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Abstract

Krylov-based algorithms have recently been used, in combination with other methods, to solve sys-
tems of linear equations and to perform related matrix computations over finite fields. For example,
large and sparse systems of linear equations over Fy are formed during the use of the number field
sieve for integer factorization, and elements of the null space of these systems are sampled. Block
Lanczos algorithms have been used to perform this computation with considerable success. However,
the algorithms that are currently in use do not appear to be reliable in the worst case.

This report presents a block Lanczos algorithm that is somewhat simpler than block algorithms that
are presently in use and provably reliable for computations over large fields. This can be implemented,
using a field extension, in order to produce several uniformly and independently selected elements
from the null space at once. The amortized cost to produce each vector closely matches the cost to
generate such a vector with the methods currently in use.

An algorithm is also given to compute the rank of a matrix A € F™*" over a small finite field F. The
expected number of matrix-vector products by A or A! used by this algorithm is in O(r), where r is
the rank of A. The expected number of additional field operations used by this algorithm is within
a polylog factor of r(n 4+ m), and the expected storage space is within a polylog factor of n + m.
This is asymptotically more efficient than existing black box algorithms to compute the rank of a
matrix over a small field, assuming that the cost of matrix-vector products dominates the cost of
other operations.

1 Introduction

Consider the problem of selecting a vector uniformly and randomly from the null space of a given matrix.
As discussed in the report of Buhler, Lenstra, and Pomerance [1], this problem arises for large, sparse
matrices over the finite field F = Fo when the number field sieve is applied.

*An extended abstract has been submitted for publication.
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Structured Gaussian Elimination has been used for this computation [11]. However, storage require-
ments may be prohibitive for large problems when this technique is applied. Krylov-based algorithms,
such as the algorithm of Lanczos [12], are reliable for computations over the real numbers, but require
modification if they are applied for computations over small finite fields. A block-Lanczos algorithm
was proposed for this purpose by Coppersmith [3] in the early 1990’s, with the objectives of improving
both reliability and coarse-grain parallelism. Variants of this algorithm, including a simpler algorithm
of Montgomery [13], have been used (frequently in combination with elimination-based methods) with
considerable success. Unfortunately, these algorithms have not been adequately analyzed, and there
is reason to believe that they are not reliable, in the worst case, for computations over small finite
fields: Krylov-based algorithms for singular matrix computations perform poorly if they are applied
to matrices whose minimal polynomials (in F[z]) are divisible by 22 and that have a large number of
invariant factors, and existing heuristics do not appear to address this problem. For example, they
are ineffective for computations over Fo when applied to block-diagonal matrices that include a large
number of diagonal blocks
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along with a large identity matrix as a final block. Heuristics that use symmetrization to condition the
input — replacing A by A*A or by AA? — are defeated by block diagonal matrices with a form similar
to the above, provided that copies of the blocks
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A related Krylov-based algorithm — namely, that of Wiedemann [15] — has subsequently been devel-
oped and fully analyzed. Furthermore, a block variant (with improved parallelism, once again) has also
been shown to be reliable — see Kaltofen [10] for the analysis in the large field case and Villard [14]
for the analysis over small finite fields. Indeed, the block Wiedemann algorithm allows the use of rect-
angular matrices as blocks and is asymptotically faster than existing block Lanczos algorithms. Yet,
variants of the Lanczos algorithm continue to be used instead. We are therefore lead to ask whether
algorithms that resemble the currently used heuristics are provably reliable.

are also used.

A part of the answer to this question is provided in this report. In particular, a block Lanczos algorithm
that is provably reliable for computations over large fields is described in Section 2. This appears to be
both simpler than and at least as efficient as any Lanczos-based heuristic now in use. If implemented
over a field extension, this provides an algorithm that returns several elements of the null space of a
sparse matrix over a small finite field at once; the amortized cost to compute each vector is comparable
to the cost of current Lanczos-based heuristics.

A rather different algorithm is described in Section 3 for computation of the rank of a matrix A € F™*"
over a small field F. The number of matrix-vector products by A or A! used by this algorithm is
linear in r, where r is the rank of A. The expected number of additional field operations used by the
algorithm is within a polylog factor of (n + m)r, and the expected amount of storage space used is
within a polylog factor of n +m. Previously available black-box algorithms either require computations
over a field extension or the use of binary search to find the rank, increasing the number of matrix-
vector products required by a logarithmic factor in each case. Consequently, the new algorithm is
asymptotically more efficient than existing black box algorithms, when applied to compute the rank of
a matrix over a small finite field, if (as usual) the cost of matrix-vector products dominates the cost of
other operations.



2 A Block Lanczos Algorithm

Eberly and Kaltofen [8] present a simple scalar Lanczos algorithm and show that it is reliable over
arbitrary large fields. In this section, this algorithm is modified to produce a simple block algorithm
that is provably reliable for computations over arbitrary large fields, as well, and that can be used to
sample from the null space of a given matrix A.

2.1 A Matrix Conditioner
We begin with a diagonal matrix preconditioner described in the above paper. Additional information
about this preconditioner can be found in the report of Chen et. al. [2].

Lemma 2.1 (Eberly and Kaltofen [8]). Suppose F is a field and let A € F™ ™ be a matriz with
rank r. Let S be a finite subset of F\ {0}, and suppose
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are chosen uniformly and independently from S. Let

] ﬁm

o B2

Dg = ) e Frn and D e Fmxm,

Qp Bm

Then, with probability at most %, the matrix

A= DzA"D;AD € F™"

is a matriz with rank r, whose characteristic polynomial is z"~" f for some squarefree polynomial f € F[z]
with degree r such that f(0) # 0.

A consideration of the rank of A confirms that if the above-mentioned matrix A has the properties
described in the lemma, then the minimal polynomial of A is zf and A is similar to a diagonal matrix
over a suitable extension of F (namely, a splitting field of f).

Eberly and Kaltofen observe that if A is as described above, and if a system of linear equations
Az =b

is consistent, then a solution for the system can be found within the Krylov space of b. That is, there
exists a linear combination z of the vectors

b, Ab, A%, . . .,

that satisfies the above system of equations. We may therefore select an element from the null space
of A by randomly selecting a vector z, choosing a vector x such that Az = b, for b = Az, and returning
the vector z — x.

Since A and A have the same rank, A= DzATD BAD&, and the diagonal matrix Dg is nonsingular, a

vector ¥ is in the null space of A if and only if Dzy is in the null space of A. Therefore, we may also
return the vector Dz(z — x) as an element of the null space of A.



Suppose now that k > 1, and that k vectors z1, s, ...,z have been randomly selected from F™*1!.

Let Z be the matrix in F*** whose i column is zi, for 1 < i < k. It follows by a straightforwar(i
generalization of the above process that a sequence of k vectors can be sampled from the null space of A
by finding a solution # € F™*¥ for the system

A7 =0b forb= Az,
and returning the columns of the matrix Dg(Z — 7).

A block Lanczos algorithm that can be used to solve consistent systems of equations will next be
described. This can be applied to perform the middle step of the above process.

2.2 A Block Lanczos Algorithm
Consider the algorithm that is shown in Figure 1 on page 5. This is a straightforward generalization of
the “standard Lanczos algorithm” shown in Figure 1 of the paper of Eberly and Kaltofen [8].

Suppose that A€ F™misa symmetric matrix with rank r. As suggested in the previous section, we
are interested in the behaviour of the given algorithm when A has a minimal polynomial zf for some
squarefree polynomial f € F[z] with degree r such that f(0) # 0, so that A is similar to a diagonal
matrix over an extension of F.

Let £ = [r/k] — 1, where k is the “blocking factor” used in the algorithm.

If failure is not reported, then the algorithm generates a sequence of matrices
Wo, Wy, W, . . . , Wy

such that @; € F™* for 0 < i < ¢ —1 and such that @, € F"*" for some integer h such that 1 < h < k.
As noted in the next section, it will frequently be the case that h = k if r is divisible by k, and that
h =r — k£ if m is not divisible by k.

The columns of the matrices
Wo, W1, W2, . ..,W;

are linearly independent and form a basis for the vector space spanned by the columns of the matrices
b, Ab, A%, ..., A’b

for each integer i such that 0 < i < ¢. Consequently, if h has its usual value (as given above), then the
columns of the matrices
/LL_]’O,’U_)’I,. . ,U_fg

form a basis for the column space of g, and the number of these columns is equal to the rank of A.

A useful orthogonality condition is achieved:
Wt AW =0 (2.1)
for all integers ¢ and j such that 0 <4,j < f and i # j, and
det @ Aw; # 0 (2.2)

for 0 <i¢ </



Input: A symmetric matrix A € F"" and a matrix b € F"*¥
Output: A matrix & € F™** such that AZ = b, or failure

11.

