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146 L. Berger, J. L. Hoelscher, Y. Lee, J. Paulhus, and R. Scheidler

Abstract. For any prime ¢, it is possible to construct global function
fields whose Jacobians have high ¢-rank by moving to a sufficiently large
constant field extension. This was investigated in some detail by Bauer
et al. in [2]. The two main results of [2] are an upper bound on the
size of the field of definition of the ¢-torsion J[¢] of the Jacobian, and
a lower bound on the increase in the base field size that guarantees a
strict increase in ¢-rank. Here, we provide improvements to both these
results, and give examples which illustrate that our techniques have the
potential to yield the correct ¢-rank over any intermediate field of the
field of definition of J[¢], including base fields that might be too large
to be handled directly by computer algebra packages.

1 Introduction

Let g be any prime power and ¢ a prime not dividing q. Then the Jacobian
of any function field K/FF, is a finite Abelian group that can have ¢-rank as large
as 2g. However, Jacobians of large ¢-rank, and even just positive ¢-rank, tend to
be rare. This statement was made precise by Achter [1], who gave for any r with
0 < r < 2¢ and any sufficiently general family of curves over IF; an explicit formula
for the proportion of curves whose Jacobians have ¢-rank r over F,. For example, if
g =1 (mod ¢), then an elliptic curve has ¢-rank 0, 1, or 2 over F, with approximate
probabilities 1 — £/(¢% — 1), 1/¢, and 1/£(¢? — 1), respectively. Similar behaviour
holds for curves of higher genus.

It is thus clear that algebraic function fields of high /-rank require special
construction. For genus 2 hyperelliptic curves y* = f(z) with f(z) € Fy[z] square-
free and deg(f) = 5, the 2-rank can simply be read from the factorization of f(x)
into irreducibles over F, [12]. In fact, the 2-rank of a quadratic function field is
generally well understood [18]. A number of constructions for hyperelliptic curves
of high 3-rank were presented in [2]; see also Chapter 7 of [16] for a somewhat
different approach to generating such fields via cubic extensions. In a sequence of
papers, Pacelli et al. found infinite families of quadratic [10, 11] and higher degree
[13, 14] function fields of large 3-rank, and more generally, n-rank.

In this paper, we focus our attention on a method that constructs arbitrary
function fields of large ¢-rank by enlarging the base field IF,. This procedure was first
presented in Section 5 of [2], where it was described in the context of hyperelliptic
function fields, but it is applicable to any type of function field K/F, — and in fact,
any Jacobian variety — and any prime £ 1 q. The technique has the advantage that
one can start with a function field K of any genus g over a very small base field F,. It
requires the computation of the L-polynomial of K over this small field IF;, which can
be accomplished with a computer algebra package such as Magma [4]. Using only
the factorization modulo ¢ of the reciprocal polynomial F(t) = t>9L(t~1) (mod £)
of this L-polynomial, it is possible to find an upper bound on the degree n, over
F, of the field of definition of the full ¢-torsion of the Jacobian of K/F,. This
factorization also provides lower bounds on the minimal extension degree over any
base field that guarantees an increase in ¢-rank, as well as a lower bound on that
f-rank increase.

The results in this article represent a number of improvements to the work of
[2, Section 5]. We provide a simpler means for finding good upper bounds on ny
and analyze the possible /-ranks over all intermediate base fields F, C Fgn C Fgn,.
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The ¢-Rank Structure of a Global Function Field 147

In many cases, our results make it possible to find all these intermediate ¢-ranks,
requiring the computation of the L-polynomial L(t) of K over the base field F,
only. Sometimes, the ¢-rank of the Jacobian over an intermediate field Fy» for very
small n may also be needed. Apart from these ingredients, our methods involve
only basic algebra and linear algebra.

We begin with an overview of the techniques of [2] in Section 3 and describe our
improvements in Sections 4, 5 and 7, illustrating them with a number of examples.
In the process, we rediscover and improve on known results for curves of genus 1
and 2 in Section 6.

2 Background and notation

For introductory reading on algebraic function fields, the reader is encouraged
to consult [15, 17]. Throughout this paper, ¢ will denote a prime power, F, a finite
field of order ¢, F, an algebraic closure of F,, and F; = F, \ {0}. Furthermore,
F,lz] and Fy(z) are the ring of polynomials and the field of rational functions,
respectively, in the indeterminate « with coefficients in F,. For F' € F[z], deg(F)
denotes the degree of F'.

