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Abstract The main goal of this article is to expand the theory of invariants of Artin-
Schreier curves by giving a complete classification in genus 3 and 4. To achieve this 
goal, we first establish standard forms of Artin-Schreier curves and determine all 
isomorphisms between curves in this form. We then compute reconstructing systems 
of invariants for curves in each connected component of the strata of the moduli 
spaces for Artin-Schreier curves of genus 3 and 4 for .p > 2. 
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1 Introduction 

Artin-Schreier theory derives from a 1927 paper of Emil Artin and Otto Schreier 
characterizing degree. p Galois extensions of a field of characteristic. p [AS27]. Artin 
and Schreier proved that such an extension .K (y)/K is precisely the splitting field 
of a polynomial in . y of the form .y p − y − α, where .α ∈ K and .α β p − β for 
any .β ∈ K . Such extensions are now referred to as Artin-Schreier extensions, and 
the varieties defined by the associated polynomials are called Artin-Schreier curves. 
In this article, we aim to parameterize moduli spaces of Artin-Schreier curves in 
characteristic .p > 2 by computing invariants of the curves. 

It is well-known that elliptic curve isomorphism classes are given by the their 
. j-invariants. In genus 2, we can describe isomorphism classes of curves using Igusa 
invariants [Igu60]. There are also examples of invariant computations in higher genus. 
For example, there are results for some genus 3 curves in [Shi67, Dix87, Ohn07], 
hyperelliptic curves in [LR12], Picard curves in [KLS20], Ciani curves in [BCK21], 
and others. In general, these calculations are done over the complex numbers, but 
they usually extend well to fields of large characteristic (genus 2 curves in [Liu93], 
genus 3 curves in [Bas15], [LLLR21, Sect. 4]). The sources [CFA06, Sect. 14.5] 
and [Liu02, Sect. 7.4.3] specifically cover Artin-Schreier curves in characteristic 
2, which are hyperelliptic. However, there are still many cases missing from the 
literature, including “small cases” such as non-hyperelliptic curves of genus . g = 3
in characteristic .p = 3. 

Artin-Schreier curves have undergone intense research not only as objects of 
mathematical interest in their own right, but also for their applications to coding 
theory (see [vdGvdV91] for example). For certain families of Artin-Scheier curves 
over a rational function field .K = Fq(x), where . q is a power of . p,  it  is  possible  
to provide point counts, find their automorphism groups, and determine their zeta
functions [vdGvdV92, BHM16]. Such families frequently contain curves with many 
points, including maximal curves with respect to the Weil bound. Investigations of 
Artin-Schreier point counts from the perspective of arithmetic statistics can be found 
in [Ent12, BDF12, BDFL16]. 

In this paper, we compute invariants for Artin-Schreier curves of genus 3 and 4 
in characteristic .p > 2. Our work builds on that of Pries and Zhu, who determined 
the strata and dimensions of irreducible components of the moduli spaces of Artin-
Schreier curves [PZ12]. We seek to characterize these moduli spaces concretely by 
parameterizing them via invariants. Our main ideas are taken from Geometric Invari-
ant Theory (GIT), which was first developed by Mumford in 1965 [Mum65]. This 
theory provides techniques for forming the “quotient” of an algebraic variety (or 
scheme) .X by a group .G and is especially useful for constructing moduli spaces 
as quotients of schemes parameterizing objects. We provide an overview of invari-
ant theory in Sect. 2.1 and of Artin-Schreier curves, their moduli spaces, and their 
isomorphisms in Sect. 2.2. 

As in the genus 1 and 2 cases, it is useful to work with a standard form for Artin-
Schreier curves in order to determine their invariants. Section 3 develops a standard
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Table 1 Reconstructing invariants for all Artin-Schreier curves of genus.g = 3, 4 in characteristic 
.p > 2. The curves are classified by their.p-rank. s
.g .p .s Standard form Set of reconstructing invariants over. F p

.3 .3 .0 .y3 − y = x4 + ax2 . {a4}

.3 .3 .2 .y3 − y = x2 + ax + b

x
. {a4, ab, b4} 

.3 .7 .0 .y7 − y = x2 . ∅ 

.4 .3 .0 .y3 − y = x5 + cx4 + dx2 . {(c3 + d)10,  (−cd − 2)5,  (c3 + d)2(−cd − 2) }, 3 = c 

.4 .3 .2 .y3 − y = x2 + ax + 
b 

x 
+ 

c 

x 2 
. {c, ab, a4c2 − b4 } 

.4 .3 .4 .y3 − y = x2 + ax + 
b 

x 
+ 

c 

x − 1 
. {(abc)2,  (abc)(a − b − c), ab + ac − bc } 

.4 .5 .0 .y5 − y = x3 + ax2 . {a12} 

.4 .5 .1 .y5 − y = x + 
a 

x 
. {a2} 

Table 2 Partitions .E of .D + 2 corresponding to the irreducible components of .ASg,s and the 
dimension of each irreducible component.ASg,E for.g = 3, 4 and. p ≥ 3 

.g .p .D .s .E . dim ASg,E 

3 3 3 0 {5} 1 

2 {3, 2} 2 

7 1 0 {3} 0 

4 3 4 0 {6} 2 

2 {3, 3} 3 

4 {2, 2, 2} 3 

5 2 0 {4} 1 

4 {2, 2} 1 

form for Artin-Schreier curves. We also describe the isomorphisms between standard 
forms in this section. In Sect. 4, we determine reconstructing systems of invariants 
for all Artin-Schreier curves of genus 3 and 4 for primes .p > 2, as listed in Table 2. 
This allows us to prove our main result, given in the following theorem. 

Theorem 1.1 A system of reconstructing invariants for all Artin-Schreier curves of 
genus .g = 3, 4 in characteristic .p > 2 is given in Table 1. 

For these curves, the strata and dimensions of the irreducible components of 
their moduli spaces are completely characterized in Table 2. The standard forms (see 
Theorem 3.3) and invariants listed in Table 1 are derived in the examples in Sect. 4. 

The remainder of this paper is devoted to the proof of Theorem 1.1.  We  start  
by computing sets of invariants directly. We then show that these sets allow us 
to reconstruct standard forms of Artin-Schreier curves. Finally, standard invariant 
theoretic results summarized in Sect. 2 establish that these sets must generate the full 
invariant ring. 



134 J. Duque-Rosero et al. 

2 Background and Preliminaries 

In this section we recall the basic definitions and results on invariant theory and 
Artin-Schreier curves that we will require for the work herein. 

2.1 A Brief Introduction to Invariant Theory 

Here we mainly follow [Bas15, DK02, DK08, Dol03, Eis95, Eis05]. The most 
important concepts in this section are the definitions of primary and secondary invari-
ants. The main result is Corollary 2.13 that will allow us to manually compute gener-
ating sets of invariants in the examples we consider in this paper. For completeness 
we also introduce the concept of Hilbert series and how to compute them with the 
Molien-Weyl formula (see Theorem 2.6). This produces a second method for com-
puting invariants that can be used to double-check our computations. Moreover, the 
algorithm implemented in Magma [BCP97] to compute invariants is also based on 
these ideas. Our computations in Sect. 4 can be corroborated by Magma. 

Let .K be an algebraically closed field. Let .G be a linear algebraic group defined 
over . K , acting on an algebraic variety .G also defined over . K . This action defines 
another action on .K [X ] by .(g · f )(x) = f (g−1 · x ) for all .x ∈ X , . f ∈ K [X ], and 
.g ∈ G. 

Definition 2.1 An element . f ∈ K [X ] is an invariant for .G if .g · f = f for all 
.g ∈ G. The algebra of invariants is .K [X ]G := { f ∈ K [X ]  :  g · f = f, ∀g ∈ G }. 

We especially consider here the case in which.X = V is a rational representation 
of .G of finite degree, i.e., a linear representation of finite dimension such that the 
group morphism.G → GL(V ) is also a morphism of varieties. The.K -algebras. K [V ] 
and .K [V ]G are naturally graded .K -algebras. 

In our situation, .G will be finite. Since all finite groups are reductive, we can 
use the following result due to Emmy Noether [Noe26], here using the wording 
of [DK02]. 

Proposition 2.2 (Noether Normalization Lemma) Let. R be a finitely generated alge-
bra over a Noetherian commutative ring. K , and let. G be a finite group acting on. R by 
automorphisms fixing .K elementwise. Then .RG is finitely generated as a .K-algebra. 

Noether’s result is a special case of the following. 

Theorem 2.3 (Hilbert Finiteness Theorem) If .G is a reductive algebraic linear 
group and . V is a rational representation of .G of finite degree, then .K [V ]G is of finite 
type. 