12.

13.
14.
15.

16.

17.

18.
19.

20.

© ® N ot WD

W_1 = Opxi; U0 := Opxks To1 := Opxps t—1 := I,
-

— rd

0= b; 171 = Awo; to :=

l

=0
while det #; # 0 do

~.

Wit = Tig1 — Wity "1 — Wia b, 0 T
tiy1 1= Uy oWt
=141
end while
if 217, 75 Onxk then
Set h to the the largest integer such that the leftmost A columns of w; are linearly
independent.
Set w; to be the matrix in F**” that includes the leftmost h columns of the current
w;.
Set #; to be the top left A x h submatrix of the current t;-, so that t; € Fhxh,
if h =0 or det?; =0 then

report failure

else
T:=T—1+ ﬁ)»ﬂg;fl _‘fl_;
end if
else
T = Zi_1
end if
if AZ = b then
return 7
else

return failure

end if

Figure 1: A Block Lanczos Algorithm

Two other sequences of matrices are computed along the way, in order to minimize the number of

multiplications by A that are used: Ug, U1, Ua, . . ., Up are matrices such that
Ui = Aw;  for0<i</l—1, (2.3)
and to,11,...,1; are square matrices such that
t=wlAw;  for 0<i </ (2.4)



The algorithm maintains one more sequence of matrices, in order to produce a solution for the given
system:

are matrices in F"** such that

W] (AZ; — b) =0 (2.5)
for all integers ¢ and j such that 0 < j <i < £ — 1; this is used at the end of the algorithm to generate
a matrix & such that

W (AT —b) =0 (2.6)
for all j such that 0 < j < /.

A comparison of this algorithm with the scalar algorithm will confirm that this is, indeed, a straightfor-
ward generalization: The two algorithms maintain the same sequences of matrices when k = 1, using
virtually the same sets of operations. It is somewhat simpler than block Lanczos algorithms of Copper-
smith [3] or Montgomery [13], due to the omission of any kind of lookahead mechanism. There is good
reason to include such mechanisms for computations over small fields. However, as argued in the next
section, these are not required for computations over large fields, when the coefficient matrix A has the
properties that have been described here and the columns of b are randomly chosen from the column
space of A.

2.3 Analysis of Reliability

The following proof of reliability of the block Lanczos algorithm is, again, a modification of that of
the reliability of the algorithm of Eberly and Kaltofen [8]. Suppose, once again, that A € F"*" is a
symmetric matrix with rank r, and that b € F* for an integer k£ > 1. Let us consider the following
block-Hankel matrices. For 1 <i < |r/k], let

BAL BA% b A

. bA2b  BA3h ... DAL

Hy(AD) = | ) S - (2.7)
gtgig gtgzurlg . gtgziqg

Let H(A,b) € F"" be the matrix Hr/k(g, b) if r is divisible by k, and let H(A,b) be the top left r x r
submatrix of Hp, /i (K, 5), otherwise.

Lemma 2.2. Suppose that A€ FY" s g symmetric matriz with rank r, whose minimal polynomial
has the form zf, where f € F[z] is a squarefree polynomial with degree r such that f(0) # 0.

Let b € F™* be o matriz such that the system

AZ=1b

is consistent — that is, each of the columns ofg belongs to the column space of A.

Finally, suppose that det Hy(A,b) # 0 for 1 <i < |r/k| and that det H(A,b) # 0 as well.

Then the algorithm shown in Figure 1 succeeds. In particular, it generates a sequence of matrices

wo, Wiy ...,Wyp

for £ = [r/k] — 1 whose columns are linearly independent and form a basis for the column space of Z,
and it returns a matriz T € F™* such that AT = b.



Proof. Let i be an integer such that 0 <1 < [r/k] and suppose that matrices

—

'LU(),lUl, ey Wi—1
have been computed as in the algorithm, and that the matrix
t_; = thwJ

is nonsingular, for 0 < j < i —1. Then a consideration of elementary row and column operations can
be applied to H;(A,b) to produce the matrix

so that this matrix is similar to H;(A,b). Since H;(A,b) is nonsingular, the matrix ¢; = ﬁfﬁﬁi must be
nonsingular as well.

A similar argument can be used to establish that the final matrix #; is nonsingular as well, if det H (ﬁ, 6)
is also nonzero. Thus condition (2.2) is satisfied. A consideration of the computation of w; (at step 6
of the algorithm) establishes that condition (2.1) is satisfied in this case as well.

Taken together, these can be used to establish that the columns of the matrices

wo, W1, - - ., Wy

are all linearly independent, so that they form the basis of an r-dimensional subspace of F™"*1.

If the system AZ = b is consistent, then these columns all belong to the column space of A. Since A
has rank r, it follows that they form a basis for the column space of A, as claimed.

Consider the vector &; it follows by an inspection of the algorithm (noting, in particular, lines 5 and 16)

that
V4
=0

The above-mentioned orthogonality conditions can be used to establish that
WH(AZ —b) =0

for 0 < i </, so that matrix A¥ — b is orthogonal to the column space of A. On the other hand, if the
columns of b belong to the column space of A (as given in the lemma), then the columns of the vector
AT —b clearly do as well. If the minimal polynomial of A is as described in the lemma (so that A is
similar to a diagonal matrix over an extension of F) then it follows that A7 —b= 0, as required. U

Suppose now that z; ; are distinct indeterminates over F, for 1 <i <n and 1 <j < k. Let

211”12 tt Rlk
221 22 -t 22k

= ) ) ) nxk

zZ = . . . . S F[2171 . ,ka} , (28)
Zn,l Zn,2 C RAnk
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and suppose that

b= Az (2.9)

The determinants of the corresponding matrices HZ(A7 5) and H (ﬁ, 5) are polynomials in the ring
Flz1,1,...,2n%) with total degrees at most 2ki and 2r, respectively.

Lemma 2.3. Suppose once again that A € F™*" is a symmetric matriz with rank r whose minimal
polynomial has the form zf, where f € F[z] is a squarefree polynomial with degree r such that f(0) # 0.

Suppose as well that k is odd and k is not divisible by the characteristic of the field F.

Then if Z and b are as given in Equations (2.8) and (2.9), then the polynomials Hz(g, b) are nonzero
for 1 <i<|r/k], and the polynomial H(A,b) is nonzero as well.

Proof. If the minimal polynomial of A is as described in the statement of the lemma, then A is similar
to a diagonal matrix over some extension of F.

It follows that if k is not divisible by the characteristic of F, then then there exists a symmetric matrix
B € E™*" in some extension E of F such that

A= Bk,
In particular, E may be chosen to be an extension of F that includes k™ roots of each of the roots of f.

In this case (since B is also similar to a diagonal matrix) B also has rank r, and the column spaces of A
and B are the same, when these are considered as matrices in E"*",

Now a result of Eberly and Kaltofen can be applied: there exists a vector v € E™*! such that ~ is in
the column space of B and the Hankel matrix

’YtBQ’Y %Bzv e 7tB’“’1y
t t Rr+
v'B*y By - BTy
. . . (2.10)
")/tBT’Y ,YtBrJrl,y . ,.YtB2r71,y

is in generic profile — each of its top left submatrices is nonsingular — see the full version of Eberly
and Kaltofen [8] for details.

Since k is odd, and B is similar to a diagonal matrix, there is a vector x € E™*! such that

BEE-1/2, — o

Now consider the matrix
(=[k Bk --- B¥1g) € EF

along with the matrix

§=AC
Since A = BF and BGF1/2i = ~ it is easily checked that
V'By 4'B*y - 4'Bfy
t 2 t 133 t pk+1
oo (VBT "By - BTy
gAB=| . . : :
’YtBk’V ,thk—l—l,y . ,thQk—l,y



Furthermore, H(A, 3) = H(A, A() is equal to the matrix shown in Equation (2.10), above.

It follows that the polynomials mentioned in the lemma are all nonzero — for their values are nonzero,
when evaluated over E by setting Z’ to be (. O

The following can be deduced using Lemmas 2.2 and 2.3, along with an application of the Schwartz-
Zippel lemma.

Theorem 2.4. Suppose that A e F™ ™ s q symmetric matrix with rank r, whose minimal polynomial
has the form zf, where f € F[z] is a squarefree polynomial with degree r such that f(0) # 0.

Let k > 1 such that k is odd and k is not divisible by the characteristic of F.

