Lecture #7: Regular Operations and Closure Properties of
Regular Language

Proof of Equivalence Claim

This document includes a proof of the following result, which was included in the notes for
Lecture #7.

Theorem 2. Let X be an alphabet. Then a language L C >* is a regular language if and only
if L is the language of a regular expression over ..

An Easy Direction

One part of this claim is reasonably easy to establish using closure properties that were also
stated in the notes for Lecture #7 and proved in another supplemental document for this lecture
(“Proofs of Closure Properties”).

Lemma 1. Let X be an alphabet and let R be a regular expression over ¥.. Then the language,
L(R), of the regular expression R is a regular language.

Proof. Since R is a regular expression it is a string — over an alphabet that includes X along
with a small number of additional symbols. The result will be proved by induction on the length
of the string R, using the strong form of mathematical induction.

Since the empty string is not a regular expression,’ regular expressions with length 1 will be
considered in the basis.

Basis: Let R be a regular expression over X with length one. Then it follows, by the definition
of a “regular expression”, that one of the following cases must hold.

« 9

* R is the symbol “o” for some symbol ¢ € X..

"The string “\”, which represents the empty string, is not the empty string, itself: It is a nonempty string with
length 1.



» R is the symbol “A\” (which represents the empty string).
R is the symbol “(” (which represents the empty set).
* R is the symbol “X” (which represents the alphabet ¥).

Each of these cases is considered separately below.
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» Case: R is the symbol “o” for some symbol o € 3.

As observed in the lecture notes, L(R) = L(0) = {0} — and this is a regular language,
since it is the language of the nondeterministic finite automaton

start H

» Case: R is the symbol “A\” (which represents the empty string).

As observed in the lecture notes, L(R) = L(\) = {\} — and this is a regular language,
since it is the language of the nondeterministic finite automaton

start *>

« Case: R is the symbol “()” (which represents the empty set).

As observed in the lecture notes, L(R) = L()) = () — and this is a regular language,
since it is the language of the nondeterministic finite automaton

start *>

» Case: R is the symbol “>” (which represents the alphabet ¥2).

Since X is an alphabet,
Y ={o1,09,...,0n}

for some positive integer n and (distinct) symbols o1,09,...,0,. Then, as observed
in the lecture notes, L(R) = L(X) = X = {o1,09,...,0,} — and this is a regular
language, since it is the language of the nondeterministic finite automaton

01,02,...,0n
start —( 4o q1




Thus if R is a regular expression over X whose length (as a string) is 1 then L(R) is a regular
language, as claimed.

Inductive Step: Let k be an integer such that £ > 1. It is necessary and sufficient to use the
following

Inductive Hypothesis: Let R be a regular expression over > whose length (as a
string) is ¢, for an integer ¢ such that 1 < ¢ < k. Then the language, L(R), of R is
a regular language.

to prove the following

Inductive Claim: Let R be a regular expression over 3 whose length (as a string)
is k + 1. Then the language, L(R), of R is a regular language.

With that noted, let R be a regular expression over R whose length (as a string) is k£ + 1. Since
k>1,k+1 > 2, and it follows by the definition of a “regular expression” that one of the
following cases must hold.

* Ris the string “(R; U R2)” where Ry and R, are regular expressions over 3.
* Ris the string “(R; o R2)” where Ry and R are regular expressions over .
* Ris the string “(R;)*” where R; is a regular expression over X.

Each of these cases is considered separately below.

 Case: R is the string “(R; U R2)” where Ry and R, are regular expressions over X..

Then the language, L = L(R), of the regular expression R, is L1 U Ly, where L; C ¥*
is the language of the regular expression Ry and L, C X* is the language of the regular
expression R,.

Since R; and R, are regular expressions over 3 they are each strings with length at
least 1. On the other hand, R; is a substring of R which does not include at least four of
the symbols in R, namely the left and right brackets, symbol “U” for union, and at least
one symbol in Ry. Thus the length of R; is at most (k 4+ 1) — 4 = k — 3. Switching the
roles of R; and Ry one can argue that the length of R, is at most k — 3 as well.

Thus Ry and Ry are both strings over X with lengths between 1 and k& — 3, and it follows
by the Inductive Hypothesis that the languages L; = L(R;) C ¥*and Ly = L(Ry) C ©*
are both regular languages.