Definition 2.4 Let.A =  ⊕i≥0 Ai with.A0 = K be a graded.K -algebra. A set of homo-
geneous elements .θ1,  .  .  .  ,  θr ∈ A is a homogeneous system of parameters (HSOP) 
if the following hold. 
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• .θ1,  .  .  .  ,  θr are algebraically independent over . K , 
• .A is a .K [θ1,  .  .  .  ,  θr ]-module of finite type, i.e., there exist .η1,  .  .  .  ,  ηs ∈ A such 
that 

. A = η1K [θ1,  .  .  .  ,  θr ]  +  · · ·  +  ηs K [θ1,  .  .  .  ,  θr ]. 

When .A = K [V ] G and the .ηi are homogeneous, the elements .θi (resp. . ηi )  are  the  
primary (resp. secondary) invariants of . A. 

The Noether Normalization Lemma (Proposition 2.2) implies that a graded algebra 
of finite type always admits an HSOP. 

Definition 2.5 The Hilbert series of a graded.K -algebra of finite type. A =  ⊕i≥0 Ai 

with .A0 = K is the power series 

. H (A, t) = 
∞ 

i=0 

dimK (Ai )t 
i . 

If .A = η1K [θ1,  .  .  .  ,  θr ]  +  · · ·  +  ηs K [θ1,  .  .  .  ,  θr ], then 

. H (A, t) = 
s 
i=1 t

ei 

(1 − td1 )...(1 − td r ) 
, 

where .di (resp. . ei ) is the degree of .θi (resp. . ηi ). 

Theorem 2.6 (Molien-Weyl Formula, [DK02], Sect. 4.6.1) The Hilbert series of a 
rational representation .(V , ρ) of finite degree of a compact group .G is 

. H (K [V ]G , t) = 
G 

1 

det(Id −ρ(g)t) 
dμ(g ), 

where .dμ is the Haar measure of . G. 

Corollary 2.7 If .G is a finite group and .char(K ) does not divide .|G|, then 

. H (K [V ]G , t) = 
1 

|G| 
g∈G 

1 

det(Id −t · g ) 
. 

Lemma 2.8 (Noether, Fleischmann, Benson, Fogarty, [DK02], Corollary 3.8.4) 
With the previous notation, if .char(K ) does not divide .|G|, then there exists a set of 
generators of .K [X ]G, all of degree smaller or equal than .|G|. 

These results produce algorithms to compute primary and secondary invariants 
for actions of finite groups in the non-modular case (i.e., .char(K ) = p does not 
divide .|G|). More precisely, see Algorithms 3.5.4 and 3.7.2 in [DK02]. Moreover, 
a version of these algorithms is implemented in Magma. They can be extended to 
work in the modular case as discussed in [DK02, Sects. 3.3 and 3.4.2]; specifically 
in Algorithm 3.7.5 in loc. cit. and in [DK08]. A general bound for the degree of 
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the generators is given in [Sym11, Corollary 0.2]. Again, some versions of these 
algorithms are also implemented in Magma. 

Definition 2.9 A subset .S ⊆ K [X ] G is said to be separating if it satisfies the fol-
lowing property. For any two points.x, y ∈ X , if there exists an invariant. f ∈ K [X ] G 
with . f (x) f (y), then there exists an element .g ∈ S with .g(x) g(y). 

Definition 2.10 Let .A ⊆ K [X ] be a subalgebra of a polynomial ring of positive 
characteristic . p. Then the algebra 

. Â =  {  f ∈ K [X ]  :  f pr ∈ A for some r ∈ N}  ⊆  K [X ] 

is the purely inseparable closure of A in .K [X ]. 
Theorem 2.11 ([DK02], Theorem 2.3.15) Let .X be an affine variety and . G ⊆ 
Aut(K [X ] ) a subgroup of the automorphisms of the coordinate ring .K [X ]. Then 
there exists a finite separating set .S ⊆ K [X ] G. 
Theorem 2.12 ([DK02], Theorem 2.3.12) Let .G be a finite group. Set .K = F p and 
let .V be a .K-rational representation of . G. Let .A ⊆ K [V ] G be a finitely generated, 
graded, separating subalgebra. Then .K [V ]G = ˆ̃A, the purely inseparable closure of 
the normalization of . A. 

Corollary 2.13 Let .X be an affine variety over .K = F p and let .G ⊆ Aut(K [X ] ) be 
a finite subgroup. There exists.A ⊆ K [X ] G generated by a finite number of invariants 
from which one can reconstruct a point on .X from its values. Moreover, for any such 

. A, one has .K [X ]G = ˆ̃A, the purely inseparable closure of the normalization of . A. 
A set of invariants that allow reconstruction of a point as described in Corollary 2.13 

is referred to as a reconstructing system. 

2.2 Artin-Schreier Curves 

Throughout, let. p be a prime and.F p an algebraically closed field of characteristic. p. 
An Artin-Schreier curve is a curve over .F p with an affine model of the form 

.C f : y p − y = f (x), (2.1) 

where . f (x) ∈ F p(x) and . f (x) z p − z for any .z ∈ F p( x).  Le  t .r + 1 (with . r ≥ 0 ) 
be the number of distinct poles of. f (x), and denote by.di the order of the.i-th pole of 
. f (x).  By  [Sti09, Lemma 3.7.7 (b)], or as we describe in the proof of Theorem 3.3, 
we can assume that no .di is a multiple of . p. To simplify formulae, set 

.ei := di + 1 (1 ≤ i ≤ r + 1 ). 
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Then by [Sti09, Proposition 3.7.8 (d)], the genus of .C f is given by 

.g = 
p − 1 
2 

D, where D =  −2 + 
r+1 

i=1 

ei . (2.2) 

The possible pole counts and orders for .C f thus correspond to partitions of . D + 2 
into components . ei . 

The .p-rank of a smooth, irreducible, projective .F p-curve .X is the integer . s such 
that the cardinality of the .p-torsion of its Jacobian, .Jac(X )[p](F p ),  i  s  .ps . Then 
.0 ≤ s ≤ g, and the Deuring-Shafarevich formula (see [Sub75] for a full discussion) 
implies that for an Artin-Schreier curve .X = C f ,  we  ha  ve  

.s = r (p − 1). (2.3) 

Thus, the.p-rank of.C f depends simply on the number of poles of. f (x), not the poles 
themselves or their orders. 

Let .ASg denote the moduli space of Artin-Schreier .F p-curves of genus . g and 
.ASg,s the locus corresponding to Artin-Schreier .F p-curves of genus . g with .p-rank 
exactly . s. The following theorem, due to Pries and Zhu [PZ12], characterizes the 
stratification of .ASg by .p-rank. 

Theorem 2.14 ([PZ12], Theorem 1.1) Let .g = D( p − 1)/2 with .D ≥ 1 and . s = 
r( p − 1 ) with .r ≥ 0. 

(1) The set of irreducible components of .ASg,s is in bijection with the set of parti-
tions .{e1,  .  .  .  ,  er+1} of .D + 2 into .r + 1 positive integers such that each . e j 1 
(mod p). 

(2) The irreducible component .ASg,E of .ASg,s for the partition . E =  {e1,  .  .  .  ,  er+1} 
has dimension 

. dim ASg,E = D − 1 − 
r+1 

j=1 

(e j − 1)/p . (2.4) 

So the irreducible components of the .p-rank strata of the moduli space . ASg 
correspond to the different possibilities for the number of distinct poles of . f (x) and 
their orders, given the constraint in (2.2). Note that an irreducible component . C of 
.ASg,s is not necessarily an irreducible component of .ASg . It may be that . C is open 
in some higher-dimensional irreducible component of .ASg . 

We compute the partitions corresponding to the irreducible components of. ASg,s 

for small . g in Table 2.  We  om  it  .p = 2, because all Artin-Schreier curves in this 
characteristic are hyperelliptic; as mentioned earlier, their invariants and moduli are 
already well understood. 

We now consider the isomorphisms of Artin-Schreier curves. 
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Lemma 2.15 Let .C f and .C f̃ be isomorphic Artin-Schreier curves as given in (2.1). 

Assume that the function field isomorphism.ϕ : F p( C̃) → F p(C ) fixes the.p-extension 
.F p(C)/F p( x). Then . ϕ must be of the form 

.(x, y) 
αx + β 
γx + δ 

, λy + h(x) , (2.5) 

where .α, β, γ, δ ∈ F p with .αδ − βγ ∈ F× 
p , .λ ∈ F ×p , and .h(x) ∈ F p( x). 

Proof The isomorphism. ϕ is completely determined by its respective images . x̃ and 
. ỹ of . x and . y. By assumption, the degree .p extension .F p(C)/F p(x) is fixed and 
. x̃ is a function of . x not dependent on . y. This implies that . ϕ must descend to an 
isomorphism of .F p(x ). Hence 

. x̃ = ϕ(x) = 
αx + β 
γ x + δ 

, 

where .α, β, γ, δ ∈ k, and .αδ − βγ ∈ F× 
p . To determine the image of . y under . ϕ,  we  

note that . ϕ is invertible in .F p(x)(y ),  so  it  must  be  of  t  he  form  

. ỹ = ϕ(y) = 
A(x)y + B(x) 
C(x)y + D (x) 

, 

where.A(x), B(x), C(x), D(x) ∈ F p( x). By substituting.x̃ = αx+β 
γx+δ into the equation 

of. C̃ f̃ and comparing coefficients for. ỹ, we may assume that.A(x) = λ ∈ F × 
p ,. C(x) = 

0, and .D(x) = 1. 

