CPSC 351 — Mathematics Review
Part Three: Mathematical Induction

Ideally, everything in the document should be a review of material that you learned about in a
prerequisite course. It will be assumed that you understand and can use all of it in CPSC 351.

This document is based, heavily, on the presentation of mathematical induction found in Su-
sanna S. Epp’s text, Discrete Mathematics with Applications [1], which was the textbook used
when some students completed the prerequisite course, MATH 271. It should also resemble
the introduction to mathematical induction found in Kenneth H. Rosen’s text, Discrete Mathe-
matics and Its Applications [2], which was probably used as the textbook in CPSC 251, if you
completed this prerequisite course instead.

The Standard Form of Mathematical Induction

Inductive Principle

The following “Inductive Principle” is a axiom this is useful for proving properties of the set of
natural numbers — or, more generally, properties of the set of integers that are greater than or
equal to a given initial value:

Let P(n) be a property that is defined for all integers n such that n > «, for some
integer o.. Suppose the following two statements are true:

1. P(a) is true.
2. For all integers k > «, if P(k) is true then P(k + 1) is true.

Then P(n) is true for every integer n > a.



A Corresponding Proof Technique

The following process — whose correctness is a consequence of the above axiom — can be
used to prove that P(n) is true for every integer n such that n > «:

1. Basis: Show that P(«) is true.
2. To begin the Inductive Step, introduce an integer k such that & > «."

3. To continue the Inductive Step, assuming only the Inductive Step, prove the Inductive
Claim — where the “Inductive Step” and the “Inductive Claim” are as follows.

Inductive Hypothesis: P (k) is true,

Inductive Claim: P(k + 1) is true.

4. Conclude that P(n) is true for every integer n > «.

Example

Problem To Be Solved. Suppose that we want to prove that

n

> @2i+1)=(n+1)?

=0

for every integer n such that n > 0. j

Brainstorming: Figuring out How to Use the Proof Technique.

+ This is the kind of result that can be provided, using the above method, where o« = 0 and
P(n) is the property that 3% (2i + 1) = (n + 1)%

+ Since a = 0, we must show that P(0) is true in order to complete the basis. That is, we

must show that o

> (2i+1)=(0+1)>%

i=0
The left hand side is the sum of a single term 2 - 0 + 1 = 1. The right hand side is
(0+1)2 = 12 = 1 as well, so we can either simplify both sides, to show that they
are both equal to one — or (rewriting this argument) perform a sequence of algebraic

'Other names for this integer, besides “k”, can also be used.



operations in order to get from the expression on the left hand side to the expression on
the right hand side (or vice-versa). Any of these approaches could be used to carry out
this part of the proof.

« Since a = 0, we should begin the inductive step by introducing an integer & such that
k> 0.

» We must continue (and complete) the inductive step by using the following “Inductive
Hypothesis” to prove the following “Inductive Claim”.

k
Inductive Hypothesis: > (2i + 1) = (k + 1),
=0

k+1
Inductive Claim: » ~(2i + 1) = ((k+1) +1)*.
=0

Notice that the expression on the left hand side of the “Inductive Claim” is the sum shown
on the left hand side of the “Inductive Hypothesis”, plus a final term. Thus, if the sum on
the left hand side of the inductive claim is split into pieces then the inductive hypothesis
can be used to simplify one of these pieces. It turns out that simple algebraic manipula-
tion is all that is needed to complete the inductive step, as shown below.

» The process should be completed by concluding the desired result (letting a reader know
that we are finished and explaining why, if needed).

Solution: What You Get after Writing the Proof Down. We wish to prove the following
claim.

Theorem 1.

for every integer n such thatn > 0.

Proof. The result will be proved by induction on n. The standard form of mathematical induc-
tion will be used.



Basis: Suppose that n = 0. Then

and

Since both sides are equal to 1,

in this case.