Theorem #1, part (a), from the lecture notes, now implies that L = L1 U L4 is a regular
language too.



« Case: R is the string “(R; o R2)” where R; and Ry are regular expressions over .

Then the language, L = L(R), of the regular expression R, is Ly o Lo, where L; C ¥*
is the language of the regular expression Ry and Lo C ¥* is the language of the regular
expression R,.

The argument given at the beginning of the previous case can be applied here (with the
symbol for union, “U”, replaced with the symbol for concatenation, “o”) to argue that R;
and R, are each regular expressions over X with length between 1 and k£ — 3. Once
again, it follows by the Inductive Hypothesis that the languages L; = L(R;) C ¥* and
Ly = L(R2) C ¥* are both regular languages.

Theorem #1, part (b), from the lecture notes, now implies that . = L; o Lo is also a
regular language.

« Case: R is the string “ (R1)*” where R; is a regular expression over X..

Then the language, L = L(R), of the regular expression R is L%, where L; C X* is the
language of the regular expression R;.

Since R; is a regular expression over X it is a string with length at least 1. One the
other hand, R; is a substring of R that does not include at least three symbols, namely
the left and right brackets and the “star” symbol, “*”. Thus the length of R; is at most
(k+1)-3=Fk—2.

It now follows by the Inductive Hypothesis that the language L; = L(R;) C Y*is a
regular language.

Theorem #1, part (c), from the lecture notes, now implies that L = L7 is a regular
language, as well.

Thus L = L(R) is a regular language in every case. Since R is an arbitrarily chosen regular
expression over X with length k£ + 1, this establishes the Inductive Claim — as needed to
complete the Inductive Step.

The claim now follows by induction on the length of the regular expression R. O

A More Challenging Direction

It is somewhat more challenging to prove that every regular language L C X* is also the
language of a regular expression over Y. In order to do this, yet another kind of finite state
machine, called a generalized nondeterministic finite automaton, will be introduced. Then
properties of these machines will be stated, proved, and used to establish this result.



Generalized Nondeterministic Finite Automata

A generalized nondeterministic finite automaton (GNFA)

M = (Q7 27 57 q0, Qaccept)

is yet another kind of “finite state machine:”
» As usual, X is the machine’s alphabet, and the machine processes strings in X*.
« As usual, M has a finite set () of states — which includes a start state q.
* @ also includes a single accepting state qaccept € @, Which is different from gp.

« For every state g € Q \ {qaccept} (that is, for each state except gaccept) @and for every state
r € Q\ {q} (thatis, for every state except qy) there is a transition from ¢ to r that is
labelled by some regular expression R, ,. over the alphabet X..

In other words, the transition function is a total function

0: (Q \ {Qaccept}) X (Q \ {QO}) — Ry

where Ry, is the set of regular expressions over the alphabet X..

The GNFA M accepts a string w € X if and only if there is a sequence

T, 71,72, ..., Tm
of the states in Q@ such that o = qo, r1,72,...,7m-1 € @ \ {q0, Gaccept}> "m = Gaccept, and
W =wow1 ...,Wm—-1

where w; is in the language of the regular expression R; ;11 = d(r;, ri+1) labelling the transition
fromr; to rjyq, for 0 <i <m — 1.

The language L(M) of a GNFA M is a subset of 3¥*, namely, the set of strings w € ¥* such
that M accepts w (as defined above).

Lemma 2. Let L C X*, for an alphabet X.. If L is a regular language then there exists a
generalized nondeterministic finite automaton M = (Q, %, 9, qo, Gaccept), With alphabet ¥, such
that L = L(M).

Sketch of Proof. Let L C X*, for an alphabet ¥, such that L is a regular language. Then —
as established (as “Lemma 2”) in the supplemental document, “Proofs of Closure Properties”,

—

L = L(M ) for some nondeterministic finite automaton
M = (Q,%,8,q0, F)

which satisfies the following additional properties.
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« There are no transitions into g at all. Thatis, g0 ¢ (g, o) for any state ¢ € @ or any
symbol o € X, so that the only string w € ¥* such that ¢o € §*(qo,w) is the empty
string, w = A.

« M has exactly one accepting state, gaccept, @nd there are no transitions out of this state.

~

Thatis, F' = {qaccept} @and d(qaccept, o) = 0 for every symbol o € X,.