Corollary 2.16 Let .C f be an Artin-Schreier curve as given in (2.1). Assume that 
.C f is not birational to a curve of the form 

(1) .y p − y = a 
x p−x , with .a ∈ F p;  o  r  

(2) .y p − y = 1 
xλ , with .λ | p + 1;  o  r  

(3) .y3 − y = i 
x(x− 1) , with .i2 = 2. 

Then all the isomorphisms of .C f are given by isomorphisms as in (2.5). 

Proof By [VM80, Theorem 6], for .C f not birational to a curve of the form (1)–(3), 
the cover of .F p(x ) of degree. p is unique, so we can apply Lemma 2.15 to derive the 
desired result. 

Remark 2.17 Henceforth, we will refer to curves that are birational to a curve of 
the form (1)–(3) in Corollary 2.16 as exceptional. These curves have genus.(p − 1) 2, 
. 
(p−1)(λ−1) 

2 , and . 2, respectively. 



On Invariants of Artin-Schreier Curves 139 

Remark 2.18 The exceptional curve in case (2) of Corollary 2.16 does not appear 
for the range of parameters considered in this article, so we do not examine it further. 
In addition, it is hyperelliptic, and invariants for curves of this type are known (see 
[LR12]). 

Lemma 2.19 Let .C f be an exceptional Artin-Schreier curve as given in (2.1). Then 
the automorphisms of.C f are those of type (2.5) preserving the curve model, together 
with the automorphisms 

(1) .τ : x y 

y x 
if .y p − y = a 

x p−x , with .a ∈ F p; 

(2) φ : x xy−(p+1)/λ) if y p − y = xλ, with λ | p + 1 and λ < p + 1; 
y 1/y where is a λ-root of −1; 

(2’) φ in (2) and 
x x + a p if y p − y = x p+1, where a p

2 =  −a and 

y y + ax + b bp − b =  −a p +1. 

Proof It is straightforward to see that the isomorphisms from Corollary 2.16 are 
also isomorphisms for exceptional curves. The extra function field automorphisms 
are described in [VM80, Theorem 7] and [Hen78]  or  in  [HKT08, Proposition 11.30, 
Exercise A.9]. 

Remark 2.20 The automorphism groups of the different cases in Corollary 2.16 
and Lemma 2.19 are a semi-direct product of an abelian .p-group of order .p2 with 
a dihedral group of order .2(p − 1 ), so with cardinality .2 p2(p − 1 ), in case (1), an 
extension of a cyclic group of order. λ in PGL(2,p) with.λ < p + 1, so of cardinality 
.λ|PGL(2, p)|  =  λ(p + 1)p(p − 1 ), in case (2), and .PGU(3, p2) in case .(2 ) where 
.|PGU(3, p2)|  =  (p3 + 1)p3(p2 − 1 ). Finally, in case .(3), the automorphism group 
is a extension of a cyclic group of order . 2 by . S4. 

2.3 Fractional Linear Transformations Acting on . F p(x ) 

Let 

. ϕ(x, y) = 
αx + β 
γx + δ 

, λy + h (x) , 

with .α, β, γ, δ, λ, h(x) as given in Corollary 2.16. For ease of exposition, define 

. M := α  β  
γ  δ  ∈ GL2(F p) and M(x) := 

α x + β 
γx + δ 

. 

Let. f (x) ∈ F p( x).  The  ma  p.x M(x) extends to an action of.GL2(F p ) on.F p(x ) by 
the extension .M( f (x)) = f (M(x )), which induces an action on the projective line 
.P

1(F p ) via the poles of functions in.F p(x ). When we consider functions with a single 
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pole, this action is the inverse of the well-known action of Möbius transformations 
on.P

1(F p ). For example, consider . f (x) = 1 x , a function with a single pole at .x = 0. 
Then . f (M(x)) = γx+δ 

αx+β , which has a pole at .x = −β 
α when .α 0, and a pole at . ∞ 

otherwise. The standard Möbius transformation of .P1(F p ) associated to .M satisfies 
.M(0) = β 

δ if .δ 0, with .M(0) =  ∞  when .δ = 0. However, .M−1(0) = −β 
α when 

.α 0, .∞ when .α = 0. 
To avoid confusion with these actions, we set the following notation to view poles 

of functions as points in .P1(F p ) for the remainder of the paper. Let . P∞ ∈ P1(F p) 
be the pole of the function .x ∈ F p( x).  Fo  r  .μ ∈ F p,  le  t  .Pμ ∈ P1(F p ) be the pole of 
the function . 1 

x−μ ∈ F p(x). Throughout, we will describe the action of .GL2(F p ) on 
poles using this notation. For later convenience, we describe the action of.M on poles 
explicitly. 

Lemma 2.21 The transformation .M(x) = αx+β 
γx+δ sends the pole .Pμ to .Pμ , where 

.μ = M−1(μ) = δμ−β 
−γμ+α . 

3 Standard Form 

Every Artin-Schreier curve .C f as given in (2.1) can be transformed into an isomor-
phic curve in standard form. While this form is not unique, there are a finite number 
of standard forms for a given isomorphism class, so this form facilitates our invariant 
computations. Informally, the idea is to find an isomorphism that sends the poles of 
.C f with the three highest (not necessarily distinct) orders to the pole .P∞ at infinity 
and the poles.P0 and.P1 at.x = 0 and.x = 1, respectively. In case.C f has at most two 
poles, they are sent to.P∞ and.P0 (for two poles) or simply to.P∞ (for only one pole), 
and certain normalizations are applied to the polynomial part on the right-hand side 
of (2.1). 

The single pole case is the most complicated. Here, the unique pole is moved to 
infinity, so the right-hand side of .C f becomes a polynomial . f (x) ∈ F p[x] of degree 
. d, the order of the pole. We address this case in the following lemma. 

Lemma 3.1 Let .C f be an Artin-Schreier .F p-curve as given in (2.1) with a unique 
pole at infinity, where. f (x) ∈ F p[ x] is monic of degree.d > 1. Then.C f is isomorphic 
to a curve of the form .Cg : y p − y = g(x) with 

. g(x) = xd + 
d−1 

i=0 

bi x
i ∈ F p [x], 

where .bi = 0 whenever . p divides . i and .b1 = 0. 

Proof We explicitly determine.β ∈ F p and.h(x) ∈ F p[x] such that the isomorphism 
.(x, y) (x + β, y + h(x)) transforms .C f into the required form. 
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Write 

. f (x) = ad xd + 
d−1 

i=0 

ai x
i 

with .ai ∈ F p for .0 ≤ i ≤ d − 1 and .ad = 1. For any .β ∈ F p we define 

. ui (β) := 
d 

j=i 

a j 
j 

i 
β j−i (0 ≤ i ≤ d ), 

so . f (x + β) = d 
i=0 ui (β)x

i and .ui (0) = a i for .0 ≤ i ≤ d. Set .M d/p and 
.m M/p , where . denotes the floor function. Then .Mp  < d,  a  s  . p does not 
divide . d.  I  f .M > 0, recursively define elements .bi (β) ∈ F p via 

. bi (β)
p = 

ui  p(β) for M ≥ i ≥ m + 1, 
ui  p(β) + bi  p(β ) for m ≥ i ≥ 1 . 

Since .i < i  p  ≤ mp ≤ M for .1 ≤ i ≤ m, the quantities .bi (β) are well defined. Also 
define .b0(β) ∈ F p via the identity 

. b0(β)
p − b0(β) = u0( β). 

Let . f (x) denote the formal derivative of . f (x) with respect to . x . Since . p does not 
divide . d, the degree of . f (x) is .d − 1 > 0, and we note that .u1(β) = f (β ). 

Now choose .β ∈ F p such that .u1(β) + b1(β) = 0. For this choice of . β, define 

. h(x) = 
M 

i=0 

bi (β)x
i . 

Then the isomorphism.(x, y) (x + β, y + h(x)) maps .C f to a curve of the form 
.Cg : y p − y = g(x) where 

. g(x) = f (x + β) − h(x)p + h(x) ∈ F p[x]. 

Since .h(x)p has degree .Mp  < d and . f (x + β ) is monic of degree . d, .g(x) is also 
monic of degree. d. It remains to show that the coefficients of.g(x) satisfy the desired 
conditions. 

