Lecture #15: Many-One Reductions
What Will Happen During the Lecture

Goals of this lecture presentation will be to help students understand many-one reductions,
how to show that these exist, and how to use these reductions to prove that languages are
undecidable — or unrecognizable.

Problems To Be Solved

1. Consider the alphabet
¥p=1{0,1,2,3,4,5,6,7,8,9}.
Letog = 0,01 = 1, 09 = 2, 03 = 3, and so on (so that, for each integer ¢ such that
0 <i <9, 0;is the symbol in Xp that we generally use to represent ¢). Recall that, for
every positive integer n, there is an unpadded decimal representation of n, consisting
of an integer & > 0 and digits dy,ds,...,d, € {d € N|0 < d <9} suchthatd; > 1and

k
n=> dyx10".
=0

The unpadded decimal representation of n is the string 04,04, , ...04,04,, @ string
in X7, with length & + 1.

For example, if n = 312 then the unpadded decimal representation of n consists of
the integer k = 2 and the digits dy = 2, d; =1 and ds = 3 — since d, = d2 > 1 — and

312 =2x 10+ 1 x 10" + 3 x 10?

— and the unpadded decimal representation of n is the string 312 — a string in X7,
with length k£ 4 1 = 3.

"Describing this can be tricky, because we are so used to working with the “unpadded decimal representations”
of positive integers that it might not be easy to see the difference between the unpadded decimal representation of
the positive integer n — which is a non-empty string in X7, — and the integer n, itself.



In order to have “unpadded decimal representations” of all natural numbers — including
zero — we generally define the unpadded decimal representation of zero to be the
string 0 — a string in X7, with length one.

Let Unpad C X7, be the set of unpadded decimal representations of natural numbers.
This is certainly a decidable language — indeed, it is even a regular language — be-
cause this is just the union of the set of all non-empty strings in X7, that do not begin
with 0, and the set {0}.

A (possibly) padded decimal representation of a natural number n is any string in X7,
that is the concatenation of a string of zero more 0’s and the unpadded decimal repre-
sentation of n. Thus the padded decimal representations of zero include the strings
0° for every positive integer i, and the padded decimal representations of the natural
number 312 are the strings of the form 07312 for every non-negative integer ;.

Let Pad C X7, be the set of (possibly) padded decimal representations of natural num-
bers. This is also certainly a decidable language — indeed, it is even a regular language
— because this is just =}, = ¥%, \ {A}, that is, the set of all non-empty strings in X%,

Now let S C N. This can be used to define two languages, that are each subsets of ¥7,:

* Ug C Unpad is the set of all unpadded decimal representations of numbers n €
S.

+ Pg C Pad is the set of all padded decimal representations of numbers n € S.

For example, if S1 = 0 C N then Us, = Ps, = 0 C X}. On the other hand, if
Sy = {312} C Nthen s, = {312} C Unpad and Ps, = {07312 | j € N} C Pad.

We will prove that /s < Ps (for every subset S of N).

. The lecture notes introduced a language HALTTy € TM+l and a proof that

HALTtMm =m Atm.

We will consider at least one attempt to prove that Aty is many-one reducible to HALT1y
as well — in order to discuss at least one mistake that many students make, when
they try to give many-one reductions, and which you should watch for and avoid.