Finally, suppose that the algorithm shown in Figure 1 is applied with inputs A and a matriz b € Frxk
where B
b= Az

and the entries of the matriz Z € F™*k

of F.

are chosen uniformly and independently from a finite subset S

Then the algorithm succeeds, and returns a matriz @ € F™* such that

Az = b,
with probability at least 1 — r(r +1)/|5].

Furthermore, if F is a finite field and S = F, then the resulting matriz & is uniformly chosen from the
set of solutions for the above system of equations.

It follows that the process described in this section can be used to produce a set of k elements of the
null space of a given matrix A: It suffices to sample elements uniformly and independently from a finite
subset S of F with size in O(n?/¢) in order to bound the probability of failure by ¢, for any given error
tolerance € > 0.

If F is a small finite field — as is the case in notable applications — then it is sufficient to implement
the given algorithm over an extension E of F whose degree d over F is logarithmic in n in order to ensure
that the process is reliable.

Note that — using the coordinate basis — a vector z € E™! in the null space of A can be used to

generate a set of d vectors in F™*! that are in the null space of A as well. Consequently the above
process can be used to produce a set of kd uniformly and independently selected elements of the null
space of A, if it is implemented using an extension E with degree d over F, and the block Lanczos
algorithm applied with blocking factor k.

The amortized cost of the computation — that is, the ratio of the total cost of this computation to the
number of elements of the null space that are produced — is competitive with that of any heuristic for
this computation that is presently in use.

3 Estimation of the Rank

Consider the problem of computing the rank of a sparse or structured matrix A € F™*" over a small
finite field F. The algorithm described in the previous section can be applied to solve this problem if it is



implemented over a field extension whose degree over F is at most linear in log)g n — one simply needs
to keep track of the sums of the orders of the nonsingular matrices ¢; that the algorithm maintains.
However, both the time and storage requirements of the computation are increased by logarithmic
factors when computations over field extensions are used.

In this section, we present a rather different algorithm that can be used for this computation over small
fields. The algorithm is more complicated, and less amenable to parallelization, than the algorithm of
the previous section. The expected amount of storage space required is also greater, by a logarithmic
factor, than that required for the previous algorithm. However, the algorithm that is presented in this
section avoids computations over field extensions and is asymptotically more efficient than the first
algorithm when applied to solve the above problem over small finite fields, assuming (as usual) that the
cost of matrix-vector products dominates the cost of other operations.

3.1 The Frobenius Form

Consider a square matrix A e F™ for a positive integer ¢. It is well known (see, for example, Gant-
macher [9]) that A is similar to a unique block diagonal matrix with companion matrices of monic
polynomials f1, fo,..., fr on the diagonal, for some integer &k < ¢, where f; is divisible by f;4; for
1 <1¢ < k—1. That is, there exists a nonsingular matrix V € F such that

Cy, 0
VAV = Crs . (3.1)
0 | Cs,
and where
0 0 —90
C, = ! ) (:) _:gl e Fixd (3.2)
0 1 _g‘dfl

is the companion matrix of a monic polynomial
g=2a"+ga 12" + ga 22" + - + g1 + go € Fla].

The block diagonal matrix shown on the right hand side of Equation (3.1) is commonly called the
Frobenius form of A, and the polynomials f1, f,..., fi are called the invariant factors of A.

If the matrix A is singular then one or more of the invariant factors of A may be equal to the polyno-
mial z; we will say that an invariant factor f; is a nontrivial invariant factor if f; # x.

A considerable number of algorithms for the computation of the Frobenius form of a matrix are known.
In the rest of this section, we will compute the rank of a given matrix A by modifying a black box
algorithm for computation of the Frobenius form of Eberly [5], [6].

Unfortunately, this algorithm is not space-efficient: It also computes and stores the matrix V' shown in
Equation (3.1). A modified algorithm is presented in the next section. As described below, the new
algorithm is more space-efficient if the number of nontrivial invariant factors of the given matrix is
small, and a reliable upper bound on this number is available.
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3.2 A Space-Efficient Algorithm

Let A € F™¢ and suppose that we are given A along with a positive integer, h, which will be used as
an upper bound on the number of nontrivial invariant factors of A.

Suppose that d is the sum of the degrees of the nontrivial invariant factors of A.

In this section, we will modify the algorithm of Eberly [5] in order to produce a Monte Carlo algorithm
that satisfies the following properties when run on input A € F©*¢ and h.

e If the number of nontrivial invariant factors is, indeed, less than or equal to h, then the algorithm
will return the nontrivial invariant factors of A with high probability.

e If the bound A is incorrect — that is, A includes more than h nontrivial invariant factors — then
the algorithm will report failure with high probability, instead.

e If the algorithm is successful then expected number of matrix-vector products used by the algo-
rithm is in O(d). The expected number of additional operations required over F is in O(¢hd), and
the amount of storage space used by the algorithm is in O(¢h? + £log ().

The algorithm of Eberly [5] makes repeated use of a procedure minpolspace that is presented and
analyzed in Section 3.1 of the above paper.

On its initial application, the procedure uses a sequence of uniformly and independently selected vectors
from F*! in order to generate a pair of vectors u; and vy in sz1’ and a monic polynomial f; € F|x],
such that the following properties hold.

-~

f1 is the monic polynomial of least degree such that fi(A)v; = 0.

f1 is also the monic polynomial of least degree such that f; (A\t)ul = 0.
e Finally, f1 is the minimal polynomial of the linearly recurrent sequence

utlvl, uﬁAvl, ulA\Qvl ..

e The expected number of vectors that must be selected from F*! to perform this computation is
in O(1). The expected number of matrix-vector products by A or A! that is used is linear in the
degree of fi. Finally, the expected number of additional operations over the field F that are used
by this procedure is linear in the product of ¢ and the degree of fi.

e The polynomial f; is always a divisor of the minimal polynomial of E; it is equal to the minimal
polynomial of A with probability at least one-half.

Suppose the above polynomial f; has degree d;. If the above conditions are satisfied then the Hankel

matrix ~ ~
t t t Ad1—1
uy 01 ulﬁlvl e ufA T
uf Avy ut A%vp - ub A%
uﬁAdl*lvl ufAgvr - utlA2d1*201

is nonsingular. However, it is desirable to ensure that leading submatrices are likely to be nonsingular
as well.
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A first modification that will be made to the algorithm will therefore be a randomization: The vector
vy will be replaced by g1(A)vy, where g; is a randomly chosen polynomial in F[x] that is relatively prime
to fi. Then the above conditions are still satisfied, and the above Hankel matrix is still nonsingular.
Furthermore, it follows by a straightforward modification of a result of Eberly [7] that a scalar Lanczos
algorithm can be used, with vy and vy, in order to orthogonalize a pair of set of k vectors with respect
to

uq, A\tul, e (A\t)dlflvl and w1, A\vl, ce Ah—1y,

respectively. In particular, this computation can be performed using the vectors u1, v1, and the vectors
to be orthogonalized, while using storage space for O(¢log ¢ + k) field elements in the worst case.

A second modification can now be made: Rather than storing all of
uy, A\tul, ooy (A\t)dl_lul
and
v, A’Ul, ce ,Adl_lvl,

— or a dual basis for the Krylov spaces that are generated by u; and v; — the algorithm will store u
and vy alone.

The algorithm of Eberly [5] requires a supply of vectors that have been generated by selecting O(h)
vectors uniformly and independently from F&*1 and orthogonalizing these vectors with respect to Krylov
spaces corresponding to the invariant factors that have currently been generated.

A third modification concerns the way that these vectors are produced. The first application of the
revised procedure minpolspace ends with the uniform and independent selection of 2¢h vectors from F*1,
for a suitable constant ¢. A scalar Lanczos algorithm is applied to u; and vy once again, in order to
orthogonalize these vectors, resulting in vectors

Ix1
al,l?'"’a17317ﬂ1,1)"‘7ﬁ1,81 cF )

where s; = ch, such that
aiiAjvl =utAB,; =0

forl1<i<siand 0<j<d;—1.

The amount of storage space needed to perform this computation is in O(¢log ¢+ ¢h). It will be useful
to use the orthogonalized vectors in later steps, so these will be stored. The total amount of storage
space needed for all these vectors is linear in the product of ¢k and the total number of applications of
minpolspace that must be used. Since this number of applications is linear in h, the amount of storage
space required for all of these orthogonalized vectors is in O(¢h?).

Each subsequent application of minpolspace will take place after a sequence of vectors and polynomials
(u1,v1, f1), (u2,v2, f2), -+, (i, vifi)

have been generated. A set of 2s; vectors
1y sy Bits oy B, € FXT

will be available as well, for some integer s; such that 1 < s; < ch and for 1 < j < 4. These vectors will
have been orthogonalized with respect to previous Krylov spaces — that is,

t A t A
ozj’k,Aavb =up AP =0
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for all integers j, k, a, and b such that 1 <b < j, 1 <k <s;, and 0 < a < dy, where d, is the degree
of fb.