Every monomial of the form.xi  p  potentially appearing in.g(x) satisfies.0 ≤ i ≤ M . 
For .i ≥ 1, the corresponding coefficient of .g(x) is 

.bi  p(β) = 
ui  p(β) − bi (β)p for M ≥ i ≥ m + 1, 
ui  p(β) − bi (β)p + bi  p  (β) for m ≥ i ≥ 1 . 
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Moreover, .b0(β) = u0(β) − b0(β)p + β0(β). By the definition of .bi (β),  we  ha  ve  
.bi  p  = 0 for.0 ≤ i ≤ M . Finally, the coefficient of. x in.g(x) is.b1(β) = u1(β) + b1( β), 
which also vanishes by our choice of . β. 

Remark 3.2 The normalization conditions proposed in [Far10, Proposition 2.1.1] 
require the removal of the monomial .xd−1 as well as all .p-th power monomials in 
. f (x) via an iterative sequence of suitable isomorphisms. One difficulty arising with 
these restrictions is that in the case where .d ≡ 1 (mod p ), removal of .p-th powers 
already eliminates the monomial .xd−1, in which case it is desirable to remove a 
second coefficient in order to further simplify the curve model. It is in fact always 
possible to eliminate at least one of the next two highest order monomials .xd−2, 
.xd−3, but the form of the initial curve determines which of them can be removed. 
Specifically, all linear transformations on . x leave the coefficient of .xd−2 in . f (x) 
fixed, so this monomial can be eliminated precisely when the corresponding term in 
the initial curve vanishes. In order to avoid this dependence on the shape of the curve, 
we opt instead to remove the linear term and all.p-th power monomials from. f (x) at 
once, with a single isomorphism. This choice of normalization has the advantage of 
being more canonical and thus mathematically more satisfying. However, in practice, 
it may come at the expense of complicating the calculation of the curve invariants 
compared to a model with fewer high degree monomials; the example in Sect. 4.3.1 
illustrates this. 

We now have all the ingredients to convert an Artin-Schreier curve to standard 
form. 

Theorem 3.3 Let . p be an odd prime and .C f an Artin-Schreier .F p-curve as given 
in (2.1) with .r + 1 poles of respective orders .d1 ≥ d2 ≥ .  .  .  ≥ dr+ 1. Then .C f is 
isomorphic to an Artin-Schreier curve 

. Cg : y p − y = g (x), 

where .g(x) ∈ F p(x) takes on one of the following forms: 

(1) Case .r = 0: 
. g(x) = xd1 + Q( x) 

where .Q(x) ∈ F p[x] is a multiple of .x2 and no monomial appearing in . Q(x) 
has an exponent that is divisible by . p. 

(2) Case .r = 1: 

. g(x) = F(x) + G 
1 

x 
, 

where .F(x), G(x) ∈ F p[ x], .F(x) is monic, .deg(F) = d 1, .deg(G) = d 2, and no 
monomial appearing in .F(x) or .G(x) has an exponent that is divisible by . p. 
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(3) Case .r ≥ 2: 

. g(x) = F(x) + G 
1 

x 
+ H 

1 

x − 1
+ S(x), 

where .F(x), G(x), H (x) ∈ F p[ x], .deg(F) = d 1, .deg(G) = d 2, .deg(H ) = d 3, 
either .S(x) = 0 or 

. S(x) = 
r+1 

i=4 

gi (x − λi ) 

(x − λi ) di 
, 

with .λi ∈ F p\{0, 1}, .gi (x) ∈ F p[x] non-zero, .deg(gi )  <  d i , and no monomial 
appearing in .F(x), .G(x), .H(x), or any of the polynomials .xdi gi (x−1) has an 
exponent that is divisible by . p,  fo  r .4 ≤ i ≤ r + 1. 

The curve .Cg is said to be in standard form. 

Proof We represent fractional linear transformations .M(x) = 
αx + β 
γ x + δ 

by . 
α  β  
γ  δ  

as in Sect. 2.3. 
We begin with the case.r = 0,  s  o.C f has a unique pole.Pμ1 of order. d1.  I  f.μ1 =  ∞, 

then .μ1 ∈ F p and . f (x) is of the form 

. f (x) = 
f∞(x − μ1) 

(x − μ1) d1 
, 

where . f∞(x) ∈ F p[ x] is non-zero of degree less than . d1. The matrices 

. 
1  0  
0  1  

if μ1 =  ∞, 

μ1 −1 
1  0  

if μ1 ∈ F p , 

send .Pμ1 to .P∞, so we produce a curve of the form .y p − y = f̃ ( x), where . f̃ (x) ∈ 
F p[ x] is a polynomial of degree . d1.  Le  t  . a be the leading coefficient of . f̃ . Apply-

ing a matrix of the form . 
a−1/ p 0 
0 1  

yields the curve .y p − y =  ̃g(x) where . g̃(x) = 

f̃ (a−1/d x ) is monic of degree . d1. 
If.d1 = 1, then define.γ ∈ F p via.γ p − γ =  ̃g(0), the constant coefficient of.g̃(x). 

Then the isomorphism .(x, y) (x, y + γ ) produces the curve .y p − y = x = x d1 . 
If .d1 > 1, then the isomorphism of Lemma 3.1 produces a curve .Cg of the required 
form. 

For the remaining cases (i.e., .r ≥ 1), the conversion of .C f to standard form is 
more easily done in two stages. The first stage applies a suitable fractional linear 
transformation of . x to .C f that moves the highest order poles as explained earlier. 
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This is followed by a second sequence of linear transformations applied to . y that 
eliminates .p-th powers of . x one-by-one. 

Assume first that .r = 1,  s  o  .C f contains two poles .Pμ1 , Pμ2 of respective orders 
.d1 ≥ d 2. Then the matrices 

. 
1 μ2 

0  1  
if μ1 =  ∞  and μ2 ∈ F p, 

μ1 1 
1  0  

if μ1 ∈ F p and μ2 =  ∞, 

μ1 μ2 

1  1  
if μ1 ∈ F p and μ2 ∈ F p, 

send .P1 and .P2 to .P∞ and .P0, respectively, and thus produce a curve of the form 
.yp − y = f̃ ( x), where. f̃ (x) ∈ F p[x, x− 1] is a Laurent polynomial of degree.d1 in. x 
and degree .d2 in .x−1.  Le  t . a be the coefficient of .xd1 in . f̃ (x). As in the case .r = 0,  a  
scaling matrix of the form 

. 
a−1/p 0 
0 1  

yields an isomorphic curve .Cg̃ where .g̃(x) is monic with respect to . x . 
The case .r = 2 proceeds similarly. Suppose .C f has three or more poles. Let 

.Pμ1 , Pμ2 , .Pμ3 be poles of the three largest respective orders .d1 ≥ d2 ≥ d 3. Then the 
matrices 

. 
μ3 − μ2 μ2 

0 1  
if μ1 =  ∞, μ2 ∈ F p and μ3 ∈ F p, 

μ1 μ1 − μ3 

1 0  
if μ1 ∈ F p, μ2 =  ∞  and μ3 ∈ F p, 

−μ1 μ2 

−1  1  
if μ1 ∈ F p, μ2 ∈ F p and μ3 =  ∞, 

μ1(μ3 − μ2) μ2(μ1 − μ3) 

μ3 − μ2 μ1 − μ3 
if μi ∈ F p for i = 1, 2, 3, 

send .P1, P2, and .P3 to .P∞, .P0, and .P1, respectively. The same scaling matrix as in 
the case .r = 1 produces a rational function .g̃(x) of the specified form that is monic 
in . x . 

Next, in both of the cases .r = 1 and .r ≥ 2, we remove all the monomials of the 
form.xkp  for.k ∈ Z\{0 }. The constant coefficient of .g̃(x) is handled separately at the 
end. 

As described in [Far10, Proposition 2.1.1] and the subsequent discussion, removal 
of the monomials .xkp  with .k > 0 from.g̃(x) is accomplished iteratively via suitable 
translations of . y, leaving . x fixed. Suppose .g̃(x) contains a term of the form .bx pk , 
where.b ∈ F× 

p and.1 ≤ k ≤ d1 − 1. Then the isomorphism.(x, y) (x, y + b1/pxk ) 
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produces the curve.y p − y =  ̃g(x) − bxkp  − e1/ pxk , where the term.bx pk no longer 
appears on the right-hand side. Systematically applying a finite number of suitable 
isomorphisms of this form, looping over the values of. k in decreasing order from. k = 
d1/p to .k = 1, eliminates all monomials .xkp  with .k > 0. An analogous process, 
looping over all . k from . (d2 − 1)/p to .−1, eliminates all monomials .xkp  with 
.k < 0. 

When .r = 1, this process removes all monomials that are positive .p-powers. So 
suppose that.r ≥ 2. Then for each pole.Pμ with.μ = 1 or.μ = λ i .(4 ≤ i ≤ r + 1 ),  we  
apply the isomorphisms.(x, y) (x, y + b(x − μ)−kp), where. k runs from. (di − 
1)/ p to.−1 for.3 ≤ i ≤ r + 1, to remove all terms involving powers.(x − μ) kp  with 
.k < 0. 

