
Lecture #7: Regular Operations and Regular Expressions

Key Concepts

Regular Operations

This lecture introduced the regular operations (union, concatenation, and Kleene star) on

languages. Let Σ be an alphabet and let A,B ⊆ Σ⋆, so that A and B are languages with

alphabet Σ.

• The union of the languages A and B is the language

A ∪B = {ω ∈ Σ⋆ | ω ∈ A or ω ∈ B (or both)}.

• The concatenation of the languages A and B is the language

A ◦B = {ω1 · ω2 | ω1 ∈ A and ω2 ∈ B}.

• The Kleene star of the language A is the language

A⋆ = {ω1 · ω2 . . . ωk | k ≥ 0 and ωi ∈ A for 1 ≤ i ≤ k}

This language is also, sometimes called the Kleene closure of A — or the star of A.

Closure Properties

A closure property for a set S of languages over an alphabet Σ, is a property stating — for an

operation on languages over Σ — that if the operation is applied to languages that all belong to

the set S, then the result is a language that belongs to the set S, as well. The following result

describes several closure properties for the set of regular languages.
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Theorem 1. Let Σ be an alphabet, and let A,B ⊆ Σ⋆.

(a) If A and B are regular languages then A ∪B is a regular language, as well.

(b) If A and B are regular languages, then A ◦B is a regular language, as well.

(c) If A is a regular language then A⋆ is a regular language as well.

Regular Expressions and Their Languages

Let Σ be an alphabet that does not include any of the symbols

λ, ∅,Σ, (, ),∪, ◦, ⋆

and let

Σregexp = Σ ∪ {λ, ∅, “Σ”, (, ),∪, ◦, ⋆}

so that Σregexp incudes a copy of the symbol, “Σ”, that we are also using as the name of the

language we are starting with.

A regular expression over the alphabet Σ is a kind of string of symbols, in Σ⋆
regexp, as

defined by the following list of seven rules — and he language of a regular expression, over

the alphabet Σ, is a subset of Σ⋆ that is defined as follows, as well.

1. For every symbol σ ∈ Σ, the string σ, with length one in Σ⋆
regexp is a regular expression

over Σ. The language, L(σ), of the regular expression σ, is the set {σ}.

2. The string λ, with length one in Σ⋆
regexp, is a regular expression over Σ. The language,

L(λ), of the regular expression λ, is the set {λ}.

3. The string ∅, with length one in Σ⋆
regexp is a regular expression over Σ. The language,

L(∅), of the regular expression ∅, is the set ∅.

4. The string Σ, with length one in Σ⋆
regexp, is a regular expression over (the alphabet) Σ.

The language, L(Σ), of the regular expression Σ, is the finite set Σ.

5. If R1 ∈ Σ⋆
regexp and R2 ∈ Σ⋆

regexp are regular expressions over Σ then the string

(R1 ∪ R2 ) (1)

(of symbols in Σregexp) is a regular expression over Σ. The language L(R), of the regular

expression R at line (1), is the set

L(R1) ∪ L(R2).
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6. If R1 ∈ Σ⋆
regexp and R2 ∈ Σ⋆

regexp are regular expressions over Σ then the string

(R1 ◦ R2 ) (2)

(of symbols in Σregexp) is a regular expression over Σ. The language L(R), of the regular

expression R at line (2), is the set

L(R1) ◦ L(R2).

7. If R1 ∈ Σ⋆
regexp is a regular expression over Σ then the string

(R1 )
⋆ (3)

(of symbols in Σregexp) is a regular expression over Σ. The language L(R), of the regular

expression R at line (3), is the set

L(R1)
⋆

Theorem 2. Let Σ be an alphabet that does not include any of the symbols “λ”, “ ∅”, “Σ”, “ (”,
“ )”, “∪”, “ ◦”, or “ ⋆”, and let L ⊆ Σ⋆.

Then L is a regular language if and only if there exists a regular expression R, over the

alphabet Σ, such that L = L(R).
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