An algebraic function field K/F, (of one variable over FF,) is a finite algebraic
extension of Fy(z). If [K : F,(z)] denotes the degree of the extension K/F,(z),
then K = F,(z, y) where y is the root of some polynomial F(x,Y) € F,[z][Y] that
is monic with respect to Y, has degree [K : F,(z)] in Y, and is irreducible over
Fq(xz). We will always assume that Fy is the (full) constant field of K; that is,
F, is algebraically closed in K. Equivalently, the polynomial F(x,Y") is absolutely
irreducible, i.e. irreducible over F,.

Recall that a place p of K/F, is the unique (principal) maximal ideal of some
discrete valuation ring O = O, of K. We denote the set of places of K/F, by Px. A
divisor D of K/F, is a formal sum of places, i.e. D =}, p ayp where a, =0 for
all but finitely many p € Pg. The degree of D is the integer deg(D) = ZpePK ap.
Clearly, the divisors form an infinite Abelian group, the divisor group Dk (F,) of
K/F,, and the divisors of degree zero form a subgroup of Dk (F,), the degree zero
divisor group DY (F,). A divisor is principal if there exists a non-zero element z € K
such that D =3 p vy (2)p, where vy is the discrete valuation on K associated to
the place p € Pk. Since every principal divisor has degree zero, the set Px(F,) of
principal divisors is a subgroup of DY(F,).

The quotient group Jack(F,) = D% (F,)/Px(F,) is the (degree zero) divisor
class group of K/F,; it is a finite Abelian group. The notation “Jac” stems from
the following fact. There exists a unique non-singular, projective, absolutely irre-
ducible, algebraic curve C so that K/F, is the function field of C'. Then Jack (F,) is
isomorphic to the group of F,-rational points on the Jacobian variety of C. Hence,
Jack (Fy) is sometimes simply referred to as the Jacobian of K/F,. We denote by g
the genus of K/Fy, or equivalently, the genus of C.

When K/F, has genus g = 1 and the set C(IF,) of points on C' with coordinates
in F, is non-empty, C is an elliptic curve. In this case C(F,) is an abelian group,
where the addition is defined geometrically via the “chord and tangent” addition
law, described most easily via the property “any three collinear points on the curve
sum to zero”. With these conditions, Jack (Fy) is isomorphic to C(FF,). Indeed, as
an algebraic variety, an elliptic curve is isomorphic to its Jacobian, while for curves
of higher genus this is no longer the case.
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148 L. Berger, J. L. Hoelscher, Y. Lee, J. Paulhus, and R. Scheidler

The divisor group of K/F, is closely related to the zeta function of K/F,, i.e.
the function ((s) = ZDeDK(Fq) q—9ee(P) Here, s is a complex variable. If we set
t = ¢ %, then for all s € C with Re(s) > 1,

g) = deg(D) _ L(t)
(s)= >t (

DEDaEy) 1—)(1—qt)

where L(t) = ag + a1t + - -+ + az,t% is called the L-polynomial of K/F,. It is a
polynomial of degree 2¢g with integer coefficients satisfying ap = 1 and ¢9 %a; =
agg—; for 0 < i < g — 1. The reciprocals of the roots of L(t) are algebraic integers
of absolute value /g — this is generally referred to as the Riemann hypothesis for
function fields, although it was in fact proved by Weil — and we have | Jacg (F,)| =
L(1). This implies the Hasse- Weil bounds

(Va = 1)* < [Jack(Fy)| < (Vg +1)*

which show that Jack(FF,) is a very large group even for function fields of modest
size. As a result, computing the structure of Jack(F,), or even just its order, gener-
ally tends to be a difficult problem. For small function fields, however, it is possible
to compute the zeta function, L-polynomial, and possibly even the Jacobian, using
for example a computer algebra package such as Magma.

For any prime ¢, we denote the (-rank of Jack(F,) by ¢-rank(Jack(F,)). It is
the dimension of the F,-module Jack(Fy)/¢ Jack (F,), which is also the minimum
number of generators of the ¢-Sylow subgroup of Jack(F,) when viewed as a finite
Abelian group. An upper bound on the f-rank of Jack(F,) is 2¢g if £ 1 ¢ and g
if ¢ | q. Here, we will only consider the former case and henceforth exclude the
scenario where / is the characteristic of IFy.

