CPSC 351 — Tutorial Exercise #7
Even More Practice Problems

These problems will not be discussed during the tutorial, and solutions for these problems will
not be made available. They are intended to give you practice working with multi-tape Turing
machines. Thus they give you applying material introduced in Lecture #7 that you did not use
when solving problems in Tutorial Exercise #7.

Practice Problems

Consider a component of a 3-tape Turing machine, with input alphabet ¥, = {0, 1, #}, tape
alphabet T = {0, 1,#,0, i,#,l_l}, and, and with transitions as shown in Figure 1 on page 2.
In order to keep the picture simpler, the halt state is shown in the diagram as “qg” instead
of gnat. Transitions out of rg, 71, 79, 73, 74 Or r5 that are not shown will never be used (for
the computation being considered) but should go to the halting state, without changing the
contents of tapes or positions of tape heads.

1. To begin, suppose consider an execution of this component that begins with the Turing
machine in state r, with 01 on the first tape, with the tape head pointing to the copy
of “1”, with 0 on the second tape, with the tape point pointing to the copy of “LI” imme-
diately to the right of the “0” on the tape, and with third tape head filled copies of “L”
and the tape head pointing to the leftmost cell — so that the Turing machine is in the
configuration represented by the string

Orolﬁoroﬁro

Show that, after a finite number of steps, the execution halts, with all tape heads filled
with copies of “LI” and with all tape heads pointing to the leftmost cells of the tapes.

2. Consider an execution of component in Figure 1 that begins with the Turing machine in
a configuration represented by a string

“LTo PR § 270 § 13 To



F

A C
N
1
OSNGS

For all o € ¥pair, 0(r0,0,U, L) = (ro, (0,R), (L, S), (L, S))

d(ro, U, U, 1) = (r1, (L, L), (L, S),(,S))

Forall o € ¥pqir, 0(r1,0,U,L) =

Forall o € {0,1,#}, 6(r1,0,U,U
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Figure 1: Component of a 3-Tape Turing Machine

where 7, begins with either O or 1 and all other symbols in i, and pg are in Xpg;, either
1o begins with one of 0 or 1 and‘ all the other symbols in uy are in {0,1}, or ps = A,
and either 3 begins with one of 0 or 1 and all the other symbols in u3 are in {0,1}, or
H3 = A

(a) Briefly explain why pur,ro g § p2mo § o B pir pr 7o § 270 § 143 70-
(b) Briefly explain why iy, piro § pamo § pgro F* 72 § para | 3 ra.

(c) Briefly explain why ro ff oo ff 3o F* rg i ra § g ry.
(d) Briefly explain why r4 § 74 # 11374 = Ghatt § ghatt  Ghat-

It follows from this that this component can be used to continue from a configuration

HLTo R B 270 § p3 70

— with ur, pr, po and ps as described here — to the end of a computation in which the
empty string is returned as output.



Consider, now, another component of a Turing machine that is as shown Let us consider, now,
another component of a “binary addition” Turing machine, that is as shown in Figure 2 on
page 4 — where §(qo,U,U,J) = (ghat, (L, S), (L, S), (U,S)). In order to keep the diagram
simple, transitions, to the component in Figure 1 are not shown — and these are as follows:

8(qo, #,1, ) = (ro, (#,R), (1, 8), (1, S)).

For all o € {0,1,U}, 6(s1,0,U,U) = (ro, (0,9), (L, S), (L, S)).
8(s2, U, L, L) = (ro, (U, 8), (L, 8), (L, S)).

For o € {#,U}, d(s3,0,U,U) = (rg, (0,9), (LU, S), (,S)).
Forall o € {0, 1,#}, 0(s4,0,U) = (19, (0,9), (L, S), (L, S)).
d(ss, #,U,U) = (ro, (#,R), (L, S), (L, S)).

Some of these transitions might be followed w either has at least two copies of “#” or does not
include any copies of this symbol. Others are followed when w = p#v for u € {0,1}* and
v € {0,1,#}*, but at least one of 1 or v begins with “0” and has length at least two.

3.

4.

Show that gow 8 qo # g0 F* ghait § ghait § ghart, for w € {0, 1,#}*, in each of the following
cases.

integer.

(9) w = u#0c, where p is the unpadded binary representation of some non-negative
integer, and « is a non-empty string in {0, 1, #}*.

(h) w begins with u#1, where p is the unpadded binary representation of some non-
negative integer, but w includes at least two copies of “#”.

Note that if none of the above cases hold, then w = p# v, where pu,v € {0,1} are the
unpadded binary representations of a pair of non-negative integers.

Suppose, next, that w = u # 1, where p and v are the unpadded binary representations
of a pair of non-negative integers. For a non-empty string
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5((]0, 0,L, I—l) = (81, (Ov R)’ (Ov R)’ (I—l’ S))
6(317 #, L1, l—]) - (337 (#7 R)? (U7 S)? (|—|7 S))
6(go, 1,1, 1) = (s2, (1,R), (1,R), (U, 8))
Forall o € {0,1}, 6(s2,0,U,) = (s2,(o,R), (o,R), (L, 8))
O(s2,#,U,1) = (337 (#,R), (U, S), (|—|7 S))
5(33, 0,L, I—l) = (84, (Ov R)’ (I—l’ S)v (Ov R))

5(34, L, L, I—l) = (567 (I—lv S)’ (I—l’ S)’ (I—l’ S))

d(s3, 1,U,U1) = (ss5,(1,R), (L,S),(1,R))

Forall o € {0, 1}, §(s5,0,U,1) = (s5, (0, R), (U,S), (¢,R))
d(ss5, L, L, L) = (se, (U, S), (,8),(L,S))

d(se, U, L, L) = (s7, (U,L), (,8),(,8))

Forall o € {0, 1,#}, 0(s7,0,U,11) = (s7, (U,L), (L, S), (,S))
Forall o € {0,1}, §(s7,0,,1) = (ss, (L,S), (U, L), (L, S))
Forall o € {0,1}, 6(sg,U,0,U1) = (ss, (L, S), (o,L), (L, S))
Forallo € {0,1}, 6(sg, U, 0,U) = (s9, (,8), (,9), (U, L))
Forallaw € {0,1} and for all 8 € {0,1}, 6(s9, U, av, B) = (s9, (U, 8), (a,S), (8,L))
For all o, 5 € {0,1}, (s9,U, &, B) = (¢1, (L, 8), (e, 8), (5, S))

Figure 2: Another Component of a 3-Tape Turing Machine

with length ¢ > 1 (and with a1, g, ..., ap € {0, 1}, let

CM:dlag...Ozg

— so that the leftmost symbol, o, has been replaced in {;; by the corresponding “dotted”
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symbol, ¢, and no other symbols have been changed.

(@) Show that go u# v 4§ qo f qo F* par #s3v § puar s3 f s3.

(b) Showthat ups#ssv ff puarss s3> puar#vse f unr se ft var Sg-
(c) Show that pups #v 56t par st var s¢ H* ss B s ss f Vs Ss.
(d) Show that sg # pas sg § var sg > sg 1 sg uas tf vas Sg.

(e)

e) Show that sg § sg pio f var So F* g1 gt q1 v
Note that it now follows that go p#v g1 § g1 8 q1 v.

5. Use the above to show that the these components correctly implement step 1 of the
algorithm for the addition of binary numbers that is discussed in the presentation for
Lecture #7.