Inductive Step: Let k be an integer such that £ > 0. It is necessary to use the following
“Inductive Hypothesis” to prove the following “Inductive Claim”.

k
Inductive Hypothesis: > (2i +1) = (k +1)°.
i=0

k+1
Inductive Claim: » "(2i + 1) = ((k+1) + 1)*.
=0

Sincek>0,k+1>1. Thus

k+1 k
d @2i+1) = <Z(2z’ + 1)) +2-(k+1)+1 (splitting off the final term)
=0 =0
=(k+1)2%+2-(k+1)+1 (by the Inductive Hypothesis)
=k +2k+1)+(2k+2)+1
=k?+4k +4 (rearranging terms)
= (k+2)?

=((k+1)+1)%



that is, the “Inductive Claim” holds, as needed to complete the Inductive Step.
It now follows, by induction on n, that

n

> @2i+1)=(n+1)?

=0

for every integer n such that n > 0, as claimed. O

The Strong Form of Mathematical Induction

Inductive Principle

The following “Inductive Principle” is also an axiom that is useful for proving properties of the
set of natural numbers — or, more generally, properties of the set of integers that are greater
than or equal to a given initial value.

Once again, let P(n) be a property that is defined for all integers n. Let o and 8
be fixed integers such that o < 5. Suppose that the following two statements are
true.

1. P(a),P(a+1),P(a+2),...,P(B) are all true.

2. For every integer k > f3, if P(i) is true for every integer i such that o < i < k,
then P(k + 1) is true as well.

Then P(n) is true for every integer n > «.

A Corresponding Proof Technique

The following process — whose correctness is a consequence of the above axiom — can be
used to prove that P(n) is true for every integer n such that n > «:

1. Choice of Breakpoint: Choose an integer 3 such that 8 > a.?
2. Basis: Prove that P(«), P(a + 1), P(a + 2), ..., P(B) are all true.

3. To begin the Inductive Step, introduce an integer k such that & > 3.3

®Breakpoints will not be called this very much later on. Instead, something like the phrase “The cases that
a < i < B will be considered in the basis.” will appear near the beginning of the proof.
®Once again, other names for this integer, besides “k”, can also be used.



4. To continue the Inductive Step, assuming only the Inductive Step, prove the Inductive
Claim — where the “Inductive Step” and the “Inductive Claim” are as follows.

Inductive Hypothesis: P(7) is true for every integer i such that o < i < k.

Inductive Claim: P(k + 1) is true.

5. Conclude that P(n) is true for every integer n > «.

Example

Problem To Be Solved. Suppose that g, g1,92,... are integers such that (for every non-
negative integer n)
12 ifn=20,
gn =< 29 ifn=1,
5 Gn-1—6-gp—o ifn>2.

Consider the problem of proving that g,, = 5 - 3" + 7 - 2" for every integer n > 0.

Brainstorming: Figuring out How to Use the Proof Technique.

« if the sequence of integers gy, g1, 92, - - . is as defined above, then this is the kind of result
that can be proved, using the above method, where o = 0 and P(n) is the property that
gn=5-3"+7-2™

 Notice that g, is defined differently, when n = 0 or n = 1, than it is defined when n > 2.
Furthermore, if n > 2 then the definition of g, refers to both g,_1 and g,_o2. Let us
choose the “breakpoint” 3 to be 1, so that the special cases n = 0 and n = 1 are
both considered in the basis, while the more general case, that n > 2, will be (only)
considered in the inductive step.

It would not be a mistake g differently here, but the inductive step would end up being
more complicated if 8 was chosen to be 0, and the proof would probably be a bit more
repetitive than necessary, if you chose (3 to be greater than or equal to 2.

 Since « = 0 and 5 = 1, we must show that P(0) and P(1) are both true in order to
complete the basis. That is, we must show that

go="5-304+7-2°

and that
g =5-3+7.2.



It will turn out that each of these can be established by using the definition of g,,, when
n = 0, and n = 1, and carrying out a little bit of algebraic manipulation, to shown that
both equations hold, because the left hand side and the right hand side can be shown to
be equal to the same value.

 Since 5 = 1, we should begin the inductive step by introducing an integer k such that
k> 1.

+ Since o = 0, we must continue (and complete) the inductive step by using the following
“Inductive Hypothesis” to prove the following “Inductive Claim”.

Inductive Hypothesis: g; = 5-3"+7-2¢ for every integer i such that 0 < i < k.