As the above notation may suggest, let us consider a generalized nondeterministic finite au-
tomaton

M= (Q,%,9,qo, Qaccept)

with the same alphabet X and the same set Q of states as the nondeterministic finite automa-
ton, M, has. M'’s start state is the same state, qo, as for M/, and M'’s accepting state is the
state gaccept € @ that belongs to M'’s set, I, of accepting states.

In order to define the transition function  : (@ \ {gaccept}) X (@ \ {q0}) = Ry, letq,r € Q
such that ¢ # gaccept and 7 # qo, and let
Sq,r c E)\

be the set of symbols o € X such that r € §(¢q, o). Let R, be the regular expression over ¥
that is defined as follows.
« If Sy, = 0 then R, , is the regular expression “0”.

« If |Sgr| = 1, so that S, = {o} for some symbol o € X,, then R,, is the regular
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expression “o”.
« Otherwise |S, .| = k for some integer k such that £ > 2. Suppose that
Sq,r = {011, a9, ... ,Ozk}

where g, ag, ..., ax € Xy. Let ro be the regular expression “(a; Uas)”, so that L(ry) =
{a1,a0}, and, for2 < £ < k — 1, let 74,1 be the regular expression?

(re U o).

Then it is easily shown by induction on ¢ that, for 2 < ¢ < k, r, is a regular expression
whose language is the set

{al, a9, ... .ag}.

Set R, to be the regular expression 74, so that the language of R, , is the set S, ;..

2For example, if k > 3 then r3 is the regular expression “((a1 U a2) U a3)” and if k& > 4 then 74 is the regular
expression “(((a1 U a2) Uas) U aq)”.



Now set §(q,r) to be the regular expression R, , for each pair of states ¢ € @ \ {gaccept} and
r € Q\ {qo}. Then § is a total function from (Q \ {gaccept}) x (@ \ {qo0}) to Ry, as needed to
complete the definition of the generalized nondeterministic finite automaton M.

The following is now easily established by induction on ¢: For every string w € >*, for every
positive integer ¢, and for every sequence of states

T, T1,72,...,T¢

in @, where 79 = qo, 7; € Q \ {q0, qaccept} for 1 < i < £ —1,andr; € Q \ {qo}, the following
conditions are equivalent:

(a) There exists a sequence of strings wy,ws,...,wy € ¥* such that w;, € L(R,, ,,,) =
L(6(ri—1,7i)) for 1 < i < ¢, and such that

W=wi -wa...wyp.

(b) There exists a sequence of strings (with length at most one) w1, ws, . .. ,wy € X such that
r; € 0(ri—1,w;) for 1 < ¢ < ¢, and such that

W=wi -wa...wyp.

Once this result has been established it can be applied to show that M accepts w if and
only if M accepts w. Thus L = L(M) = L(M), so that L is the language of a generalized
nondeterministic finite automaton, as needed to establish the claim. O

State Reduction

Suppose, now, that X is an alphabet,

M= (Q,%,9,qo, Qaccept)

is a generalized nondeterministic finite automaton such that |Q| = k > 3,and let ¢ € @ such
that ¢ # qo and g # qaccept- Let @ = Q \ {¢}, so that @ includes k — 1 states, and let

]\7 = (Q\, DI 8\7 q0, Qaccept)

where § is a total function from (Q \ {Gaccept}) < (Q\ {q}) to Ry, such that, for every pair of

o~

states r, s € @ such that 7 # gaccept @and s # qo, 0(r, s) is the regular expression

(6(r,8) U ((0(r,q) o (6(g,9))") 2 (g, 5))). (1)



Notice that if w € ¥* such that w is in the language of the above regular expression then either
w is in the language of the regular expression (r, s) — so that one can go directly from state r
to state s in M by processing the string w — or w is in the language of the regular expression

((0(r,q) 0 (6(q,9))*) 0 (g, 5))

— so that one can go indirectly from state r to state s in M by processing a prefix of w to apply
a transition from state r to state q; processing zero or more substrings of w to apply transitions
from state q to itself; and then process a suffix of w to apply a transition from ¢ to s.