In order to ensure that the vectors w;+1 and v;41 to be generated during the current application of
minpolspace are orthogonal to the Krylov spaces that have been generated already, vectors from the

sequences
aizl’ ctty Oéi,si and /Bi,la e 7/87,',51' (33)

will be used instead of randomly selected vectors from F**!. The vectors that are used will then be
discarded (decreasing the value of s;). A scalar Lanczos algorithm will be applied, using u;11 and v;41,
to orthogonalize the vectors shown at line (3.3) with respect to the i + 15* Krylov spaces, in order to
produce the next set of vectors

ai+1,l) ceey O‘i+1,si+1 and B’i-ﬁ-l,lv cee 7ﬁi,si+1

at the end of this application of minpolspace.

The algorithm will make repeated use of the modified procedure minpolspace, generating estimates of
the invariant factors (and discarding polynomials and Krylov spaces, when estimates are discovered to
incorrect) as in Eberly [5].

A fourth modification should now be made: The computation should be terminated as soon as it has
been established, with high probability, either that A includes at most h invariant factors, or that the
h + 15% invariant factor is different from x. The algorithm reports failure in the latter case.

Unfortunately, the result is a Monte Carlo algorithm instead of a Las Vegas one: Since a complete set of
invariant factors (including all trivial factors, along with corresponding Krylov spaces) is not generated,
when A has more than A+ 1 invariant factors, there is a small possibility that the polynomials returned
by this algorithm are not the invariant factors of A in this case.

The analysis of Eberly [5] can now be modified to establish that the above algorithm computes the
desired values at the costs given at the beginning of this section.

3.3 Computation of the Rank

Suppose that the nontrivial invariant factors
Jisfoyoo s i
have been computed, as described above. Let

deg f; if f; is not divisible by z,
€; —
deg f; —1 otherwise.

Then the rank of A is e1 +ex + - + ei. Consequently, the rank of A can be computed by a Monte

Carlo algorithm with the (expected) cost stated at the beginning of Section 3.2. In particular, the rank
can be computed efficiently if the number of nontrivial invariant factors of A is small.
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3.4 A Sparse Matrix Conditioner

3.4.1 Definition of Conditioner

Suppose, once again, that A € F**™. Let r be the (unknown) rank of A, let ¢ = |F|, and let
¢ =min(n,m) + ¢

where c is a parameter whose value will be given later.

Consider another constant ¢, as well, such that

-1 cqlog, N
c> L)C, so that c< &. (3.4)
qlog, N (¢—1)

Consider matrices L € F" and R € F™* whose entries are randomly selected according to the
following distribution.

e If 1 < i < min(n,m) then each entry in row i of L or column ¢ of R is set to be zero with
probability

clog, N 1
max (1 - ﬁ, —> for N = max(n,m).
t q

e If 1 <i < min(n,m) then each entry in row ¢ of L or column ¢ of R that has not been set to be 0,
above, is chosen uniformly and independently from F\ {0}.

e Finally, if min(n,m) < i < ¢ then each entry of row i of L or column 4 of R is chosen uniformly
and independently from F.
Notice that if 1 <4 < ¢ then

B clog, N 1 clog, N

(3 C
1 clogy N (by condition (3.4))
<1-— = v condition (3.
cqlog, N/(q —1)
—1
—1_4=2
q
_1
q

Thus the entries in the top ¢ rows of L and the leftmost ¢ columns of R are chosen uniformly and
independently from F if L and R are randomly chosen as described above.

Let R
A=LAR e F*™¢, (3.5)

Sparse matrices with the a similar structure have been investigated by Wiedemann [15]; additional
useful properties are discussed in the report of Chen et. al. [2]. In the rest of this section we will
establish another useful property, namely, that conditioning a matrix by pre- and post-multiplying by
these matrices ensures that the expected number of nontrivial invariant factors of a matrix is small.

14



3.4.2 Useful Lemmas

Lemma 3.1. Let i be a positive integer such that clog, N <i. Then

-~ i
(1T < s
A

Proof. Tt is well known that if z is a real number such that |z| <1 then
l+z<e” <l+a+ta’

— see, for example, page 53 of the text of Cormen, Leiserson, Rivest and Stein [4]. Since i is a positive
integer such that clog, N < i, this implies that

<1 B /C\log.q N> < e—Elogq N/Z

7

Therefore

~ i

<1 _ M) < ¢Clog, N
(3

_ e—ElnN/ Ing

_ N—E/lnq ) ]

It will be useful to consider two other pairs of matrices that are chosen using a distribution similar to
the above.

Suppose that Lg, Ry € F"*" are randomly chosen as follows.

o If 1 <4 <7 then each entry of row ¢ or Ly or column ¢ of Ry is set to be zero with probability

clog. N 1
max (1 — &, —> .
7 q

e Each entry in row i of Ly or column ¢ of Ry that has not been set to 0, above, is chosen uniformly
and independently from F\ {0}.

Once again, this implies that the entries of the top ¢ rows of Ly and the leftmost ¢ columns of Ry are
chosen uniformly and independently from F.

Lemma 3.2. Let A € F™*" be q nonsingular matriz and let B € F™*" as well. Suppose that matriz
Lo € F™*" is randomly chosen as described above. Let

C =LyA+ BecF™.

Suppose i is an integer such that 1 < i <.

(a) The probability that row i of C is a linear combination of rows i+ 1,9+ 2,...,7 is at most

q—i + N—E/lnq'
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(b) The probability that rows i,i+ 1,...,r of C are linearly dependent is at most

ql—i

qg—1

c

+ N' ",

(c) The probability that the nullity of C is greater than or equal to i is at most

ql—i

qg—1

+ N'"ma,

(d) The expected value of the nullity of C is at most

_a
(g—1)2

.
Inq |

+ N~

Proof. To begin, let us consider part (a) in the special case that A= I, the r x r identity matrix, so
that
C=1Ly+B.

Suppose that 1 < i < r, and consider the probability that the i** row of C is a linear combination of
rOWS
1+ 1942,

Let s; be the rank of the submatrix @ of C' that consists of the above rows ¢ + 1,7+ 2,...,7. Clearly
s;i <r —i,s0that r —s; > 1.

The matrix CAZ'Z has a set .5; of s; linearly independent columns, and each of the remaining columns is a
linear combination of those in this set. Consider any assignment of values to the entries in row ¢ of Ly,
in the columns of S;. There is exactly one assignment of values, that can be made to the remaining
r — s; columns in row ¢, in order for row ¢ of C to be a linear combination of rows ¢ + 1,74+ 2,...,r.

Either 1 —¢log, N/i > 1/q or 1 —¢log, N/i < 1/q. These cases will be considered separately.
Case: 1 —clog, N/i > 1/q.

In this case, it follows by the above analysis, and the choice of Ly, that row i of C' is a linear combination
of rows i+ 1,7+ 2,...,r, with probability at most

¢log, N\ "% ¢log, N\ !
(1 — i) < <1 — $> (since r — s; > 1)

i i
< N~¢/Mna (by Lemma 3.1).

Case: 1 —clog, N/i <1/q.

In this case, the entries of row ¢ of Ly are chosen uniformly and independently from F. It follows by the
above analysis that row ¢ of C is a linear combination of rows i+ 1,7+ 2, ..., r with probability at most

1\ 7S 1 i ]
(_> S <_> N q_l.
q q
Over-approximating, we see that if 1 <7 < r, then row 7 of C is a linear combination of rows ¢ + 1,7 +
2,...,r with probability at most

q—i +N—E/1nq’

16



as required to establish part (a) of the claim when A is the identity matrix.

FTXT

Now suppose that Ac is a nonsingular matrix. Then

C=LA+B=C"A
where B
C'=Ly+ B and B =B-A1L

It follows by the above analysis that row i of C’ is a linear combination of rows ¢ + 1,7 + 2,...,r with
probability at most
q—i + N—’c\/lnq'

However, since Ais nonsingular, row 7 of C’ is a linear combination of rows i +1,i+2,...,r of C' if and
only if row i of C is a linear combination of rows i + 1,7 + 2,...,7 of C, and this implies that part (a)
holds in the general case.

Now consider the probability that rows
i+ 1l,i4+2,...,7

are linearly dependent. In this case, there must exist at least one integer j such that ¢ < j < r and

row j is a linear combination of rows j 4+ 1,5+ 2,...,r. The probability that this is the case is at most
T s T T s
> (i) = (| (o
j=i j=i j=i

— [ q7 |+ —it+1) - Nm

IN
]

=

%_

2

[

(since r < min(n,m) < max(n,m) = N)

IA
™

'QI

%_

=

|

establishing part (b).

