CPSC 351 — Tutorial Exercise #10
Introduction to Turing Machines

About This Exercise

This exercise is intended to help you to learn how Turing machine processes strings over an
alphabet — and how to (using a sequence of carefully chosen steps) prove that a given Turing
machine recognizes — or decides a given language. It continues the problem (which intro-
duced some aspects of “Turing machine design” introduced near the end of the presentation
for Lecture #10.

A Language, Algorithm, and Turing Machine

Let ¥ = {a, b} and consider the language
L={a""|neN}
— where N represents the set of non-negative integers, so that 0 € Nand \ € L.

During the lecture presentation #10, the algorithm shown in Figure 1 on page 2 was introduced
and a proof of the following claim was sketched:

Claim. Letw € X*. Ifthe algorithm isInL is executed on inputw then the execution halts after
a finite number of executions of the steps shown in the algorithm. Furthermore, the algorithm
returns true ifw € L and the algorithm returns false ifw ¢ L.

Consider the Turing machine

M = (Q7 2,19, qo, Gaccept> Qreject)

such that @ = {qo,q1,92,43, 94 Gaccept, Greject}, > = {ab} (as above), I' = ¥ U {U}, and
transitions are as shown in Figure 2 on page 3. In this diagram the accepting state is drawn as
“g4” instead of “gaccept” in Order to keep the picture simpler.Transitions to the rejecting state are
not shown — but each leaves the symbol on the tape unchanged, moving right. Thus 6(gg,b) =

(Qreject>b>R)a d(q1,U) = (Qrejech LL,R), 6(g3,a) = (Qrejech a,R), and §(g3,1) = (Qrejech L, R).
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boolean isInL (w:X*){

if (w==MN){
return true

} else if (w begins with “b”) {
return false

Yelseif (jw|==1)1
return false

} else if (w ends with “a”) {
return false

}else{
Let p € ¥* suchthatw = a - u - b. Return isInL(u)

}
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Figure 1: An Algorithm to Decide Membership in L

Problems To Be Discussed in Tutorials

Problems #1—#3, below, can each be solved by giving a short trace of execution, so they
should not take very much time. Neither should Problem #5, if you make use of the result that
is proved if you complete Problem #4.

1. Use a trace of execution to show that if M is in a configuration " ¢, for a non-negative
integer h then M halts, in its accepting state, after one more step.

Use this to argue that M accepts the empty string, A.

Note: If you completed this then you should (arguably) be able to see that ¢y, and the
transition out of this start state for A, implement the test at line 1 of the “isIn” algorithm
and the step at line 2.

2. Letw € X* such that w begins with “b” — so that w = b for a string u € ¥*. Use a trace
of execution to show that if M is in configuration LU" gy w, for a non-negative integer h,
then M halts, in its rejecting state, after taking a finite number of additional steps.

Use this to argue that M rejects every string in X* that begins with “b”.

Note: If you completed this then you should (arguably) be able to see that ¢y, and the
transition out of this start state for b, implement the test at line 3 of the “isIn” algorithm
and the step at line 4.
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Figure 2: A Turing Machine That Decides L

3. Use a trace of execution to show that if M is in configuration LI" ¢ a, for a non-negative
integer h, then M halts, in its rejecting state, after taking a finite number of additional
steps.

Use this to argue that M rejects the string “a”.

Note: The only way for the test at line 5 of the “isIn” algorithm to be reached, and
passed, is for the input string to be the string “a”. Thus, if you completed this, then you
should (arguably) be able to show that the transition for a out of state ¢, the state ¢,
and the transition for LI out of ¢;, implement the test at line 5 of the algorithm and the
step at line 6.

4. Consider, now, a string

w=aaqy...q, € X*

wheren > 1and ag, as,...,a, — so that w is a string with length at least two such that
w begins with “a”

Prove the following.

Claim. L" Qow = uh qoaoiQy. ..oy, H* Ut oqan ..y Q2 Qiy10G42 . .. iy fOr every
integer i such that1 < ¢ < n.

Note: This asserts that LI" gow = " gpa - u H* L+ 11 go when i = n.
5. Letw € ¥* such that |w| > 2 and w begins, and ends, with “a” — so thatw = a - 1 - a for
a string p € 3*. Let h be a non-negative integer.

Prove that if M is in configuration LI" ¢y w then M halts, in its rejecting state, after taking
a finite number of additional steps.



Use this to argue that M rejects every string in 3*, with length at least two, that begins
and ends with “a”.

Note: This should not be very hard to do, if you use the claim that was proved just before
this.

Note: The only way for the test at line 7 of the “isIn” algorithm to be reached, and
passed, is for the input string to be a stringw = a - i - a for u € X*, that is, a string with
length at least two that begins and ends with “a”. Thus, if you completed this, then you
should (arguably) be able to show that states g1, g2 and g3, the transitions from ¢ to g9,
from ¢, to itself, from g2 to ¢3, and the transition out of g3 for a, implement the test at
line 7 and the step at line 8.

Additional Problems

There will almost certainly not be time to discuss these problems in tutorial. By solving them
(if you have time) you will complete a proof that M decides the language L (at least, arguably)
by implementing the algorithm “isIn”.

6. Use a trace of execution to to show that if M is in configuration LI" goab for a non-negative
integer h then M goes to configuration LI"t1 ¢, after a finite number of steps.

7. Let h be a non-negative integer and let ;1 € ¥* such that || > 1. Prove that
U g b U g U

for every non-negative integer h and for every string p € >*.

Note: Suppose that u = apa,_1...a1 for some positive integer n and for symbols
ay,qs,...,a, € 3 = {a,b}. Before trying to prove the above result, you should con-
sider stating, and proving, a different claim — somewhat resembling the claim that was
proved when solving Problem #4 — that concerns what configurations that are reached
as the Turing machine starts in configuration LI"** /; g3 b and moves its tape head back
to the left (while in state q4).

The proof — and the situations you must consider — probably will be less confusing if

”

you write u as a1 ... a1, as above, instead of “aas ... o,

8. Use the above results to prove that if 4 is a non-negative integer and i € 3* such that
|| > 1 then
W goa-p-bH* LM gop



9. Use the above results to prove the following.

Claim. Let h > 0 and letw € X* If M is in configuration U gow and w € L then M
moves to an accepting configuration after a finite number of steps. On the other hand, if
w ¢ L, then M moves to a rejecting configuration after a finite number of steps, instead.

Note that, since the accepting configuration for w is the configuration LI go w when h = 0,
this claim that M decides the language L, as desired.

Suggestion: Consider using induction on the length of w — using the strong form of
mathematical induction, with the cases |w| = 0 and |w| = 1 considered in the basis.