3 Increasing the /-rank via enlarging the base field

For completeness, we provide an overview of the aforementioned method given
in Section 5 of [2]; for details and proofs, the reader is referred to that source.
We continue to let K/F, be an algebraic function field and Jack (F,) its Jacobian.
Consider the field K = KF,, the compositum of K and F,. Then K/F, is an
unramified function field extension of K/F, of the same genus as K/F,. Since F,
is algebraically closed in K, we see that if we write K = F,(z,y) with y € K, then
K=TF,(z,y) and [K: Fy(z)] = [K: F,(x)]. B

Similarly, for any n € N, set K,, = KFgn = Fyn(z,y) C K; then [K,, : Fon (2)] =
[K:Fy(x)]. If L(t) = H?il(l — w;t) is the L-polynomial of K/F,, with w; € C for
1 < < 2g, then the L-polynomial of K,,/F¢n is H?i1(1 —wl't).

For brevity, set J = Jacg(F,) and J, = Jack, (Fyn). As before, let £ be any
prime not dividing ¢, and denote the ¢-torsion of J and 7, by J[¢] and J,[4],
respectively. Then J,[(] C Jinlf] for all k € N, and J[¢] = (Z/£)*9. In fact,
there exists a smallest field Fgn, such that J[¢] C J,,[¢]; this field is the field of
rationality or field of definition of J[f]. It follows that J,,[¢] = (Z/¢)?9, and hence
l-rank(7,,) = 2¢ is maximal. The method in [2, Section 5] provided partial answers
to the following questions:

1. What is the exact value of n,? Is it at least possible to find an upper bound
b on ny?
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The ¢-Rank Structure of a Global Function Field 149

2. For any n € N, is it possible to ascertain if f-rank(7,) > f-rank(J;)? If
yes, is it possible to find (lower bounds on) such a value of n as well as the
increase from f-rank(77) to f-rank(7,)?

The upper bound b on ny given in [2] requires a potentially tedious search, which
is eliminated by the results of this paper. Moreover, we extend the answer given in
[2] to Question 2 above by considering a more general scenario. In particular, this
will allow us to deduce f-ranks over large base fields, which might be too big for
computers to handle, from those over smaller base fields.

The Galois group Gal(IF,/IF,) acts on the ¢-torsion [J[¢] of J, whence we obtain

a representation p, : Gal(F,/F,) — Aut(J[¢]). This representation factors through
Gal(Fyne /F,). For any choice of F;-basis of J[¢], we thus obtain

pe - Gal(Iqu /Fq) — GLQQ(]F[) .

The Galois group Gal(Fgn. /Fy) above is generated by the restriction m, ,, of the
Frobenius automorphism 7, on F, to Fyn,. This is the automorphism that sends
every element in Fgn, to its g-th power. Thus, the image of m,,, under p, is a
matrix M, € GLgy(F) of order n,. In order to determine n, = ord(M), we define
pe in terms of a basis for which My is in primary rational canonical form.

The explanation of the primary rational canonical form requires a brief excur-
sion into linear algebra. Let V' be a vector space over some field K and ¢ a linear
transformation on V. In our context, we will have K = F,, V = 7,,,[¢] = Fgg , and
¢ = T4 n,; Dote that since 7, ,, acts on the places of K,,, /Fyn., this action extends
naturally to J,, and hence to 7,,[(].

Recall that the minimal polynomial of ¢ is the unique monic polynomial G4(t) €
K[t] of minimal degree with G4(¢) = 0; it divides all other polynomials F'(t) € Kt]
with F'(¢) = 0, including the characteristic polynomial Fy(t) of ¢ whose roots are
the eigenvalues of ¢ with appropriate multiplicities. In fact, Fig(t) and G4(t) have
the same roots, but potentially with different multiplicities.

For any monic polynomial F () = t"™ + a,,_1t™ ! + -+ 4+ ag € K[t], the com-
panion matriz of F(t) is the m x m matrix

0 1 0 0 0 0
0 0 1 0 0 0
Ap =
O 0 0 0 0 1
—ag —ar —az —az ° —Apm-2 —Gpo1

Note that F(t) is both the minimal and the characteristic polynomial of its
own companion matrix Ap.