In order to establish part (c) note that if the nullity of C'is greater than or equal to ¢, then the rank of C'
must be less than or equal to r — ¢, and rows 7,7+ 1,...,7 of C must therefore be linearly dependent.
Consequently, part (c) of the claim is implied by part (b).

Finally, in order to establish part (d), note that, since the nullity of any r x r matrix is a nonnegative
integer that is less than or equal to r, the expected value of the nullity of C is

T T 1—1 P
S (Prob (mllity(C) > i) < 3 ( 4 Nl—m> (by part (c))
i=1 =1
¢! gt
_ N1 hg
2eq1 N
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r

:L-Zqiiﬁ—r.]\flim

¢—1 =
< Do HNTTEG (since r < min(n,m) < max(n,m) = N)
ggiii'EZq‘i+JV%“%
- i>1
q
=9 4 NP 0
(g —1)

Notice that the transpose of the matrix Ry is chosen using the same probability distribution as described
for Ly. The next result can therefore be obtained as a consequence of the previous one, by considering
the transpose of the matrix D that is mentioned below.

Corollary 3.3. Let A € F'*" be a nonsingular matriz and let B € F™" as well. Suppose that the

FTXT

matriz Ry € is randomly chosen as described on page 15, above. Let

D= ARy + B € F™*".

Suppose that i is an integer such that 1 <i <.

(a) The probability that column i of D is a linear combination of columns i+ 1,i+2,... 7 is at most

q—i + N—E/lnq'

(b) The probability that columns i,i+ 1,...,r of D are linearly dependent is at most

+N lnq

(¢) The probability that the nullity of D is greater than or equal to i is at most

qlfi

N ln
q—l+ "

(d) The expected value of the nullity of D is at most

q

7+N lnq
(¢—1)

r4c)xr

Lastly, consider matrices L; € F( and Ry € F"*"+9) that are randomly chosen as follows.

o If 1 <4 < r then each entry in row ¢ of L1 or column ¢ of R is set to be zero with probability

clog. N 1
max (1 — ﬁ, —> .
7 q

e If 1 < i < r then each entry in row ¢ of Ly or column ¢ of R; that has not been set to 0, above, is
chosen uniformly and independently from F\ {0}.
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e Finally, if » <4 <r + ¢ then each entry in row ¢ of L; or column ¢ of R; is chosen uniformly and
independently from F.

Note that the top r x r submatrix of L; and the left r x r submatrix of R; are chosen using the
distributions described for Ly and Ry, respectively (as described on page 15). Consequently, the entries
in the top ¢ rows of L and the leftmost ¢ columns of R; are chosen uniformly and independently from F.

Lemma 3.4. Let A € F"™*" be a nonsingular matriz. Let B € F(T+C)XT, and suppose Ly is chosen as

described above. Let B
C =1,A+ B eFUtoxr

Then the probability that rows c,c+ 1,...,r of C are linearly dependent or C' has rank less than r (or
both) is at most

2q—¢
q—1

+N lnq

Proof. To begin let us suppose that A= I, the r x r identity matrix.

Let Lo, By € F™*" be the top r x r submatrices of L1 and B, respectively. Then the top r x r submatrix

of C is the matrix
Co=Lo+ By € Fr=r,

Since Ly is selected using the distribution described on page 15, it follows by part (b) of Lemma 3.2
that rows ¢+ 1,c+ 2,...,r of Cy are linearly dependent with probability at most

—C

q
qg—1

+N lnq

The corresponding rows of C' are linearly dependent with the same probability, since these are the same
TOWS.

Recall that the entries of Ly in rows 1,2,...,¢, and r + 1,7 + 2,..., ¢, are chosen uniformly and inde-
pendently from F. It follows that the entries of C' in rows 1,2,...,cand r+1,r4+2,...,7+ ¢ are chosen
uniformly and independently from F, as well.

Suppose that rows ¢+ 1,c+ 2,...,r of C are linearly independent. Then there exists a set S of r — ¢
columns of C such that the submatrix of C including the entries in rows ¢+ 1,¢c+ 2,...,r and in the
columns in set S is nonsingular.

In order the complete the analysis, in the case that A= I, suppose that we begin with an assignment
of values for the entries of L; in rows ¢+ 1,¢ + 2,...,r and the columns in S, and that we fill in
entries in each of the remaining columns, one at a time. Since the remaining entries are uniformly and
independently selected from F, we can see that the probability that the resulting columns of C' are not
linearly independent is at most

O S

c+1<1<2¢ i>c+1

Thus the probability that C has rank less than 7, when A = I, is at most

q° q 2q™°¢ -5
N m N
<q—1+ q>+q—1 q—lJr
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Suppose, next, that Ais an arbitrary nonsingular matrix in F™*". Then
C=LiA+B=C"" A,
for C' =Ly + B and B'= B- A~
It follows by the above analysis, using B’ in place of B, that the matrix C’ has rank less than r with
probability at most

c ~

20" | N

q—1
Since A is nonsingular, the matrices C' and C” have the same rank. Thus C has rank less than r with
probability at most 2¢7¢+ N 1"77 as well. O

Notice that the transpose of the matrix R; is chosen using the same probability distribution as described
for L. The next result can be obtained as a consequence of the previous one by considering the transpose
of the matrix D that is mentioned below.

Corollary 3.5. Let AEF ™ bea nonsingular matriz. Let B € Frx(+9) and suppose Ry is chosen as

described on page 18. Let B
D = ARy + B € Frx(re),

Then the probability that columns c,c+ 1,...,7 of D are linearly dependent or D has rank less than r
15 at most
2q~°

4 N R,
q—1

3.4.3 Preservation of Rank

If the matrix A is as given in equation (3.5), then the rank of A is at most that of A. The following
result therefore implies that the ranks of A and A are the same, with high probability.

Theorem 3.6. Let A € F™*™ be a matriz with rank r.

Suppose the matrices L € F™*™ and R € F™ ¢ are randomly chosen as described in Section 8.4.1, and

that A = LAR.

(a) The probability that either rows
c+1l,c+2,...,r

of the matriz LA are linearly dependent, or that the (r + ¢) x m submatriz of LA that includes
rows with indices
1,2,...,r and min(n, m) + 1, min(n,m) 4+ 2, ..., min(n,m) + ¢
has rank less than r, is at most
2q—¢

+ N ma,
qg—1

(b) The probability that A has rank less than r is at most

4q=¢

- + 2N "ma.
q_
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Proof. Let us begin by considering the matrix LA, noting that this does not depend in any way on the
choice of the matrix R.

Since A has rank r, there exist permutations P € F™*" and Q € F™*™ such that the leading r x r
submatrix of PA(Q is nonsingular.

Notice that, since P~! is also a permutation matrix, the matrices L and L - P~! are chosen according
to the same probability distribution. Now

LA=(L-PY) - (PAQ)-Q1,

and this matrix has the same rank as that of the matrix LA-Q = (L- P~!)- (PAQ). We may therefore
assume without loss of generality that the leading r x r submatrix of A is nonsingular in the rest of this
proof.

Using this simplifying assumption, let us write A as

Arr A
A — ) )
[Am A2,2:|

where A;; is now a nonsingular matrix in F™", and where A;9 € Frx(m—r), Ay € F(=m)%7 " and
A22 € F(nfr)x(mfr).

Consider the (r + ¢) x m submatrix of LA that includes rows with indices
1,2,...,r and min(n,m) + 1, min(n,m) + 2,..., min(n, m) + c.

This can be written as

o0z B A

Axqp Ago

where L, € FU+to9xr [, ¢ Fr+a)x(m=r) " and where L; is chosen using the probability distribution
described on page 18.

The submatrix consisting of the leftmost r columns of this matrix is

(L1 Ly [ﬁ“} = Ly Aug+ Ly - Agy € FUHOXT,

)

If we choose (and fix) the values in the matrix Lo then, since A1 € F™*" is nonsingular and Ly - Ao €
F(r+e)xr it follows by Lemma 3.4 that (when the entries of Ly are selected) the likelihood that rows

c+1l,c+2,....7r

of this matrix are linearly dependent or that this matrix has rank less than r is at most

2q~°

4 N'RG
qg—1

Since this is true for any choice of values for Ly it follows — as claimed in part (a) above — that this
is also an upper bound on the probability that rows ¢+ 1,¢+ 2,...,7 of LA are linearly dependent or
LA has rank less than r, when L is randomly chosen as described above.

