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Proving That ATM is Undecidable

Claim. The language ATM is undecidable.

How To Prove This:



On input µ ∈ Σ⋆
TM:

1. if (µ ∈ LTM) {

Let M = (Q,Σ,Γ, δ, q0, qaccept, qreject) be the Turing machine that is en-

coded by µ.

2. if (Σ = ΣTM) {

3. if (M accepts µ) { // Does M accepts its own encoding?

4. reject µ

} else {

5. accept µ

}

} else }

6. reject µ

}

} else {

7. reject µ

}

Figure 1: Algorithm Used to Get a Contradiction

Details of Proof:

Suppose, to obtain a contradiction, that the language ATM is decidable. Consider the algorithm

shown in Figure 1.

Subclaim: There exists a Turing machine MD that implements the algorithm in Figure 1.

Explanation:



It follows that there exists a string µD ∈ Σ⋆
TM that encodes the Turing machine MD.

What Happens When MD is Executed on its Encoding, µD?





Proving that AC
TM is Unrecognizable

Claim. The language AC
TM is unrecognizable.

How To Prove This:



On input µ ∈ Σ⋆
TM:

1. integer i := 1

2. while (true) {

3. if (MYes accepts µ after taking at most i steps) {

4. accept µ

5. } else if (MYes rejects µ after taking at most i steps) {

6. reject µ

}

7. if (MNo accepts µ after taking at most i steps) {

8. reject µ

9. } else if (MNo rejects µ after taking at most i steps) {

10. accept µ

}

11. i := i+ 1

}

Figure 2: Another Algorithm Used to Get a Contradiction

Details of Proof:

Suppose to obtain a contradiction, that AC
TM is recognizable.

• Since ATM is recognizable (because it is the language of a universal Turing machine)

there exists a (standard) Turing machine MYes such that L(M) = ATM.

• Since AC
TM is also recognizable (by the above assumption) there is also a (standard)

Turing machine MNo such that L(M) = AC
TM.

Consider the algorithm shown in Figure 2.



What Happens When This Algorithm is Executed on µ, when µ ∈ ATM?



What Happens When This Algorithm is Executed on µ, when µ /∈ ATM?



What Can We Conclude From This?



What Just Happened?