A subspace W of V is said to be ¢-cyclic if it spanned by the vectors ¢'(v),
1 > 0, for some v € V. Then W is ¢-cyclic if and only if W has an ordered basis
relative to which the matrix associated to the restriction ¢l of ¢ to W is the
companion matrix of the minimal polynomial of ¢|y .

Finally, for any finite collection of square matrices A1, Ao, ..., A,, we denote
by diag(A1, Aa, ..., A,) the matrix that has the sub-matrices A;, Ao, ..., A, along
its diagonal and zeros everywhere else; it is a square matrix whose size is the sum
of the sizes of the A;, 1 < i < r. We make use of the following decomposition
theorem:
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Theorem 3.1 (Theorem 5.1 of [2], based on results of [8]) Let ¢ : V — V be a
linear transformation on a vector space V' over a field K. Then there exist distinct
monic irreducible polynomials Py, Ps, ..., Py € K|[t] with the following properties:

1. For each i with 1 < i < s, there exist k; € N and ¢-cyclic subspaces
Vi1, Via, ..., Vig, such that V is the direct sum of the Vi; (1 < i < s,1 <
J < k).

2. For eachi with 1 <1 < s and each j with 1 < 7 < k;, the minimal polynomial
of the restriction of ¢ to Vy; is of the form P where the integers m; satisfy
Mi1 > My > - -+ > myk, > 1. In particular, dim(V;;) = my; deg(P;).

3. V has a basis relative to which the matriz of ¢ is of the form

A¢ = diag(Aplmu, e 7AP1""1k1 PN ,APsmsl g ,AP;”sks ) 5 (31)

where A mi; is the companion matriz of Pimij forl1<i<sandl <j<k,.

4. The minimal polynomial of ¢ is Gy = P/ Py'?' ... PMa1,

5. The characteristic polynomial of ¢ is Fy = P{"* Py"*--- P"s where m; =

Zle mi; for 1 <i<s.

The polynomials P, (1 < i <s,1 < j < k;) are uniquely determined by V'
and ¢ and are called the elementary divisors of ¢ (or of any matrix representing
¢). The matrix Ay is said to be the primary rational canonical form of ¢ (or of
any matrix representing ¢).

If Ay has finite order in GLgjm(vy(K) — this is the case in our context — then

ord(Ag) = lem {ord(Apmi;) |1 <i < 5,1 <5 <k},

which is easy to compute if dim(V') is not too large and each companion matrix
has sufficiently small order. Thus, if we were able to obtain the elementary divi-
sors of 7y n,, then we could easily obtain n, = ord(A,, ). Unfortunately, it is
unclear how to obtain these elementary divisors. It is however possible to obtain
the characteristic polynomial Fy . (t) € F,[t] from the L-polynomial of K/IF, via
., () = t29L(t~1) (mod ). In other words, if we compute the L-polynomial
of K/F, — using Magma, for example — and factor its reciprocal modulo ¢ to
obtain Fy (t) = P Py*?--- P with Py, P,,...,P; € Fyt] monic and irre-

S

My

ducible, then we can construct all possible matrices Ay, ~as given in (3.1) (with
¢ =mgn,) foralll <i<sand1l<j<m,; Oneof these is the primary rational
canonical form of 7, ,,, and although it is unknown which candidate matrix is the
correct one, the maximum of their orders is an upper bound on n,. Moreover,
in the case when Fr (t) is square-free, i.e. m; = 1 for 1 < i < s, we see that
Ar,.,, = diag(Ap,, Ap,, ..., Ap,) is uniquely determined. This is actually the case
for many curves, and particularly for most hyperelliptic curves; see the work of
Chavdarov [5] and Kowalski [9, Section 6].

We now summarize the main results of [2, Section 5]. The first provides a

partial answer to Question 1 above.
Proposition 3.2 (Theorem 5.2 of [2]) Let L(t) be the L-polynomial of a func-

tion field K/F, of genus g, and set F(t) = t*9L(t™') (mod ¢), F(t) € Fy[t]. Let
F = P™ P ... P be the factorization of F(t) into powers of distinct monic
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The ¢-Rank Structure of a Global Function Field 151

irreducibles P;(t) € Fy[t] and define a set S as follows:

S = {(P") | 1<i<s, 1< <k, myg >+ >mgy, > 1,
ki
and mijzmiforlgigs}.
j=1

For any tuple P = (P"") € S, define the matriz

Ap = dlag(Aplmu yore 7AP17”1k:1 cee 7APS7”51 yoerey AP;”skS ) 5

where A ,m; is the companion matriz of P, . Set

b =max{ord(4p) | P € S} ,

and let Fyne be the field of rationality of J[¢]. Then ny < b, with equality if F(t) is
square-free.