Inductive Claim: g4, = 5 - 3F+1 4 7k+1,

Since k > 1, k+ 1 > 2, so it follows by the definition of the sequence gy, g1, g2, . . . that
Jk+1=5-gxr—6-gr_1.Sincek > 1,0 < k—1,k <k, and the inductive hypothesis can
be used to conclude that g = 5- 3% +7-2F and that g;_; = 5 - 3F=1 + 7. 25=1. All that
is needed is a little bit of algebraic manipulation of expressions to establish the inductive
claim, after that.

» Once again, the process can be completed by concluding the desired result (letting a
reader know that we are finished and explaining why, if needed).

Solution: What You Get When You Write the Proof Down. Suppose, once again, that

g0, 91, 92, - - - iS @ sequence of integers such that (for every non-negative integer n)
12 ifn=0,
gn =429 ifn=1, (1)

5:9n-1—6-gp2 ifn>2.
We wish to prove the following claim.
Theorem 2. If g,, is as defined at line (1), above, then g,, = 5 - 3" + 7 - 2" for every integern

such thatn > 0.

Proof. This will be proved by induction on n. The strong form of mathematical induction will be
used, and the cases that n = 0 and n = 1 will be considered in the basis.

Basis: Suppose, first, that n = 0. Then

9n = 90
=12



by the definition given for the sequence gg, g1, g2, - . ., while

5.3"4+7.-2"=5.3047.20

=5-14+7-1
=547
=12
aswell. Thus g, =5-3"+7-2" whenn = 0.
Suppose, next, that n = 1. Then
9gn = g1
=29
by the definition given for the sequence ¢, 91, 92, - - . , while

5.-3"4+7-2"=5.31+7.92!
=5.-34+7-2
=15+ 14
=29

aswell. Thus g, =5-3"+7-2"whenn =1 (and g, = 5- 3™+ 7- 2" for every integer n such

that 0 < n < 1).

Inductive Step: Let k be an integer such that £ > 1; it is necessary to use the following

“Inductive Hypothesis” to prove the following “Inductive Claim”.

Inductive Hypothesis: ¢g; = 5 - 3! 4 7 - 2! for every integer i such that 0 < i < k.

Inductive Claim: g4, = 5 - 3F+1 4+ 7F+1,

Since k > 1, k+ 1 > 2. Therefore

Gk+1 =5 G(kt1)-1 — 6" Gr41)—2 (by the definition of the sequence go, g1, g2, - - -

=5 gk — 6 gk
=5-(5-3"+7-25)—6-(5-3" 147281

(by the inductive hypothesis, since 0 < k — 1,k < k)

=5-(5-3-6)-3"14+7.(5.2-6) 281
=5-(15—6)-3* 14+ 7.(10 —6) - 2"7*
=5-9.-3"1 4 7.4.2M1
:5‘3k‘+1+7'2k‘+1

(rearranging terms)

(since 9 = 32 and 4 = 22).



That is, the “Inductive Claim” holds, as needed to complete the Inductive Step.

It now follows, by induction on n, that ¢,, = 5- 3" — 6 - 3" for every integer n such that n > 0,
as claimed. O

A Note Concerning the Examples

You will not be expected to include “brainstorming” material to show how you figured out “how
to use the proof technique”, like the above, when solving problems for assignments and tests,
This material was just provided above, to try to make it clearer that each proof technique was
being applied to produce the solution that was presented.

You also do not need to include quite as many details as might be suggested, above — this is
(to some extent) a matter of judgment and personal taste. | find that when a class is sufficiently
large, students will ask how | got from one step to another, if | do not include all the details in
a written proof — so | generally include them.

With that noted, you should remember that markers cannot read your mind and markers
are not expected to answer questions for you. Students sometimes make the mistake of
leaving so much out — including definitions of technical terms they have made up or variables
they are using, identification of the process they are using, and even a statement of what they
are trying to prove — that their answers are impossible to understand. Please make sure that
you always include enough material so that your answer can be considered to be acceptably
complete: You should never ask a marker to complete a major step for you, and you should
never expect a marker to assume that you understand material or know how to do something,
when other a significant number of the other students in the class might not understand or
know how to do this.
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