We are at last left with a curve of the form .y p − y =  ̃g(x), where no terms . x pk 

and .(x − μ)−kp  for any pole .Pμ P∞, with .k > 0, appear in .g̃(x). It remains to 
eliminate the constant term .g̃(0). To that end, let .γ ∈ F p such that .γ p − γ =  ̃g(0). 
Then the isomorphism.(x, y) (x, y + γ ) yields the curve .y p − y = g(x), where 
.g(x) =  ̃g(x) −  ̃g(0) is of the desired form. 

As mentioned above, the standard form of an Artin-Schreier curve is not unique. 
For example, the two standard form curves.y3 − y = x4 − x2 and. y3 − y = x4 + x2 
are .F3-isomorphic via the isomorphism.(x, y) (

√
2x, y); this is a special case of 

Proposition 4.1. However, for any non-exceptional curve, we see that the number of 
possible standard forms is finite and that the forms are easy to enumerate. In fact, 
the number of variable coefficients in each standard form is equal to the dimension 
of the component of the moduli space with the corresponding partition as described 
in Theorem 2.4. 

In the next section, we discuss isomorphisms between Artin-Schreier curves in 
standard form. 

3.1 Isomorphisms Between Curves in Standard Form 

If we consider only Artin-Schreier curves in standard form, outside of the exceptional 
curves in Corollary 2.16, this narrows the possibilities for isomorphisms between 
them. Let 

.ϕ(x, y) = (M(x), λy + h(x)) , (3.1) 

with .M, λ, h(x) as in Corollary 2.16. 

Lemma 3.4 Let .C f and .C f̃ be isomorphic Artin-Schreier curves in standard form. 

Then for every choice of .M ∈ GL2(F p ) for an isomorphism .ϕ(x, y) as in (3.1) 
between these curves, there is a unique choice of .h(x) up to a constant in .F p; that 
is, up to (multiple) composition with the isomorphism .σ : (x, y) (x, y + 1 ). 
Proof We apply .ϕ to the equation .y p − y = f (x) to obtain . f (x) = 1 

λ 
( f (M(x)) − h p(x) + h(x)). This enforces a unique choice of .h(x) up to a constant 
in .F p. 
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For .M ∈ GL2(F p ), we define .hM (x) ∈ F p(x) to be a choice of polynomial from 
Lemma 3.4, up to composition with powers of. σ. An isomorphism between standard 
forms is then determined, up to composition with powers of . σ, by the choice of 
.M ∈ G  L2(F p ) and .λ ∈ F ×p . Thus we may without confusion define 

.ϕλ,M (x, y) = (M(x), λy + hM (x)). (3.2) 

In our application, we consider rational functions . f (x) which appear in the stan-
dard form of curves .y p − y = f (x) corresponding to a given prime . p and partition 
.E =  {e1, e2,  .  .  .  ,  er+1} of.D + 2. As before, we assume that.ei+1 ≤ e i for.1 ≤ i ≤ r , 
where .di = ei − 1 for each . i . Since genus and .p-rank are invariant under isomor-
phism, isomorphic curves must correspond to the same partition. E . The isomorphism 
from one curve to another preserves the orders of distinct poles, but may change their 
locations. 

The possible isomorphisms between non-exceptional Artin-Schreier curves in 
standard form can be determined by finding all .M ∈ GL2(F p ) and .λ ∈ F ×p that pre-
serve all the restrictions on poles and curve coefficients imposed by Theorem 3.3 as 
well as the partition. E . In particular, subject to these conditions, subsets of poles may 
be permuted and curve coefficients changed by such an isomorphism. We designed 
standard forms in such a way that the number of free coefficients of. f (x) in the right-
hand side of a standard form curve (2.1) is equal to the dimension. d of the correspond-
ing irreducible component of .ASg,s . Thus, the group .G of isomorphisms between 
standard forms must be finite, and we are able to completely enumerate the images 
of non-exceptional curves under . G.  Le  t .a1, a2,  .  .  .  ,  ad be the free coefficients of the 
standard form of some irreducible component. We can think of.F p[a1, a2,  .  .  .  ,  ad ] as 
the space containing all standard form models of curves in.ASg,s . The isomorphisms 
in.G act on.F p[a1, a2,  .  .  .  ,  ad ], and we seek a separating, or ideally, a reconstructing 
subset of the invariant ring.F p[a1, a2,  .  .  .  ,  ad ]G . Finding a minimal reconstructing set 
of invariants allows us to essentially parameterize an irreducible component of.ASg,s . 

Remark 3.5 As just mentioned, the number of free coefficients of a standard form 
is equal to the dimension of the corresponding irreducible component of.ASg,s .  This  
number is also equal to the number of primary invariants for the action of the finite 
group .G acting on the coefficients of the standard form. 

3.2 Standard Forms of Exceptional Curves 

In Corollary 2.16 we described the isomorphisms from an Artin-Schreier curve . C 
when the function field.F p(C ) has a single index. p subextension associated to a genus 
. 0 curve. Such a subextension gives a model of the curve of the form. y p − y = f ( x) 
and we discussed its standard forms in Sect. 3.1. We now investigate what standard 
forms can arise for the cases in which such an index . p subextension is not unique. 
For each order .p automorphism . σ of .C such that the quotient curve .C/ σ has 
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genus . 0, the degree . p extension .F p(C)/F p(C/ σ ) produces a way to write .C as 
.y p − y = f (x) where .y ∈ F p(C)\F p(C/ σ ) and . f (x) ∈ F p(C/ σ ). 

Lemma 3.6 Let .C : y p − y = a 
x p−x be a curve as given in case (2.16) of 

Corollary 2.16. Then any standard form of .C can be obtained by applying an iso-
morphism of the form in (2.5) through the procedure in Theorem 3.3 from the given 
model of . C. 

Proof The automorphism group of .C is isomorphic to .((Cp × Cp) Cp−1) C 2, 
generated by 

. (1, 0, 0, 0)(x, y) = (x + 1, y), 
(0, 1, 0, 0)(x, y) = (x, y + 1), 

(0, 0, 1, 0)(x, y) = (μx, y/μ) with μ ∈ F× 
p and 

(0, 0, 0, 1)(x, y) = (y, x ). 

Any subgroup of order . p consists of elements of the form .(α, β, 0, 0) and is gen-
erated by an automorphism of the form .(0, 1, 0, 0) or .(1, β, 0, 0). The first of these 
does not change the curve equation. The second one produces a degree . p extension 
.F p(x, y)/F p(y − βx, y p − y ) that is isomorphic to .F p(P1 ) if .β = 0;  i  f  .β 0,  it  
defines the hyperelliptic curve of genus .p − 1 given by .v p − v = a u − β u. So once 
again we obtain the original equation .x p − x = a 

y p−y and the result holds. 

A result from [Kon09] explicitly describes the isomorphism classes of these curves 
in terms of the non-standard model. 

Lemma 3.7 ([Kon09, Lemma 3.1]) Let .a, a ∈ F× 
p . Then .y p − y = a 

x p−x is isomor-

phic to .y p − y = a 
x p−x if and only if .a = λa for some .λ ∈ F ×p . 

Lemma 3.8 Let.C : y p − y = 1 
xλ . with.λ | p + 1, be a curve as given in case (2.16) 

of Corollary 2.16. Then any standard form of .C can be obtained by applying an 
isomorphism of the form in (2.5) through the procedure of Theorem 3.3 from the 
given model of . C. In particular, the only standard form of .C is .y p − y = x λ. 
Proof The automorphisms of this curve are described in Lemma 2.19. When . λ 
p + 1, the order . p subgroups are generated by 

. (x, y) (x, y + 1) and (x, y) 
x 

(y + 1)( p+1)/λ , 
y 

y + 1 
. 

They all produce curves of the form .y p − y = x λ. When .λ = p + 1, there are 
extra order .p subgroups. Rewriting the equation as .y p − y = x p +1, it suffices to 
consider the automorphisms .(x, y) (x + a p, y + ax + b ) with .a p

2 + a = 0 and 
.bp − b − a p+1 = 0, producing the degree . p subextension .F p(x p + x, P) where . P 
is the product of all the images of . y under these automorphisms. This subextention 
is not isomorphic to .F p(x ), and hence neither to .F p(P1 ).  If  it  were,  .C would be 
birational to .x p + x = 0, but this curve is . p copies of .P1 and hence reducible. 
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Remark 3.9 The upshot of Lemmas 3.6 and 3.8 is that there are only a finite number 
of standard forms for each isomorphism class of exceptional curves, and they can 
be easily enumerated. This confirms again that the group of isomorphisms between 
exceptional curves in standard form is finite. 

4 Invariant Computations 

In this section we determine invariants for curves within each stratum of .ASg for 
Artin-Schreier curves of genus .g = 3, 4 in odd characteristic. As we see in Table 2, 
there is a single irreducible component in each stratum in these cases, so each stratum 
has a unique system of invariants. 