We will improve this result in Theorem 4.3 below; in particular, we will note
that in order to determine the maximum of all the ord(Ap) with P € S, it suffices
to consider only the trivial partitions consisting of just one summand m;; = m;
(1<i<s).

The following appears as a short discussion on pp. 521-522 of [2]. It can be
useful if a lower bound on the ¢-rank of Jx(F,) is a priori known; for example, if K
was obtained via one of the special constructions referred to in Section 1. For any
two polynomials P(t), G(t) € Fy[t] with P(t) irreducible, we let vp(G) denote the
exact power of P(t) that divides G(t).

Proposition 3.3 Let L(t) be the L-polynomial of a function field K/F, of genus
g, and set F(t) = t*9L(t~1) (mod ¢), F(t) € Fy[t]. Suppose that (-rank(Jk(F,)) >
r. Then (t — 1)" divides F(t), and if vi_1(F) = r, then l-rank(Jx(F,)) = r.

If (-rank(Jx (F,)) > r, then each polynomial P/"* (1 < i < s) is a product of
at least r elementary divisors P™# of 7y p,.
Finally, [2] provided the following partial answer to Question 2 above.

Proposition 3.4 (Theorem 5.6 of [2]) Let L(t) be the L-polynomial of a
function field K/F, of genus g, and set F(t) = t>9L(t71) (mod £), F(t) € F[t].
Suppose F(t) has an irreducible factor P(t) € TFy[t] different from t — 1. Let
Ap € GLgeg(p)(Fe) be the companion matriz of P, and set n = ord(Ap). Then
C-rank(T,) > l-rank(Jy) + deg(P) for any proper divisor k of n.

The next four sections contain new results and improvements on the proposi-
tions from [2] presented above. Specifically, Section 4 gives a more explicit expres-
sion for the bound b on n, of Proposition 3.2 that eliminates the need to compute
the maximum of the orders of all the matrix candidates. Section 5 provides a simple
upper bound on (and multiple of) b. Section 6 applies our results to curves of genus
1 and 2, and Section 7 adds to Proposition 3.3 and improves on Proposition 3.4.

4 An explicit expression for the bound b

In order to further investigate the bound b on the degree n, of the field of
rationality of J[¢] over F,, we require some additional linear algebra. Recall that
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an elementary Jordan matrixz over some field K is an m X m matrix of the form

A1 0 --- 0 O
0O A1 --- 0 0
0O 0 A --- 0 O
Jm,)\— (41)
0O 00 --- X1
0o 0 0 --- 0 A

Let A € GL,,(K). Over an algebraic closure K of K, the elementary divisors of
A are of the form (¢t — \;)™#¥ with \; € Kand1<i<s,1< 7 < k;, and the
Jordan canonical form of A (or of the linear transformation represented by A) is
the matrix

Ja = diag(Jm,; A )1<i<s, 1<j<k;
In particular, the companion matrix Ap of a polynomial F(¢) € K[t] with roots
M, A2, ..., A € K of respective multiplicities mq, mao, ..., m, has Jordan canonical
form JAF = diag(Jmy Ays- - - Impr,)-

We begin with two basic results on elementary Jordan matrices and companion
matrices. As usual, for any real number R, let [R| denote the ceiling of R, i.e. the
smallest integer that is greater than or equal to R. Furthermore, for any v € Fz,
let ordy(y) denote the order of v in F;; note that since v € F, for some d € N,

ordy(v) divides £¢ — 1 and is hence finite and not divisible by .
Lemma 4.1 Let ¢ be a prime and X € F, . Then ord(Jp, ») = £M1°2:0™)1 ord, ().

Proof For brevity, set n = [log,(m)]. Then ¢"~1 < m < ¢". Induction yields

NN (N2 e (DA 1 00 e 0
i 0 X (XL (I (DA 10 -0
mA : : : : :
0 0 0 T 0 0 00 .- M\

for 7 € N. Note that for t > m, all the entries on and above the main diagonal of
J}, » have the form (Z))\i’j with 0 <j <m—1.