Lemma 3. LetX, M, and M be as above. The following property is satisfied for every positive
integer k: For every sequence

qo =1T0;T1,72,-- Tk
of states such that r; € Q \ {qo,qaccept} for1 < i < k—1andr, € Q\ {qo,q}, and for
every string w € ¥, if there exist strings wy,wa, ... ,w, € X* such that w; € L(6(r;—1,7;)) for

1<i<kand
W =wi- -wW2...Wg

(so that r}, can be reached from qy in M by processing w) then there exists a positive integer £
such that ¢ < k and a sequence

qo =T0,T1,....T¢ =Tk

of states such thatr; € @\{qo, Gaccept} forl < i < ({—1, as well as strings w, w2, . .. ,Wp € X,
such thatw; € L(6(r;—1,7;)) for1 < i < ¢ and

~

w:&\zl-f}g...(,ug
(so that r;, = 7y, can be reached from g, in M by processing w, as well).
Sketch of Proof. This can be proved by induction on k, using the strong form of mathematical
induction.

Basis: Suppose that k£ = 1. Then it is necessary and sufficient to consider a sequence
qo =To0,T1

where 1 € Q \ {qo, ¢} and a string w € ¥* such that w € L(4(rg,r1)) — because it must be
true that w; = w in case.

~

Now, since 6(rg, 1) is the regular expression

(6(ro,r1) U ((6(ro, q) © (8(g,9))*) 0 d(q,71))),



~

and w € L(d(rg,71)), it is certainly the case that w € L(d(rg,71)) as well. One can therefore
set £ to be 1 (so that £ < k), so that 71 = r; and W; = w in order to ensure that required
conditions are all satisfied — as needed to complete the basis.

Inductive Step: Let h be an integer such that 1 > 1.3 It is necessary and sufficient to use the
following

Inductive Hypothesis: For every integer m such that 1 < m < h, for every se-

quence

qo =T70;7T1;---,Tm
of states such that r; € Q \ {qo, gaccept} for 1 < i < m —1andr, € Q\ {qo,q},
and for every string w € X*, if there exist strings w1, ws,...,w, € X* such that

wi € L(0(ri—1,r;)) for1 <i<mand
W=Ww1 wa...wWn

(so that r,, can be reached from ¢g in M by processing w) then there exists a
positive integer ¢ such that ¢ < m and a sequence

qo :TOJT].?"'JTZ :Tm

of states such that r; € @ \ {90, Gaccept} for 1 < i < ¢ — 1, as well as strings

&1,@, ..., 0 € ¥, such that &; € L(3(7;_1,7)) for 1 < i < £ and

UJ:C/L\Jl‘QQ...WZ

(so that r,,, = 7, can be reached from ¢q in M by processing w, as well).
to prove the following

Inductive Claim: For every sequence

qo =70,715---,Th+1

of states such that 7; € @ \ {qo, Gaccept} for 1 < i < hand rp41 € Q \ {qo0,q},
and for every string w € X7, if there exist strings wi,wa, ...,wry1 € X* such that
wi € L(6(ri—1,7;)) for1 <i<h+1and

W =Ww1- -wWy...WHt1

(so that r;41 can be reached from ¢qg in M by processing w) then there exists a
positive integer ¢ such that ¢ < h + 1 and a sequence

qo = T0,71y---3sT¢ = Th+1

The name “k” is already being used, so the name “h” will be used here instead.



of states such that r; € @ \ {90, Gaccept} for 1 < i < ¢ — 1, as well as strings
w1, wa,...,wp € ¥*, such that &; € L(§(7;—1,7;)) for 1 <i < ¢ and

~

w:&\zl-f}g...(,ug

(so that .1 = 7 can be reached from ¢ in M by processing w, as well).

With that noted, consider a sequence
qo = T0,T1y---5Th+1

of states such that r; € Q \ {qo, qaccept} for 1 < i < hand 1,41 € Q \ {qo,¢}, and a string
w € X¥*, such that there exist strings w1, ws, ..., wrr1 € X* such that w; € L(6(rj—1,r;)) for
1<i<h+1land

W=Wwi- -wWy...WHt1

(so that r;, 41 can be reached from ¢ in M by processing w).

Let m be the largest integer such that 0 < m < h and r,,, # ¢. Then eitherm = 0,1 < m <
h — 1, or m = h. These cases are considered separately below.