Now consider any fixed matrix L € F*™ such that the matrix

LA e Ft>xm
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has rank r. Repeating the above argument, using Corollary 3.5 in place of Lemma 3.4, one can establish
that the probability that

A=LAR
has rank less than r is at most .
207 | N
q—1
as well. Thus, if L and R are randomly chosen as above, then the probability that LAR has rank less
than r is at most twice the above value, as claimed in part (b). O

3.4.4 Bounding the Number of Nilpotent Blocks
Consider the number of invariant factors of A that are divisible by x2. This is the same as the number
of nontrivial nilpotent blocks in a Jordan form of A.

A consideratiAon of the Jordan form establishes that this is also the difference between the rank of A
and that of A%. In this section we will establish upper bounds on the expected value of this difference
and on the probability that this difference is high.

Lemma 3.7. Let L € F", A€ F™™, R € F™, qnd let A= LAR € F**¢. Suppose that
rank(A) = rank(A).

Then
rank(gz) =rank(ARLA).

Proof. Since
A2 = (LAR)> = L- (ARLA) - R,
it is clear that rank(A2) < rank(ARLA). It is therefore sufficient to prove that

rank(A?) > rank(ARLA)

as well in order to establish the claim.

Let s = rank(ARLA). Then the column space of ARLA has dimension s and there exist vectors
T1,To,. .., L, € FPX1

such that the vectors
Y1,Y2,---,Ys € FnXl
are linearly independent if
y; = ARLAx; for 1 <i<s.

Suppose that

-~

rank(A) = rank(A).

Then, since A= LAR,
rank(A) = rank(LAR) < rank(AR) < rank(A),

and rank(AR) = rank(A) as well. The matrices AR and A therefore have the same column space.
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Let w; = Ax; for 1 < i < s. Then wy,ws,...,ws belong to the column space of A, so that they belong

to the column space of AR. It follows that there exist vectors

21,29, ..., 25 € FEX1
such that
w; = Ax; = ARz; for 1 <i<s.
Consequently
yi = ARLAxz; = ARLw; = ARLARz; for1<i<s
as well.

-~

Once again, since rank(A) = rank(A) = rank(LAR),

rank(A) = rank(LAR) < rank(LA) < rank(A)

so that rank(LA) = rank(A). It follows that the matrices LA and A have the same right null space:

For any vector v € F™*!,

LAv =0 S Av = 0.

This can be used to establish that if k£ > 0 and vy, va, ... v, € F™*! then
LAvy, LAvs, ..., LAuv; are linearly independent
if and only if

Avq, Avg, . .., Avy are linearly independent.

In particular, this is the case if k = s and v; = RLARz; for 1 <i < s. That is, since Av; = ARLARz;

yi for 1 <1 <k,
Ly, Lys, ..., Lys are linearly independent,
because
Y1,Y2,---,Ys are linearly independent.

It remains only to note that

Ly, = LARLARz; = 2221- for 1 <i<s.

We have now established that the vectors
2{221,2222,...,;{225
are linearly independent, implying that

rank(A) > s = rank(ARLA),

as required to complete the proof.
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Lemma 3.8. Let A € F™™ be a matriz with rank r, and let L € F™™ be any matriz such that rows
c+1,c+2,...,r of LA are linearly independent and the submatriz of LA including rows

1,2,...,r and min(n,m) + 1, min(n,m) + 2, ..., min(n,m) + ¢

has rank r.

Fm><€

Suppose that the matrix R € is randomly selected as described on page 14.

Then, for any integer i > 0, the probability that the matric ARLA has rank less than r — i is at most
gl
qg—1

c

+ N'"ma,

Proof. Since A has rank r, there exists a permutation matrix P € F™*™ such that the leftmost r columns
of the matrix AP are linearly independent. There is therefore a set

SC{L2,...,n}

of size r such that the r x r submatrix of AP, including the rows in S and the leftmost r columns, is
nonsingular. The r X m submatrix of AP that includes the rows in S therefore has the form

4 <

where A € F™" is a nonsingular matrix and where B € F™("="),

Suppose L has the properties given above. Then there exists a permutation matrix Q € F*¢, with
(i,7)™ entry Qi j for 1 < 4,5 < ¥, such that Q;; = 1 for ¢+ 1 <1 < r and such that the top r rows of
the matrix QLA are linearly independent. There is therefore a set

TC{1,2,...,m}

of size r such that the r x r submatrix of QLA including the top r rows and the columns in T is
nonsingular. The ¢ x r submatrix of QLA that includes the columns in T therefore has the form

A
D
where A € F™*" is a nonsingular matrix and where D € F

(b—r)xr )

Notice that
ARLA = AP - (PT'RQ™)(QL)A

and — since P and () are permutation matrices, and @;; = 1 for ¢ +1 < 7 < r — the matrices R
and P~'RQ! are chosen using the same probability distribution. Consequently,

PlRQ! = [

where Ry € F'™*", Ry 5 € FPXU7) Ry g € FIM=XT Ry € Fm=1)X(=1) "and where the matrix Ry € F"™ "
is randomly chosen using the probability distribution described on page 15.
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Let us now consider the r x r submatrix of ARLA that includes the rows in S and the columns in 7.
This matrix has the form
~ Ry Ris] [A
icl 20
[ [32,1 RzJ [D]

R()A\ + R1,2D
R2,1A + RQ,QD

= ER[)A\ + ERLQD + CRQJA\ + CRQ,Q.D
- (ZRO n B) A

:[g C].

where

B = /NlRLQDA\_l + CRQJ + CRZQDA\_I e Fx",

Fix any choice of values for the entries of the matrices Ri2, Ra 1, and Ra2; then the entries of the
above matrix B € F™*" are fixed as well. Since Ry is chosen using _the above-mentioned probability
distribution, it follows by part (c) of Corollary 3.3 that the matrix ARy + B has rank less than r — ¢
with probability at most -

q —1

4 N,
qg—1

Since the matrix A is nonsingular, the matrices A\Rl’l + B and A\RM +B) - A have the same rank.

Since the latter matrix is a submatrix of ARLA, it follows that ARLA has rank less than r — i with

probability at most
1—i
q
q—1

as well. O

c

+ N

Theorem 3.9. Let A € F"*™ be a matriz with rank r.

Suppose the matrices L € FOX™ and R € F™<¢ are randomly chosen as described in Section 3.4.1, and

that A = LAR.

(a) The probability that i or more of the invariant factors of A are divisible by x2 is at most

2—1 —c N

2 _e

A + 9N "me,
q—1

(b) The expected number of invariant factors ofg that are divisible by x° is at most

2 2Ng ¢ _z
(qzl)2+ q_ql 2N

Proof. Let C denote the condition that rows ¢+1,c+2,...,r of the matrix LA are linearly independent
and the submatrix of LA including rows

1,2,...,r and min(n,m) + 1, min(n,m) + 2,...,min(n,m) + ¢
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has rank r. This event depends on L, but not on the choice of R, and it follows by part (a) of Theorem 3.6

that 0
q 1- -2
N " Ingq, .
g—1 + q (3.6)

On the other hand, it is easily established by Lemma 3.8 that

Prob (=C) <

1—: s
Prob (C A (rank(ARLA) < r — i)) < qq_ -+ N

for any integer ¢ > 0, because the above quantity bounds the probability that the rank of ARLA is less
than r — i for any choice of the matrix L such that condition C holds. Since the rank is an integer value,
it is less than r — ¢ if and only if it is less than or equal to r — (i +1) =7 — ¢ — 1. Thus

q2—i

qg—1

Prob (C A (rank(ARLA) < 1 — i) < 4 N'ma (3.7)

Notice that if the condition C holds, then the number of invariant factors of A that are divisible by z?
is

rank(g) - rank(ﬁQ ) <r— 1"amk(ﬁ2 )
=r —rank(ARLA) (by Lemma 3.7).

Thus the number of invariant factors of A divisible by 22 can only be greater than or equal to i, when
the condition C holds, if the rank of ARLA is less than or equal to r —i. It therefore follows, using
Equations (3.6) and (3.7), that the probability that A has at least i invariant factors divisible by 2 is
at most - . .

TR oy,
q—1

as required to establish part (a).