Recall that the exact power of ¢ dividing a binomial coefficient (]) is the number
of carries that occur when j is added to ¢ — j in base £. For i = ¢" and 1 < j < {™,
at least one such carry occurs, so (Zj) = 0 (mod ¢). Since ™ > m, we have
th:)\ = A" I, where I,,, is the m x m identity matrix.

Since ordy(A) is not divisible by ¢, it follows that

ordg(A)
ged(ordg (), €7)

On the other hand, ord(Jf,:;/\) = ord(Jm,2)/ ged(€™, ord(Jp,.»)), so it suffices to
show that ¢™ | ord(J,, ) to complete the proof.

To that end, let r be the exact power of ¢ dividing ord(J, ), and write
ord(Jm)/l" = al + b with @ > 0 and 0 < b < . Then ord(Jy,\) — ¢ =
a1t + (b —1)¢" with 0 < b < ¢ — 1. Thus, adding " to ord(J,, ) — £ in
base ¢ produces no carries, so (Ord m *)) # 0 (mod ¢). If r < n, then 1<m <
("=t <m — 1, so this would result in a non-zero entry above the main diagonal of

ord(Jf, ) = ord,(\") = = ordg(\) .
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Jsfi(‘]’"’*) = I,,, a contradiction. Hence r > n. It follows that " | ord(Jy, 1), and
hence ord(Jy,,») = €™ orde(N). O

Lemma 4.2 Let { be a prime, P(t) € Fy[t] an irreducible polynomial, and Ap
the companion matriz of P. Then ord(Apm) = £M°8:(™)1 ord(Ap) for all m € N.

Proof Let d = deg(P). Then P decomposes into linear factors over IF;,, say

P)=@E— M)t —A2) - (t—Aa) ,

with A1, Ag, ..., Ag € F, distinct. The Jordan canonical forms of the companion
matrices Ap and Apm are
JAP = diag(/\l,)\g,...,)\d) s
JApm = dia’g(Jm,)\l ) J’m,)\27 ey Jm,)\d) )
respectively. Since A1, Az, ..., Ag € [}, are Galois conjugates, they all have the same
order in F},; call this order r. Thus, ord(Ja,) = lem(ordg(A1),...,orde(Ag)) = 7.

Furthermore, by Lemma 4.1, ord(Jp, »,) = €™ orde(\;) = £"r for 1 < i < d, where
as before, n = [log,(m)]. Since similar matrices have the same order, we have
ord(Apm) = ord(Japm) =lem(ord(Jm )1 <i<s)
= ("r={("ord(Ja,)={"ord(Ap)

as claimed. O

We can now give a simpler expression for the bound b of Proposition 3.2 that can
be gleaned directly from the L-polynomial of K/F, and avoids computing ord(Ap)
for the entire collection of P € §. We also observe that b is in fact a multiple of ny.

Theorem 4.3 With the notation of Proposition 3.2, we have
ne | b= ord(Ap) = (Mesemax{mil<isshl ey (ord(Ap,) [1<i<s)
where Ap is the companion matriz of F(t).

Proof Note that for any integers u, v, M, N with p,v > 0 and M, N not divis-
ible by ¢, we have lem(¢*M, ¥ N) = (22{wvHem (M, N).

Recall that ord(Ap,) is equal to the order of each of the roots of P; in Fjacq(r;)
and is thus coprime to any power of £. Let P = (P") € S. Then by Lemma 4.2,

ord(Ap) = lem (ord(APimij )) = lem (E“Og’f(m”ﬂ ord(Ap,))
—  ymax{[log,(mi;)1} oy (Ord(APi)) — pNoge(mi)] 1o (Ord(Api)) ’

where the last equality above follows from the fact that m;; > m;o > ... myy, for
all 7 with 1 <4 < s. Hence, in order to find b, we need to maximize the above
expression over all P € S. Since lem(ord(Ap,)) is fixed for each P € S, this amounts
to finding for each 7 with 1 <4 < s the maximum value m;; for all partitions of m;.
Clearly, this maximum is attained for the one-term partition m; = m;;, in which
case P = (P"*) corresponds to F'(t).