4.1 Genus 3, Characteristic 3 

In this case, the quantity.D defined in (2.2) takes on the value.D = 3. There are two 
partitions of.D + 2 = 5 (up to reordering) that satisfy the conditions of Theorem 2.14, 
namely 

.{5} and {3, 2}, (4.1) 

so  there  are  two  strata  i  n.ASg . These partitions also determine the standard forms of 
all possible genus 3 Artin-Schreier curves in characteristic 3. Recall that. di = ei − 1 
is the order of the pole.Pμi of. f (x) for the Artin-Schreier curve.C f : y3 − y = f (x). 
The partitions in (4.1) show that .C f has either one pole of order 4 or two poles with 
respective orders 2 and 1. We treat these two cases separately below. 

4.1.1 One Pole of Order 4 

We use (2.4) in Theorem 2.14 with .D = 3, .r = 0, and .e1 = 5 to determine that the 
dimension of this stratum is 

. dim AS3,{5} = 3 − 1 4/3 1. 

We have.r = 0 and.d1 = 4 ≡ 1 (mod 3), corresponding to Case (1) of Theorem 3.3 
and yielding a standard form 

.C : y3 − y = x4 + ax2 , (4.2) 

with .a ∈ F 3. When .a = 0, this curve is isomorphic to an exceptional curve of 
type (2.16) in Corollary 2.16 which has standard form .y3 − y = x 4. This is the 
only exceptional curve in the family, see Lemma 3.8. 
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Proposition 4.1 Every isomorphism between curves in standard form as in (4.2) 
with .a 0 is given, up to composition with powers of .σ : (x, y) (x, y + 1 ),  b  y  

.(x, y) (αx, λy), (4.3) 

where .λ ∈ F × 
3 and .α ∈ F 3 with .α4 = λ. 

Proof Let .C be as in Eq. (4.2). By Corollary 2.16, disregarding composition with 
powers of . σ, every isomorphism .ϕ of .C is given by .ϕλ,M as in (3.2) with . M = 

α  β  
γ  δ  ∈ GL2(F3 ). Since the image of .C must be in standard form, .ϕλ,M must not 

move the pole at.∞,  s  o.γ = 0 and we can assume without loss of generality that.δ = 1. 
Since the coefficient of . x in .ϕλ,M (C) must vanish, we conclude that .β = 0, and that 
the unique polynomial .h(x) that produces a curve in standard form is .h(x) = 0.  S  o  
.ϕλ,M is of the form.(x, y) (αx, λy). and yields the curve 

. λ(y3 − y) = α4 x4 + aα2 x2 . 

Since the right-hand side must be monic in the standard form, we have . α4 = λ . 

In the language of group actions, we now have a finite group .G Z/4Z acting 
on .F3[a]. This action is via isomorphisms of curve models of the form . y3 − y = 
x4 + ax 2, sending .a a with . 

4 = 1. We see that .G acts linearly on .F3[a]. 
Corollary 4.2 The element .I1 = a 4 is an invariant and generates the ring of invari-
ants for Artin-Schreier curves of genus . 3 in characteristic . 3 with .3-rank . 0, i.e., 
.F3[a]G = F3[I1 ]. 
Proof It is straightforward to check that .I1 is an invariant for the action of .G and 
forms a reconstructing set for the family (namely, different choices of . a such that 
.a4 = I 1 for .y3 − y = x4 + ax 2 produce isomorphic curves in standard form). By 

Corollary 2.13 we have .F3[a]G = F3[I1]  =  F3[I1]. 
Remark 4.3 This corollary can also be proved by computing a set of generators for 
.F3[a]G using Magma; or by manually checking for invariants up to degree 4 (see 
Lemma 2.8). 

Remark 4.4 If we start with a model.y3 − y = ax4 + bx3 + cx2 + dx  + e = p(x ), 
the invariant .I1 (of a curve in the family .y3 − y = x4 + ax 2 isomorphic to the 
starting curve) is given by .c4/a2. More generally, if we start with 
.y3 − y = ax4+bx3+cx2+dx+e 

(x−λ)4
, the reconstructing invariant can be chosen to be 

.I1 = c4/(aλ4 + bλ3 + cλ2 + dλ + e )2. 
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4.1.2 One Pole of Order 2 and One Pole of Order 1 

We use (2.4) in Theorem 2.14 with .D = 3, .r = 1, .e1 = 3, and .e2 = 2 to determine 
that the dimension of this stratum is 

. dim AS3,{3,2} = 3 − 1 2/3 1/3 2. 

Based on Theorem 3.3, the standard form of curves with a pole of order 2 and a 
second pole of order 1 is 

.C : y3 − y = x2 + ax + 
b 

x 
(4.4) 

for .a, b ∈ F 3 with .b 0. 

Proposition 4.5 Every isomorphism between curves in standard form as in (4.4) is 
given, up to composition with powers of .σ : (x, y) (x, y + 1),  b  y  

.(x, y) (αx, λy), (4.5) 

where .λ ∈ F × 
3 and .α ∈ F 3 with .α2 = λ. 

Proof No curve in this family is exceptional, so we can directly use Corollary 2.16 
to see that, disregarding composition with powers of . σ, every isomorphism is of the 

form .ϕλ,M as in (3.2) with .M = α  β  
γ  δ ∈ GL2(F3). In this particular case, each 

isomorphism must fix .∞ and . 0,  s  o  .γ = β = 0, and we can choose . δ to be equal to 
1. This implies that .h(x) = 0, so the only isomorphisms of .C as in (4.4)  are  of  the  
form.(x, y) (αx, λy). Applying the isomorphism to. C and using the requirement 
that the right-hand side of a standard form must be monic yields .α2 = λ, so there 
are four possible values for . α since .λ ∈ F × 

3 . This produces the model 

.C : y3 − y = x2 + a x + 
b 

x 
, (4.6) 

where .a = a/α and .b = b/α 3. Since . a and . b can take on any values in .F3,  we  
obtain a two-dimensional family of curves from the isomorphism in (4.5). Since the 
stratum is two-dimensional, this isomorphism yields all curves with the prescribed 
poles and orders. 

These isomorphisms give a group action of the finite group .G Z/4Z acting 
linearly on.F3[a, b]. The action is generated by.(a, b) (ia, −ib), where.i2 =  −  1. 

Corollary 4.6 The elements .I1 = a4, I2 = ab , and .I3 = b 4 generate the ring of 
invariants for Artin-Schreier curves of genus . 3 in characteristic . 3 with .3-rank 
. 2, i.e., .F3[a, b]G = F3[I1, I2, I3 ]. These elements satisfy the algebraic relation 
.I1 I3 − I 4 2 = 0. 
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Proof Let .a and. b denote the coefficients of .1/x and. x in (4.6), respectively. Then 
.(a )4 = (a/α)4 = a 4 and .(b )4 = (b/α3)4 = b 4 for all .α ∈ F 3. Hence .I1 and .I3 are 
invariants. Furthermore, .a b = ab/α4 = ab , so.I2 is also an invariant. On the other 
hand, given values .{I1, I2, I3} and choosing .a, b ∈ F 3 with .a4 = I 1, .b4 = I 3 and 
.ab = I 2, we can reconstruct a unique standard form model as in (4.4). Different 
choices of . a and . b yield isomorphic models. By Corollary 2.13 this implies that 
.F3[a, b]G = F3[I1, I2, I3 ]. 
Remark 4.7 Given a more general model .y3 − y = ax+b 

x−λ1 
+ cx2+dx+e 

(x−λ2)2 
,  the  se  t  

. 
(cλ1λ2 − d(λ1 + λ2) + e)4 

(cλ2 2 + dλ2 + e)2 
, 
(aλ1 + b)4(cλ2 2 + dλ2 + e)2 

(λ1 − λ2)8
, 
(cλ1λ2 − d(λ1 + λ2) + e)(aλ1 + b) 

(λ1 − λ2)2 

is a reconstructing set of invariants. 

4.2 Genus 3, Characteristic 7 

There is only one component in this stratum since the only partition is .{3}.  In  this  
case, there is only one pole of order 2 and a unique standard form: 

. y7 − y = x 2 . 

Note that this is one of the exceptional curves in case (2) of Corollary 2.16. 

4.3 Genus 4, Characteristic 3 

This case has three strata, consisting of curves with respective .3-ranks 0, 2, and 4. 

4.3.1 A Single Pole of Order 5 

In this case the .3-rank is .s = 0 by (2.3), and we have .E =  {  6}. This corresponds 
to a curve .C f where . f (x) has one pole of order 5. The standard form as given in 
Theorem 3.3 is: 

.C : y3 − y = x5 + cx4 + dx2 (4.7) 

for some .c, d ∈ F 3. Note that none of the exceptional curves have a standard form 
of this type, so Corollary 2.16 applies to this stratum. 

Identifying isomorphisms between standard forms in this case is cumbersome. 
However, it is fairly straightforward to compute invariants from a different model 
of the curve. We first apply isomorphisms to reach a different distinguished form, 
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compute invariants using this model, and then express these invariants in terms of 
the coefficients in our standard form. 