« Case: m = 0. In this case r; = ¢ for every integer ¢ such that 1 < i < h, so that
w1 € L(6(ro,m)) = 0(q0,9), wi € L(6(ri—1,7;)) = L(6(q,q)) for every integer i such
that 2 < i < h, and wp41 € L(6(rp,rhe1)) = L(6(q,7hy1)). It follows that is in the
language of the regular expression

((0(qo,q) © (6(g,9))*) © (g, 7h+1))

so that w is in the language of the regular expression

~

(g0, 7nt1) = (6(qo, ma+1) U ((6(q0, q) © (3(q,9))") 0 0(q,Th11)))

as well. Now let £ = 1 and consider the the sequence

A~ o~ ~

QO: 07T1 =Ty rh—i—la

and the string W; = w. It follows from the above that

~ -~

w1 =w € L(6(q0, 7n+1)) = L(6(70,71))

and W1 = w, so that this choice of ¢, sequence of states 7y, 71, and string w; satisfy the
conditions in the Inductive Claim in this case.

10



e Case:1 <m < h—1. Let
W[ =W] -Wa... Wy and wrp = Wmnm+1Wm+2 ... Wht1
so that wy,wpr € ¥* and w = wy, - wg. Now m is an integer such that 1 < m < h,
qo = T0sT1y.--3Tm

is a sequence of states such that 7; € @ \ {qo, Gaccept} for 1 < i < m —1andr, €
Q\ {90, 9}, wr € ¥*, and wy, wa, . .. ,wy,, are strings in 3* such that w; € L(§(r;—1,7;))
forl <i<mand

W = W1 - wWa2...Wny

(so that r,,, can be reached from ¢q in M by processing wy). It now follows by the Induc-
tive Hypothesis that there exists a positive integer ¢ such that £ < m and a sequence

qOZTOJT].J"'JTZ :Tm

of states such that r; € @\{qo, Gaccept} for 1 < i < ¢—1, as well as strings &y, Ws, ..., Wy €
¥*, such that @; € L(§(7—1,7;)) for 1 <i < ¢ and

wL:cAul-Qg...wé

(so that r,,, = 7, can be reached from ¢ in M by processing wy,, as well).

Since ¢ < m < h—1,¢+1 < hand itfollows by the definition of m that r,,.1 = ¢. Indeed,
r; = q for every integer i such that m + 1 < i < h, so that w,,+1 € L(6(rm, rm+1)) =
(rm,q), wi € L(6(ri—1,7;)) = L(d(q,q)) for every integer i such that m + 2 < i < h,
and wp 11 € L(6(rh,he1)) = L(6(q,rht1)). SiNnCe W = Wi+l - Wmt2 - - - W1, it follows
that wg is in the language of the regular expression

((6(rm> q) © (6(g,9))") © 6(¢; Th41))
so that it is certainly in the language of the regular expression
3(rms 1) = (8(rm, 1) U ((5(rm, ) © (5(4,9))*) © 6(q, 7r11)))-
Thus, since 1 < /41 <m+ 1 < h, the integer ¢ + 1, the sequence of states
Ty T1y ey T8 = Ty Toa1 = Thal

and sequence of strings
W1, W, . .., W, Wer1 = WR

satisfy the conditions in the Inductive Claim in this case.

11



» Case: m = h. Let
W =wj -wy...wy and wr = wpt1

sothatwy,wr € ¥* and w = wy,-wgr. Now A is certainly an integer such that 1 < m < h,
and it follows by the Inductive Hypothesis that there exists a positive integer ¢ such that
¢ < h and a sequence

Qo =T0,T1,---,T¢ =Th
of states such that r; € @\{qo, Gaccept} for 1 < < ¢—1, as well as strings i, Wo, ..., Wy €

~

¥*, such that @; € L(§(7—-1,7;)) for 1 <i < ¢ and
CUL:C/L\Jl‘ZJQ...CAdg

(so that r;, = 7, can be reached from ¢ in M by processing wy,, as well).

Since wr = w11, wr € L(d(rh,The1)), SO that wg is certainly in the language of the
regular expression

-~

6(rsmht1) = (0(rn, Tha1) U ((0(rn, @) © (3(q,9))") © 6(q; mh+1)))-
Thus the integer ¢ + 1, the sequence of states
TOs Ty e e v s T4 = T = ThyToe1 = Thil
and sequence of strings
W1, Wa, ... ,We, Wep1 = WR = Whet

satisfy the conditions in the Inductive Claim in this case too.