It is also clear that ord(Ap) divides b for all P € §; in particular, n, | b.
Finally, we note that the matrices Ar and diag(A Py , Apms) have the same
Jordan canonical form, and hence the same order b. [l

To illustrate the above bound, we revisit Example 5.5 of [2].
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Example 4.4 Counsider ¢ = 179, the hyperelliptic function field K = Fy79(x, y)
of genus 4 with

y? =2 +1512% + 16827 +102° + 322° + 1412 + 11023 + 3522 + 1602 4+ 2 ,

and ¢ = 3. With the aid of Magma, we found that the zeta function of K is
C(t) = L(t)/(179¢* — 180t + 1) with
L(t) = 179*® — 17- 17937 + 315 - 179% 5 — 3041 - 179¢° + 56275 ¢*
—3041¢% +315¢% — 17t + 1 .
Reducing t*L(¢~1) modulo 3, we obtain F(t) = t8+17+t°+t1 4+ 2134+ 2t+1 € F3[t].
Over F3, F(t) factors as F' = Py P, P? P, where
Pi(t)=t+1, Py(t)=t+2, Py(t)=t>+1, Pyt)=t>+t+2

are all irreducible over Fs. Using Proposition 3.2, it was necessary to compute the
maximum of the orders of the two matrices

diag(Apl,Ap2,Ap3,Ap3,Ap4) and diag(Apl,Ap2,AP32,Ap4) .

Using Theorem 4.3, we simply compute [logs(2)] = 1, and ord(Ap,) = 2, ord(Ap,) =
1, ord(Ap,) = 4, ord(Ap,) = 8. Thus, ng is a divisor of b = 3 -lem(2,1,4,8) = 24.
Alternatively, we could have computed ord(Ap) = 24.

We state some simple special cases of Theorem 4.3:

Corollary 4.5 Let L(t) be the L-polynomial of a function field K/F, of genus
g, and set F(t) = t29L(t71) (mod ), F(t) € Fy[t]. Let b= ord(AF), where Ap is
the companion matriz of F. Then the following hold:
1. If F(t) splits into distinct irreducible factors in Fy[t], all of which have de-
grees dividing d € N, then

ng = b= lem(ordy(a;)) [ -1,

where the a; € Fypa Tun through all the roots of F.
2. If F(t) is a product of powers of linear factors in F[t], and the largest
exponent of any such linear factor is m > 1, then

ng | b= M8 ™ em(ord,(ay)) | €108 ™10 — 1) |
where the a; € Fypa Tun through all the roots of F.

Proof Recall that ny = b if F(t) is square-free by Proposition 3.2. The corol-
lary now follows from Theorem 4.3 and the fact that for any irreducible polynomial
P € Fy[t] and any root o of P(t), ord(Ap) = ordg(a) | £4e&(F) — 1, O

5 A simple bound on b = ord(Ar)

It is at times desirable to have a bound on n; that does not require any matrix
order computation. In order to present such a bound, we further investigate the
irreducible factors of the L-polynomial.

Lemma 5.1 Let P(t) € Fyt] be an irreducible polynomial, and suppose there
exists a € Fy such that o® # q and P(a) = P(q/a) = 0. Then the map ¢ : Fy — Fy
via Y (y) = q/7 is a permutation of order 2 on the roots of P(t), so deg(P) is even.
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Proof Let d = deg(P). Note that since P(t) has at least two distinct roots «
and ¢g/a, we have d > 2.

The Frobenius on F, sends elements to their ¢-th powers. Since this Frobenius
acts transitively on the roots of P(t), these roots are of the form a; = af for
0<i<d—1. Let ¢/o = o . Then j # 0 as otherwise o® = ¢. Hence 1 < j < d—1.

Now for all 4 with 0 <7< d—1,

¢ N i
() = O% = aq@i = (%) = (ag )é =" = Qitj (mod d) >
so ¥ maps any root «; of P(t) to another root of P(t). It follows that ¥ is a
permutation on the roots of P(t) whose order divides 2. Moreover, since 0 < j < d
implies ¢ Z i + j (mod d), the order of 1 is exactly 2. In particular, for i = 0, we
obtain ag = Y(¥()) = @25 (mod a), 50 d | 2j. Since 1 < j < d — 1, we see that
d = 2j is even. [l

Corollary 5.2 With the notation and assumptions of Lemma 5.1, if Ap is the
companion matriz of P, then ord(Ap) divides (£3°8(")/2 4 1) ord,(q).