Lemma 4.8 Every curve with standard form .C given in (4.7) is isomorphic to one 
of the form 

.Cg : y3 − y = x5 + ax2 + bx (4.8) 

for some .a, b ∈ F 3. Specifically, .a = c3 + d and .b = (−cd − 2 ), where . 
3 = c. 

Proof We apply the isomorphism .ϕλ,M from (3.2)  t  o  . C , where .λ = 1 and . M = 
1 c 
0  1  

, to obtain 

. y3 − y = x5 − c2 x3 + (c3 + d)x2 − cdx + (−c5 + c2 d) =: f̃ (x ). 

Next, we determine a polynomial .h(x) = h1x + h2 ∈ F3[x] such that . h(x)3 − h(x ) 
has the same .x3-term and constant term as . f̃ .  Le  t  . ∈ F 3 with . 3 = c. Comparing 
coefficients at .x3 yields .h3 1 =  −  c2,  s  o  .h1 =  −  2. Comparing constant coefficients 
defines .h2 via the relation .h3 2 − h2 =  −c5 + c2 d. Then .C f is isomorphic to 

. Cg : y3 − y = x5 − c2x3 + (c3 + d)x2 − cdx + (−c5 + c2d) − (h1x + h2)3 − (h1x + h2) 

= x5 + (c 3 + d)x2 + (−cd − 2 )x . 

Proposition 4.9 Every isomorphism between curves defined as in (4.8) is given, 
up to composition with powers of .σ : (x, y) (x, y + 1 ),  b  y  

. (x, y) (αx, α5 y) 

for some .α ∈ F 3 with .α10 = 1. 

Proof Let.M := α  β  
γ  δ  ∈ GL2(F3). Any isomorphism.ϕλ,M between curves of the 

form (4.8) must preserve the pole at infinity, implying.γ = 0. Further, the requirement 
of a vanishing .x4 term forces .β = 0, and thus .h(x) = 0. The fact that the resulting 
form must be monic in . x necessitates .λ−1α5/δ5 = 1. Without loss of generality, 
assume that .δ = 1,  s  o .λ = α 5. Since .λ2 = 1,  we  must  have .α10 = 1. 

These isomorphisms yield a group action of the finite group .G Z/5Z acting 
linearly on .F3[a, b], generated by .(a, b) (a/α3, b/α4) with .α10 = 1. 

Corollary 4.10 The elements .I1 = a 10, .I2 = b 5, and .I3 = a2 b generate the ring of 
invariants for Artin-Schreier curves of genus . 4 in characteristic . 3 with .3-rank . 0, i.e., 
.F3[a, b]G = F3[I1, I2, I3 ]. These elements satisfy the relation .I1 I2 = I 5 3 . 
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Proof For a curve.Cg as in (4.8), we apply an isomorphism as given in Proposition 4.9 
to obtain 

. Cg̃ : y3 − y = x5 + 
a 

α3 
x2 + 

b 

α4 
x . 

It is easy to check that the given functions .I1, I2, I3. are invariant under this action. 
Conversely, given values .{I1, I2, I3} with .I1 I2 = I 5 3 , we can choose .a, b ∈ F 3 such 
that .a10 = I1 , .b5 = I 2, in which case .a2b = I 3. Suppose .I1 =  ̃a10 and .I2 = b̃ 5 with 
.ã, b̃ ∈ F 3, and let.α ∈ F 3 be such that.α3 =  ̃a/a. The relation.a10 =  ̃a10 implies that 
.α10 = 1,  s  o  .α4 =  ̃a2/ a2. Since .a2b =  ̃a2 b̃,  we  have  .b/α4 = b̃. Hence, the curves 
.y3 − y = x5 + ax2 + bx and .y3 − y = x5 +  ̃ax2 + ˜ bx are isomorphic via the iso-
morphism in Proposition 4.9 given by. α with.α3 =  ̃a/a. Corollary 2.13 now implies 
that .I1, I2, and .I3 generate the invariant ring. 

By applying the change of variables from Lemma 4.8, we obtain the following. 

Corollary 4.11 Two curves in standard form as in (4.7) are isomorphic if and only if 
they have the same invariants . I1 = (c3 + d)10, I2 = (−cd − 2)5, and 
I3 = (c3 + d)2(−cd − 2 ), where . 

3 = c. 

4.3.2 Two Poles of Order 2 

This case corresponds to the partition .E =  {3, 3}. According to Theorem 3.3,  the  
curves in this stratum have standard f orm 

.C : y3 − y = x2 + ax + 
b 

x 
+ 

c 

x 2 
(4.9) 

for .a, b, c ∈ F 3 with .c 0. 

Proposition 4.12 Every isomorphism between curves in standard form as in (4.9) 
is given, up to composition with powers of .σ : (x, y) (x, y + 1 ),  b  y  

.(x, y) (αx, α3 y), (4.10) 

where .α4 = 1,  or  b  y  

.(x, y) 
1 

γx 
, λy , (4.11) 

where .λ ∈ F × 
3 and .cγ2 = λ. 

Proof Let .C be as in Eq. (4.9). Any isomorphism of .C that yields another curve in 
standard form must either fix .P∞ and .P0 or swap these poles. We first consider the 
case when both poles are fixed. In this situation, once again disregarding composition 

by powers of. σ, the isomorphism is of the form.ϕλ,Mα for.Mα = α 0 
0  1  

, with. λ ∈ F × 
3 

and .α ∈ F × 
3 . Applying .ϕMα,λ to . C gives 
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. y3 − y = 
α2x2 

λ 
+ 

aαx 

λ 
+ 

b 

λαx 
+ c 

λα2x2 
. 

Since the image curve must be in standard form, we have .α2 = λ , so .α4 = 1.  This  
isomorphism acts on the standard form model by . (a, b, c) 1 

α a, αb, c . 
In the second case, when the poles are switched, the isomorphism must be of the 

form.ϕλ,Mγ for.Mγ = 0  1  
γ 0 , with.λ ∈ F × 

3 and.γ ∈ F × 
3 . The image of. C under. ϕMγ , λ 

is 

. y3 − y = 
cγ2x2 

λ 
+ 

bγx 

λ 
+ 

a 

λγx 
+ 

1 

λγ2x2 

so .cγ2 = λ. Since .λ2 = 1, the isomorphism acts on the coefficients of a curve in 

standard form given by Eq. (4.9)  vi  a .(a, b, c) γb 
λ , 

λa 
γ , c . 

The isomorphisms in Proposition 4.12 define a non-linear group action of the 
dihedral group.G D4 of order 8 on the function field.F3(a, b, c). It cannot a priori 
be descended to the polynomial ring .F3[a, b, c]. We proceed as follows to obtain 
invariants in this case. With the notation in Eq. (4.11) in Proposition 4.12,  we  ha  ve  

. 
λ 
γ 

2 = λc =  ±  c. This defines a linear action of the dihedral group .D4 of order 

8 on the polynomial ring .F3(
√
c)[a, b] over the field .F3(

√
c). It is generated by 

.(a, b) (ia, −ib) where .i2 =  −  1 and .(a, b) b√
c 
, 
√
ca . 

Lemma 4.13 The elements .I2 = ab and .I3 = a4c2 − b 4 generate .F3(
√
c)[a, b]G. 

Corollary 4.14 Two curves in standard form as in Eqs. (4.9) are isomorphic if and 
only if they have the same invariants .I1 = c, I2 = ab, and I3 = a4c2 − b 4. 

4.3.3 Three Poles of Order 1 

We now consider the stratum .AS4,4 for .p = 3. There is a single partition yielding 
.g = 4 and .s = 4, namely .E =  {2, 2, 2}. From Table 2, we see that this component 
has dimension.dim AS4,{2,2,2} = 3. From Theorem 3.3, the standard form of a curve 
in this component is 

.C : y3 − y = ax + 
b 

x 
+ c 

x − 1 
, (4.12) 

where .a, b, c ∈ F× 
3 . 

Note that there is a subfamily of exceptional curves (see case (2.16)  of  
Corollary 2.16) within this stratum, of the form .Ca = y3 − y = a 

x3−x for .a ∈ F× 
3 . 

A standard form for this curve is given by .y3 − y =  −ax + a x + a 
x−1 . 