Now let X be the number of invariant factors of A that are divisible by x2, so that X is an integer-valued
random variable that can assume values
0,1,...,r

Then the expected value of X is

E[X] = zr:Prob (X >1)
=1
- i(Pmb (CAX >4) + Prob (=C A X > 1))
=1
< i(Prob (CAX > i)+ Prob (=C))

=1

= Prob(CAX>1i)+r-Prob(=C)

i=1

< i ¢ N A I (by Equations (3.6) and (3.7))
B =1 q— 1 q— 1 | |
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2—1 = —c -
—_< 2 <
<S> LNt T N
— g —1 q—1
i>1
2 —c -~
q 2rq 1—. &
= + +2rN™ Ing
(¢=1)*  q-1
2 —c =
q 2Nq 9_ 2. .
< + + 2N g (since 7 < N)
(=12 q¢-1
as required to establish part (b). O

3.4.5 Bounding the Number of Invariant Factors That are Not Powers of =

Next consider the number of invariant factors of A that are not powers of x. Suppose that there are k
such factors, so that the first k invariant factors of A are

Ji, fo, s fr

where f; is divisible by f;4+1, for 1 < i < k — 1, and where f; has a nonzero root, A, in some extension
of F. Then A is a root of f; as well, for 1 <1¢ < k.

It follows that the Jordan form of A (over a suitable extension of F) includes k blocks with eigenvalue A,
and that the matrix R
A— A

has nullity k. We will use this observation to bound the number of invariant factors that are not powers
of x.

Suppose, for the rest of this section, that E is an algebraic closure of the finite field F.
Lemma 3.10. Let A € F'*" be a nonsingular matriz, and that B € E"™".
Let ¢ be an integer such that 1 <i <.

Suppose that Ry € F™*" is a matriz whose i column is chosen as described for the probability distribution
on page 15. Let B
D e ARy + B e E™".

Then the probability that column i of D is a linear combination of columns i+ 1,71+ 2,...,r is at most
q_i + N _ﬁ )

Proof. This can be established using a straightforward modification of the the proof of part (a) of
Lemma 3.2 and Corollary 3.3 — which correspond to the case that the above matrix B has elements in
the field F.

In the original proof, (after restricting attention to the special case that A is the identity matrix) one
supposes that the submatrix D; consisting or rows

i+ 1,i4+2,...,r

of D has rank s;. Then, after choosing values for all but r — s; of the entries in column i of Ry we
observe that there is exactly one choice of the remaining values (in F) for the remaining r — s; entries
in column ¢ such that the i*" column of D is a linear combination of columns i + 1,7 +2,...,7r.
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In order to prove the above result one works in almost the same way: One chooses values for all but
r — s; of the entries in column i of Ry. There is now exactly one choice of the remaining values —
in the extension E — for the remaining r — s; entries in column 7 such that the i*" column of D is a
linear combination of columns i + 1,7 + 2,...,7r. If any of the remaining values (to be assigned) lie
outside of F, then it is impossible to complete the choice of column i of Ry, in such a way that the 0
column of D is a linear combination of columns i + 1,7 4+ 2,...,r. Otherwise (the remaining values to
be selected lie in F) the probability that the values are selected in the required way can be bounded
using the argument given in Lemma 3.2.

To complete the proof, one removes the assumption that A is the identity matrix using the same
argument as is used in the proof of Lemma 3.2. U

Lemma 3.11. Let A € F*™™ be a matriz with rank r and let L € F™™ be a matriz such that rows
c+1,c+2,...,r of the matrix LA are linearly independent and the submatriz of LA including rows

1,2,...,7 and min(n,m) + 1, min(n,m) + 2,..., min(n, m) + ¢

has rank r.

Suppose the matric R € F™*¢

tion 3.4.1.

is randomly chosen using the probability distribution described in Sec-

Let i be an integer such that 1 < i < r. Then the probability that the matric LAR has i or more
wvariant factors that are not powers of x is at most

2—1 z
: +(r—i+1)2N T,

(r—it+1)2

Proof. Suppose that L is as described in the above claim. Then there exists a permutation matrix
P e F™ with (i,7)™ entry P, j for 1 <i,j < ¢ such that Pj; = 1if ¢+ 1 < i < min(n,m) and such
that the top r rows of the matrix PLA are linearly independent. One can see, by inspection of the
probability distribution described in Section 3.4.1, that the matrices R and RP~! are chosen using the
same probability distribution.

Since the matrices LAR and PLARP™! are similar, they have the same invariant factors.

It follows that — replacing matrices L and B with the matrices PL and RP~!, respectively — we may
assume without loss of generality that the top r rows of the matrix LA are linearly independent.

In this case, there exists a permutation matrix @ € F™*" such that the top left r x r submatrix of LA
is nonsingular. Note that, since Q! is also a permutation matrix, the i*® column of the matrix Q'R
is chosen using the same probability distribution as the i*" column of R. Clearly

LAR = LAQ-Q7'R.

It follows that — replacing matrices L and R with LQ and Q' R, respectively — we may now assume
that the top left r x r submatrix of LA is nonsingular.

We may therefore write LA as
A Aig

LA =
Ag1 Azp

(3.8)

where 2171 € F™*" is nonsingular, and where Zl,g e Frx(m=r) gg,l € F=x7 and ng,g e Flt=r)x(m=r)
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Note that

Ry Ry
R = ’ 3.9
|:R2.1 32.2] (39)

where Ry € F™*" is randomly chosen using the probability distribution given on page 15, and where
Ris € Fr><(€—r)7 Ry € F(m—r)xr’ and Ry € F(m—r)x(t=r)

Let B € F™*" be the top left » x 7 submatrix of LAR. Then if follows by the decompositions given in
equations (3.8) and (3.9), above, that

e e R, A A X7
B = [Al,l ALQ] . 0] = A171R0 + ALQRQJ € Frxr. (310)
Ry

)

Consequently if A is an element of an algebraic closure E of F then the top left » x r submatrix of
LAR — M\, is N N
B — )\, = A1,1R0 + (A172R271 — )\Ir).

Suppose that ¢ > 2, and recall that if B has ¢ or more invariant factors that are not powers of x, then
there exists a nonzero element \ of E such that

rank(B — A\I,) <r —i. (3.11)

Let B; € Fr*("=J) denote the submatrix of B that includes columns J+1,j+2,...,r,and let [, ; €
F7*("=J) denote the submatrix of the r x r identity matrix I, that includes columns j + 1,7 +2,...,7.
Then condition (3.11) clearly implies that

rank(Bi_g - )\Ir,i—2) <r-— 1 (3.12)
as well.

With this in mind, for 2 < i < r+ 1, let p; denote the probability that there exists a nonzero element A
of the algebraic closure E such that

rank(Bi_g — /\Ir,i—Q) <r-— 7.

Clearly
pT+1 - 07 (313)

since it is impossible for the matrix B;_s — Al ;_2 to have a negative rank for any choice of A.

Suppose now that 2 < ¢ < r and that there does not exist any nonzero element \ of E such that
rank(Bi,l — )\Ir,ifl) <r-— 7 — 1.

Let Cj_q € Fr—+)x(r=i+1) 116 the submatrix of B;_; that includes rows 4,5+ 1,...,r; then C;_1 is also
the bottom right (r — i+ 1) x (r — i + 1) submatrix of B.

Let f;—1 be the characteristic polynomial of C;_;. Then f;_; is a nonzero polynomial with degree
r—i+ 1.

Consider any element A of E. Clearly, either A is a root of f;_1 or it is not; these cases will be considered
separately.

First consider the case that A is not a root of f;_1. In this case, the matrix

Ci1 — M,y € EU—iFx(r=ixD)
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is nonsingular. Since this is the bottom submatrix of the r x (r — i+ 1) matrix B;_1 — Al ;—1, it follows
that
rank(Bi_l — )\17»71'_1) =r—1+1.

Since B;_1 — Al ;—1 is the submatrix of B;_a — Al ;_o containing the rightmost » — ¢ + 1 columns, it
follows that
rank(Bi,g - )\Iy-’i72) >r—i+1

as well. Thus condition (3.12) cannot be satisfied in this case.

Next consider the case that A is a root of f;_1, and recall the assumption that
rank(B;—1 — Al ;—1) > r —i.
If rank(B;—1 — Al j—1) > r —i+1 then, as noted in the discussion of the previous case, this implies that
rank(Bj_g — A, j—2) >r—i+1
as well, making condition (3.12) impossible. It is therefore sufficient to consider the case that
rank(B;—1 — Al i—1) =1 — 0.

It would follow in this case that condition (3.12) is satisfied, for this choice of A, if and only column i —1
of the matrix B N
B— )\, = Al,lRO + (A172R2’1 — /\Ir)

is a linear combination of columns i,7 + 1,...,7 of this matrix. Applying Lemma 3.10 (for any choice
of entries of column ¢ — 1 of the submatrix Rs 1), we see that this probability of this is at most

¢+ Nﬁﬁ.