Since the conditions in the Inductive Claim are established in every case, this establishes the
Inductive Claim, as required to complete the Inductive Step. The claim now follows by induction
on k. O

Lemma4. LetX, M, and M be as above. The following property is satisfied for every positive
integer k: For every sequence

qQo =T0,71,72, -+, Tk
of states such thatr; € @\ {90, gaccept} for1 <i < k—1and7y, € @\ {qo}, and for every string
w € X*, if there exist strings &y, Ws, ... ,W, € X* such thatw; € L(6(Ti—1,7;)) forl <i <k
and

wzal'a\)g...@k

(so that T, can be reached from qq in M by processing w) then there exists a positive integer ¢
such that ¢ > k and a sequence

qo =T0,T1y....T¢g =Tk

12



of states such thatr; € Q\{qo, qaccept} for1 < i < {—1, as well as strings wi,ws, ... ,wp € ¥,
such thatw; € L(6(r;—1,7;)) for1 < i < ¢ and

W=w1 wa2...WwWy

(so thatry, = ry can be reached from qy in M by processing w, as well).

The proof of Lemma 4 is simpler, and shorter, than the proof of Lemma 3 — the result can be
proved using induction on k, with the standard form of mathematical induction. Proving this
lemma is left as an exercise.

Lemma 5. Let X, M and M be as above. Then M is a generalized nondeterministic finite

—

automaton, with one fewer state than M, such that L(M) = L(M).

Proof. Let L, M, and M be as above. Then M is a generalized nondeterministic finite au-
tomaton with one fewer state than M. It is therefore necessary and sufficient to show both that

Py o~

L(M) C L(M) and L(M) C L(M) in order to establish the claim.

In order to show that L(M) C L(M), let w € ¥* such that L(M). Then it follows by the
definition of acceptance of strings, by GNFAs, that there exists a positive integer &, a sequence
of states

qQo =T0,7T1,..., T = Gaccept
such that 7; € Q\ {qo, gaccept} for 1 < i < k—1, and a sequence of strings &1, W, . . ., Wy, € X*

such that @; € L(6(7—1,7;)) for 1 <i < k and
w:L/Jl'QQ...ZJk
(so that gaccept can be reached from g, in M , by processing w).

It now follows by Lemma 4 that gaccept Can be reached from ¢q in M by processing w, as well.
That is, w € L(M).

Since w was arbitrarily chosen from L(M\) it follows that L(M\) C L(M).

—~

It can be shown that L(M) C L(M) using essentially the same argument, with Lemma 3 used
instead of Lemma 4.

—

Thus L(M) = L(M), as required to establish the claim. O

Lemma 6. Let X be an alphabet and let M = (Q, X, 0, qo, qaccept)- Then there exists a gen-
eralized nondeterministic finite automaton M = (Q, X, d, Go, Jaccept) SUch that |Q| = 2 (so that

@ = {607 Z]\accept}) andL(M\) = L(M)

Note that if > and M are as in the claim then, since gy € Q, gaccept € @ and qo # Gaccept, |@| >
2. The result can be proved using induction on |Q|, using the standard form of mathematical
induction — considering the case that |Q| = 2 in the basis, and using Lemma 5 to establish
what is needed for the inductive step. Writing this proof is left as another exercise.
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Establishing the Desired Result

Lemma 7. Let Y and let L C X* be a regular language. Then there exists a regular expres-
sion R over X such that L is the language, L(R), of R.

Proof. Let X be an alphabet and let L C >* such that L is a regular language.

Then it follows by Lemma 2 that there exists a generalized nondeterministic finite automaton
M = (Q, 3,9, 90, gaccept), With alphabet ¥ such that L = L(M). Lemma 6 now implies that

there is a generalized nondeterministic finite automaton M = (@, 2,5, 0 Qaccept) Such that

—

@ = {q0, Qaccept} @and L = L(M) as well. The generalized finite automaton M has the form

~

5(21\07 (/]\A)
start —( 9o qgA

— where the accepting state, gaccept, has been shown as “g4” just to make the picture a little
bit simpler. Since only a single transition, from the start state to the accepting state, can be
followed when processing a string, a consideration of the definition of “acceptance of a string
by a generalized nondeterministic finite automaton” is sufficient to see that one simply needs to

set R to be the regular expression 6(qo, gaccept) in order to ensure that L = L(R), and establish
the claim. 0

Finishing the Proof

Theorem 2 now follows from Lemmas 1 and 7.
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