Proposition 4.15 Let .C be as in (4.12). The curves in standard form that are iso-
morphic to .C are the ones in Table 3. 
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Proof Due to Corollary 2.16 and Lemma 3.6, isomorphisms, up to composition with 
powers of .σ : (x, y) (x, y + 1 ), of these standard forms must be of the form 

. ϕλ,M : (x, y) (Mx, λy + hM ( x)), 

where .λ ∈ F× 
3 =  {±1} and .M ∈ GL2(F3 ) permutes the poles .P∞, .P0, and .P1 in an 

.S3 action. This gives 6 choices of .M and 2 choices of . λ, yielding at most 12 labeled 
models. These 12 models are all distinct, and the action of the isomorphisms on . C 
is described in Table 3. We compute a sample entry to demonstrate the process. To 

Table 3 Action of the isomorphism.ϕλ,M on the coefficients of (4.12) 

.λ Permutation Matrix.M . f (x) 

1 .(P∞) . 
1  0  

0  1  
. ax + b x + c 

x −1 

1 .(P∞ P0) . 
0  1  

1  0  
. bx + a x − c 

x −1 

1 .(P∞ P1 P0) . 
0 −1 

1 −1 
. −bx + c x − a 

x −1 

1 .(P∞ P0 P1) . 
−1  1  

−1  0  
. −cx − a x + b 

x −1 

1 .(P0 P1) . 
1 −1 

0 −1 
. −ax − c x − b 

x −1 

1 .(P∞ P1) . 
−1  0  

−1  1  
.cx − b x + a 

x−1

-1 .(P∞) . 
1  0  

0  1  
.−ax − b x − c 

x−1

-1 .(P∞ P0) . 
0  1  

1  0  
.−bx − a x + c 

x−1

-1 .(P∞ P1 P0) . 
0 −1 

1 −1 
.bx − c x + a 

x−1

-1 .(P∞ P0 P1) . 
−1  1  

−1  0  
.cx + a x − b 

x−1

-1 .(P0 P1) . 
1 −1 

0 −1 
.ax + c x + b 

x−1

-1 .(P∞ P1) . 
−1  0  

−1  1  
.−cx + b x − a 

x −1 
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exchange .P∞ and .P0 while fixing .P1, we solve using the reasoning in Sect. 3.1 to 

find .M = 0  1  
1  0  

. The effect of .M on . f (x) = ax + b x + c 
x−1 is 

. M( f (x)) = 
a 

x 
+ bx + c 

1 
x − 1 

= bx + 
a 

x 
+ 

−c 

x − 1 
− c . 

We convert the corresponding curve equation to standard form, which is accom-
plished by sending.y y + m, where.m ∈ F 3 such that .m3 − m =  −  c. This yields 
the standard form 

. ϕλ,M (C) : y3 − y = bx + 
a 

x 
+ 

−c 

x − 1 
. 

These isomorphisms define a linear action of a group.G D6, the dihedral group 
of 12 elements, generated by .(a, b, c) (c, a, −b) and .(a, b, c) (b, a, −c) on 
the polynomial ring .F3[a, b, c]. 
Corollary 4.16 The elements.I1 = (abc) 2,.I2 = (abc)(a − b − c ),. I3 = ab + ac − 
bc, and .I4 = a2 + b2 + c 2 generate the ring of invariants for Artin-Schreier curves 
of genus . 4 in characteristic . 3 with .3-rank . 4, i.e., .F3[a, b, c]G = F3[I1, I2, I3, I4 ]. 
These elements satisfy the relation .I1(I3 + I4) = I 2 2 . 
Proof A model as in (4.12) can be reconstructed from this set of invariants through 
a naive solve-and-back-substitution procedure that results in a polynomial equation 
of degree 6. Since all the roots of this equation belong to an (at most degree 6) 
extension of the (finite) field of definition of the invariants, there is a solution that 
defines coefficients for (4.12). 
Remark 4.17 The exceptional curves in this family occur exactly when . I2 = I3 = 
I4 = 0. 

4.4 Genus 4, Characteristic 5 

In this case there are two strata. 

4.4.1 One Pole of Order 3 

Here, the.5-rank is.s = 0 and we have.E =  {  4}. This corresponds to a curve.C f where 
. f has one pole of order 3, with standard form as given in case (1) of Theorem 3.3: 

.C : y5 − y = x3 + ax2 (4.13) 

with.a ∈ F 5. When.a = 0, the curve has additional automorphisms as in Lemma 2.19. 
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Proposition 4.18 Every isomorphism between curves in standard form as in (4.13) 
is given, up to composition with powers of .σ : (x, y) (x, y + 1 ),  b  y  .ϕλ,M with 

.λ = α 3 and .M = α  β  
0  1  

, where .α ∈ F 5 with .α12 = 1 and .β ∈ 0, − 2a 
3 . 

Proof Let .M := α  β  
γ  δ ∈ GL2(F5). Any isomorphism .ϕλ,M between standard 

forms given by (4.13) must preserve the pole at infinity, so .γ = 0. Without loss 
of generality, assume.δ = 1. We then obtain the image curve with model 

. y5 − y = 
1 

λ 
α3 x3 + (3α2 β + aα2 )x2 + (3αβ2 + 2a αβ)x + aβ2 . 

Since the right-hand side must be monic, we have.α3 = λ. Since.λ ∈ F × 
5 , .λ

4 = 1,  s  o  
.α12 = 1. Furthermore, since the standard form requires a vanishing.x-term, it follows 
that .3αβ2 + 2aαβ = 0,  s  o  .β =  − 2 a 

3 or .β = 0. Finally, we choose an appropriate 
.h(x) = h0 ∈ F5 to eliminate the constant term.aβ2. 

We obtain a linear action of a group .G Z/12Z generated by .a αa with 
.α12 = 1 on the polynomial ring .F5[a]. 
Corollary 4.19 The element .I1 = a12 generates the ring of invariants for Artin-
Schreier curves of genus . 4 in characteristic . 5 with .5-rank . 0, i.e., .F5[a]G = F5[I1 ]. 
Proof It is straightforward to check that .{I1} is invariant and a reconstructing set. 
Now apply Corollary 2.13. 

4.4.2 Two Poles of Order 1 

In this case the.5-rank is .s = 4 and we have.E =  {2, 2}. This corresponds to a curve 
.C f where . f has two poles of order 1, with standard form as given in case (2)  of  
Theorem 3.3: 

.y5 − y = x + 
a 

x 
(4.14) 

with .a ∈ F× 
5 . 

Proposition 4.20 Every isomorphism between curves in standard form as in (4.14) 
is given, up to composition with powers of .σ : (x, y) (x, y + 1 ),  b  y  

.(x, y) (λx, λy) (4.15) 

or by 

.(x, y) 
a 

λx 
, λy , (4.16) 

where .λ ∈ F × 
5 . 
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Proof Let .M := α  β  
γ  δ  ∈ GL2(F5) and .λ ∈ F × 

5 . Any isomorphism .ϕλ,M between 

standard forms here must either fix the poles.P∞ and.P0 or swap them. So, up to scalar 

multiple, .M must be of the form.Mα = α 0 
0  1  

or.Mγ = 0  1  
γ 0 .  Le  t . f (x) = x + a x . 

In the first case, we obtain 

. ϕλ,Mα (C f ) : y5 − y = 
α 
λ 
x + 

a 

αλx 
. 

Since the polynomial part on the right-hand side must be monic, we must have.α = λ, 
leading to the standard form.y5 − y = x + a 

λ2x for .ϕλ,Mα (C f ). So the isomorphism 
acts on the standard form model by sending .a a 

λ2 = λ2 a. In the second case, the 
image curve is 

. ϕλ,Mγ (C f ) : y5 − y = 
1 

λγx 
+ 

a γx 

λ 
. 

Again, since the polynomial part must be monic in standard form, we have .aγ = λ, 
so the standard form of .ϕλ,Mγ (C f ) can be simplified to .y5 − y = x + a 

λ2x .  This  
isomorphism again acts on the standard form model by sending .a a 

λ2 = λ2 a. 

We obtain a linear action of a group .G Z/2Z generated by .a →  −  a on the 
polynomial ring .F5[a]. 
Corollary 4.21 The element .I1 = a 2 generates the ring of invariants for Artin-
Schreier curves of genus . 4 in characteristic . 5 with .5-rank . 4, i.e., .F5[a]G = F5[I1 ]. 
Proof The set.{I1 = a2 } is a reconstructing set for curves in the stratum with standard 
form as in (4.14). 

Remark 4.22 The curves in this family are all hyperelliptic, but of characteristic 
different from . 2. They can be written as .v2 = u10 − 2u6 + u2 − 4 a with . v = 2x − 
y5 + y and .u = y. Invariants for them inside the family of hyperelliptic curves of 
genus 4 in characteristic 5 (so inside a larger family) could also be computed with 
the techniques of [LR12]. 

5 Conclusion 

In this paper, we determined reconstructing invariants for Artin-Schreier curves of 
genus 3 and 4 in characteristic.p > 2. Our results on genus 3 represent an important 
step toward the full characterization of invariants of curves of that genus. 

Moving to higher genus curves presents many additional challenges. In particular, 
curves .C f where . f has many poles of the same order exhibit many ismorphisms 
between standard forms. As the genus grows, the problem becomes more and more 
complicated. Instead of seeking a general closed form for invariants of all Artin-
Schreier curves, an algorithmic method of determining invariants seems appropriate. 
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Devising the right framework and specializing the results of invariant theory to this 
setting is the subject of ongoing work. 
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