/x2, %3, x1.x2
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Weil algebras can be represented as graphs...
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2W=WeoW k[x1, x2] /X2, x2
W2=WxW k[x1, xa]/x2, x5, x1%2
Graphs

BW=WeWeW kixi,x,x)/x3,x3,x5




Weil algebras can be represented as graphs...

The Free
Tangent
Structure _ i
Poon Leung Well AlgEbra Presentat|0n Graph
k k[
w k[x]/x?
2W=WeoW k[x1, x2] /X2, x2
W2=WxW k[x1, xa]/x2, x5, x1%2
Graphs

BW=WeWeW kixi,x,x)/x3,x3,x5

So, to ask exactly which Weil algebras we want is to ask which
graphs we want.
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From the presentations, products correspond to graph join

whilst coproducts correspond to disjoint union
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From the presentations, products correspond to graph join

whilst coproducts correspond to disjoint union
)
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...s0 which graphs do we want?

The Free
Tangent
Structure

From the presentations, products correspond to graph join
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Graphs

So, we want all the graphs that can be constructed from taking
graph joins and disjoint unions of the one-vertex graph...






@ These are exactly the cographs (complement reducible
graphs)!
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@ These are exactly the cographs (complement reducible

graphs)! These have been studied extensively by graph
theorists and can be characterised in several ways.
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@ These are exactly the cographs (complement reducible
graphs)! These have been studied extensively by graph
theorists and can be characterised in several ways.

@ We therefore want all Weil algebras corresponding to
cographs
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@ These are exactly the cographs (complement reducible
graphs)! These have been studied extensively by graph
theorists and can be characterised in several ways.

@ We therefore want all Weil algebras corresponding to
cographs
@ What about the morphisms?
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Graphs

Well...

@ These are exactly the cographs (complement reducible
graphs)! These have been studied extensively by graph
theorists and can be characterised in several ways.

@ We therefore want all Weil algebras corresponding to
cographs
@ What about the morphisms? We can take all the

morphisms so that Weily is a full subcategory of Weil (or
equivalently of Alg/k)!






The morphisms can also be expressed using graphs!
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The morphisms can also be expressed using graphs!
E.g. Take f: 2W — 3W given by

X1 = Yiy2 + y2
X2 > Y23
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And now the morphisms

The morphisms can also be expressed using graphs!
E.g. Take f:2W — 3W given by

X1 = y1y2 + 2
X2 = Y2y3

We represent this as follows:

e Take graph for codomain
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And now the morphisms

The morphisms can also be expressed using graphs!
E.g. Take f:2W — 3W given by

X1 = y1y2 + 2
X2 = Y2y3

We represent this as follows:

e Take graph for codomain
o Draw red circles for xq




The Free
Tangent
Structure

Poon Leung

Graphs

And now the morphisms

The morphisms can also be expressed using graphs!
E.g. Take f:2W — 3W given by

X1 = y1y2 + 2
X2 = Y2y3

We represent this as follows:

e Take graph for codomain
o Draw red circles for xq
e Draw blue circles for xo







@ We can define a canonical tangent structure W on Weily
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with tangent functor

@ We can define a canonical tangent structure W on Weily

W ® _ : Weil; — Weily
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@ We can define a canonical tangent structure W on Weily
with tangent functor

Wo  : Weil, — Weily

@ The components of W are enough to generate all the
morphisms of Weily
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@ We can define a canonical tangent structure W on Weily
with tangent functor

Wo  : Weil, — Weily

@ The components of W are enough to generate all the
morphisms of Weily

@ Given an arbitrary category M equipped with tangent
structure T...



Almost there...

The Free
Tangent

Structure @ We can define a canonical tangent structure W on Weily
Poon Leung W|th tangent funCtOl’

Wo  : Weil, — Weily

@ The components of W are enough to generate all the
morphisms of Weily

o B @ Given an arbitrary category M equipped with tangent
e structure T...there is a canonical way to define a functor

Structure
F : Weil; — [M, M]

which “picks out” the tangent structure T!






Behold... the Functor

The Free Theorem Given a category M and regarding Weil; as monoidal
angen

Structure with respect to ® and [M, M] with respect to o, to give a
Ploem e tangent structure T is equivalent to giving a monoidal functor

F : Weil; — [M, M]

which satisfies the following condition:
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Weily, F preserves the pullback
The Free

Tangent
Structure



Behold... the Functor

The Free Theorem Given a category M and regarding Weil; as monoidal

Tangent

Structure with respect to ® and [M, M] with respect to o, to give a
Ploem e tangent structure T is equivalent to giving a monoidal functor

F : Weil; — [M, M]

which satisfies the following condition:

For any arbitrary Weil algebras A1, Az, B and C of
Weily, F preserves the pullback

The Free
i B® (A x A) @ EZHE B A @ C
BRm®C B®e1®C
B A ®C B C

B®er®@C
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