The polynomial f;_; has at most r — ¢ + 1 roots. Over-approximating the probability of the union of
events by the sum of the probabilities of the events, we may now conclude that

Pi <piy1+(r—i+1) (ql_i—l-N_ﬁ) (3.14)

for any integer ¢ such that 2 <7 <.
Using equations (3.13) and (3.14), it is easily established by induction on r — 4 that if 2 < ¢ < r then

2—i -
[ =i+t 1)2N " Ia, (3.15)

piS(r—Hl)qq_

To conclude, recall the assumption that the top r X r submatrix /LJ of LA is nonsingular. The
matrix LA must then have rank r, since A does. It follows that if LA is as shown in equation (3.8), and

X = —12(271;41_7% S F(ffr)xr7

then
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_ {Ir 0 ] , Ain Apg
X D] |Ag1 Aso
_ Ay Apg
0 0 |’

since the choice of X ensures that the bottom left (¢ — r) x r submatrix of this product is zero, and
since the right (¢ — r) columns are linear combinations of the left  columns.

Applying the decomposition of R in equation (3.9) as well, one finds that

'[Ro R172:|
Ry1 Raal’

Ay A

LAR =
Axp Ago

so that

%171 %1.2

Ag1 Asp

_ (A1 Aip] [Ro R
L 0 0 Ra1 Rap

B C

o o0

Ro1 Rop

)

[ 07
B _X Iy,

' [Ro R1,2:|

)

where B is the top left £ x ¢ submatrix of LAR and where C' € F™*~7) is the top right r x £—r)
submatrix of LAR.

Consequently, if A is a nonzero element of E, then

B — I, 0

I 0 B
[ ]-(LAR—)JZ)—[_)\X NG

X Iy
and, clearly,
rank(LAR — \y) = rank(B — A\I) +{ —r.
It follows that rank(B — AI,) < r — i if and only if rank(LAR — A\;) < { — .

Consequently, if L has the properties described in the claim, and R is randomly chosen as described,
then the probability that LAR has ¢ or more invariant factors that are not powers of x is the same as the
probability that B does. Since this probability is at most p;, the claim now follows by inequality (3.15),
above. O

Theorem 3.12. Let A € F*™*™ be a matriz with rank r.

Suppose the matrices L € FOX" and R € F™¢ are randomly chosen, as described in Section 3.4.1. Let
A= LAR.

(a) Suppose i is an integer such that 2 < i < r. Then the probability that A has at least i invariant
factors that are not powers of x is at most
(r—i+1)¢* " +2¢°°
qg—1

+(r—i+2)N'""ma.
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(b) The expected number of invariant factors szzl\ that are not powers of x is at most
2rq° -
log, 7+ 4+ e + 2N T,
q—1

Proof. Let fac(LAR) denote the number of invariant factors of the matrix LAR that are not powers
of z.

Consider the condition C that rows ¢+ 1,¢+ 2,...,r of the matrix LA are linearly independent that
the (r + ¢) x m submatrix of LA that includes rows

1,2,...,r and min(n,m) + 1,min(n,m) + 2, ..., min(n,m) +r

has rank r. This event depends only on the choice of the matrix L, and it follows by part (a) of

Theorem 3.6 that
2q~° a

Prob (-C) < o N'"ma, (3.16)

On the other hand, it follows by Lemma 3.11 that

2—1 z
C (it 12N ma, (3.17)

Prob (C Afac(LAR) > i) < (r —i+1) qq_

because the above quantity bounds the probability that LAR has at least ¢ invariant factors that are

not powers of x, for any choice of the matrix L such that condition C holds.

Since
Prob (-C Afac(LAR) > i) < Prob (=C),

it follows by inequalities (3.16) and (3.17) and the fact that

1— ¢

(r—i+1)>2N " < (r—i+1)N'"ma,
that if 2 <4 <r then

Prob (fac(LAR) > i) = Prob (C Afac(LAR) > i) + Prob (=C Afac(LAR) > i)

< (r—i+ l)qz_i +2qg~¢
< g1

F(r—i+2)N' ",

as required to establish part (a).

The number of invariant factors fac(LAR) is an integer-valued random variable that can assume values
between 0 and r. Thus

E[fac(LAR)] = i Prob (fac(LAR) > 1)

=1
Llogqr—i-SJ r
< Y Prob(fac(LAR) >i)+ Y Prob(fac(LAR) > i)
i=1 = ]'logq r+3]
[log, r+3] r
= Y Prob(fac(LAR)>i)+ Y Prob(C Afac(LAR) > i)
i=1 i=[log, r+3]
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+ > Prob(~C Afac(LAR) > i)
i=[log, 7+3]

- Sl + S2 + S37

where
[log, r+3]
Sl = Z Prob (faC(LAR) > Z) )
i=1
Sp= Y. Prob(C Afac(LAR) > i),
i=[log, r+3]
and

S3 = Z Prob (-C Afac(LAR) >1i).
i=[log, 7+3]

We will continue by bounding each of Sy, S, and S35 separately.
Clearly

[log, 7+3]
Sy= Y  Prob(fac(LAR) > i)
i=1
[log, 7+3]
oo
i=1
= [log, r + 3]
<log,r + 3.

IN

Inequality (3.17) can be used to establish that

Sp= Y Prob(C Afac(LAR) > i)
i=[log, r+3]
r 2—1

> <(r—z‘+1)q

i=[log, r+3] q—1

IN

+(r—z’+1)2N‘nﬁ>

r

2 ~
rq —i 2N " Thg
STo1 Y.« + > ((7‘—2)qu)
i>[log, 7+3] i=[log, 7+3]
2 1—[log, 7+3] s
<ML T (93N

_q—l. qg—1
1

<1+ (r—2)>2N'""ma.
Finally, inequality (3.16) can be used to establish that

S3= Y Prob(=C Afac(LAR) > i)
i=[log, r+3]

33



r

< > Prob(-Q)

i=[log, r+3]
< (r —2)Prob (=C)
2(r —2)q—°¢ _e
g_ﬁ?t%;ﬁ%r—lemQ
2rq—° _e
- qrz1 +(r—2)N'"

The sum of the above bounds for S, S3, and S3 is less than or equal to
2rq—° _e
log,r+4+ - + 2N g,
q—1

as required to establish part (b). O

3.4.6 Conclusion

An invariant factor of the matrix A is nontrivial if and only if it is divisible by 2, or it is not a power
of . The maximum value of nonnegative integer-valued random variables is always less than or equal
to the sum of their values, so that the expected value of the maximum is less than or equal to the sum
of the expected values.

The next result is therefore a straightforward consequence of Theorems 3.9 and 3.12.
Theorem 3.13. Let A € F™*™ be a matriz with rank r.

Suppose the matrices L € F™*™ and R € F™*¢ are randomly chosen, as described in Section 3.4.1. Let
A= LAR.
(a) If 2 < i < r then the probability that A has i or more nontrivial invariant factors is at most

(r—i+2)¢ +4q~
qg—1

4 (r—i4+ 4N "

(b) The expected number of nontrivial invariant factors of A is at most

—C

—+ (2N + PN

4N
log, 7+ 8+ g
q—

Let

~ 3 if g =2,

= { [3lng] otherwise,
and let ¢ = [2log, N]. It is easily checked that condition (3.4) is satisfied.
We are not interested in small systems of equations; suppose that N > 6.

In this case, it follows by Theorem 3.6 that

Prob (rank(A\) #+ rank(A)) < % <

2
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Theorem 3.9 can be used to establish that the probability that A has at least i invariant factors divisible

by z? is at most
q27i

+4N"2,

q—1

so that, in particular, this probability is at most % ifi =4 and N > 4. The expected number of invariant
factors that are divisible by 22 is at most 4 + % < 5, since N > 6.

It follows by Theorem 3.13 that the probability that A has i or more nontrivial invariant factors (for

i > 2) is at most

Tq27i

q—1

+(r—i+8)N72

and, since N > 6, the expected number of nontrivial invariant factors is at most

log, r + 10.

A straightforward modification of an analysis of Wiedemann [15] establishes that, with high probability,
L and R are sparse: The expected number of nonzero entries in each is in O((n + m)(log N)?).

Suppose that a given matrix A is conditioned, as described above, to produce a matrix A e Ftxt , and
the Monte Carlo algorithm for matrix rank described in Sections 3.2 and 3.3 is then applied. An analysis
of this computation leads to the following.

Theorem 3.14. Let A € F™*™ be a matriz over a finite field F and let N = max(n,m).

Then the rank r of A can be computed using a Monte Carlo algorithm such that the expected number of
matriz-vector products by A or by Al is linear in v, the expected number of additional operations over F
is in O(Nr(log, N)?), and the expected amount of storage space required is in O(N (log, N)?).
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