Proof From the proof of Lemma 5.1, we see that q/a = o’ with 2j =d=
deg(P). Thus, o’ t! = ¢, and hence o(*’+1)°rde(@) — 1. Since ord(Ap) = ord,(a),
the claim follows. O

Definition 5.3 Let P(t) € Fy[t] be monic and irreducible. Then P(t) is said
to be of

o type 1 if P(t) is the minimal polynomial of a square root of q;
e type 2 if there exists a € Fy such that o® # q and P(a) = P(q/a) = 0;
e type 3 otherwise.

Proposition 5.4 Let G(t) € Fy[t] be a monic polynomial of even degree with
G(0) # 0, such that for every root a of G(t), q/« is also a root of G(t). Then
G(t) = G1(t)G2(t)G5(t) where

o G1(t) is a (possibly empty) product of powers of type 1 irreducibles; specifi-

cally:
— if q is a square modulo ¢, say ¢ = o? with o € FZ, then G1(t) =
(t — )%= (t+ )%+ for some j.,j_ > 0;
— if q is a non-square modulo ¢, then G1(t) = (t* — q)7 for some j > 0;
o Go is a (possibly empty) product of powers of type 2 irreducibles;
e G3 is a (possibly empty) product of powers of polynomials of the form P(t)Q(t)
where P(t) and Q(t) are type 3 irreducibles of the same degree with disjoint
root sets such that q/o is a root of Q(t) whenever « is a root of P(t).

Proof For any root o of G(t), let P,(t) denote the minimal polynomial of «.
Let G1(t) and Go(t) denote the product of all type 1 and type 2 irreducible factors
of G(t), respectively, and set G5(t) = G(t)/G1(t)G2(t). Then G3(t) consists of type
3 irreducible factors of G(t) only. Moreover, every root a of G1(t) satisfies o = ¢/«
every root of G(t) satisfies a # q/a and P,(t) = P;/4(t), and every root of G3(t)
satisfies a # q/a and P, (t) # Py/q(t).

Let o be any root of G3(t), and set d = deg(P,). Then a; = ', 0 <i < d—1,
are the roots of P,(t); see the proof of Lemma 5.1. Therefore, q/o; = (q/a)*,
0 <4 < d—1, are all the roots of P,/,(t), so deg(P,;;o) = d. Moreover, no a; is

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



156 L. Berger, J. L. Hoelscher, Y. Lee, J. Paulhus, and R. Scheidler

a root of P,/ (t), otherwise P, (t) = Py, (t) = Py (t). Hence G3(t) is of the form
described above.

Now deg(G3) is even, and by Lemma 5.1, deg(G2) is also even. Thus, deg(G1)
must be even. Every root of G (¢) is a square root of ¢. If ¢ is a non-square modulo
¢, then P,(t) = t? — q, so G1(t) is as specified above. If ¢ is a square modulo ¢, say
g = o? with a € Fjq, then Py(t) =t £ a. Thus, Gi(t) = (t — a)" (t + a)"+ with
n_,ny > 0. Then n_ + ny = deg(G1) is even. Now

_ G0)  (deg(G)—deg(Ga)—deg(Gs)) /2
0= Z0)E

On the other hand, G1(0) = (—a)"-a™ = (=1)"-a™ "+ = (=1)"- (@) Tt
follows that n_ is even, and hence n is also even. O

_ qdeg(Gl)/2 — des(G1)

Note that it is easy, given the irreducible factors of G(t), to determine which
are of type 2, as any such factor P(t) = t% + ag_1t971 + .-+ + a1t + ag satisfies
ap=q% and a; = aqg_;q? " for 1 <i <d/2 - 1.

The above results lead to a bound on b, with b as given in Proposition 3.2 and
Theorem 4.3, and hence on n;, that can be read solely from the factorization of
F(t) over Fy. Hence, one can avoid computing any matrix orders.

Theorem 5.5 Let L(t) be the L-polynomial of a function field K/F, of genus
g, and set F(t) = t29L(t71) (mod ), F(t) € Fy[t]. Set b = ord(AF), where Ap is
the companion matriz of F(t). Fori=1,2,3, putl; = 1 whenever F(t) has no type
i irreducible factor; otherwise, put l; = (1°8:(MIIN; where

m; = max{vp(F)|P is a type i irreducible factor of F} (i=1,2,3),
ordy(a) if ¢ = o is a square modulo ¢
and viyo(F) =0,
orde(—a) if ¢ = o2 is a square modulo ¢

Ny, = and vi—o(F) =0,

max{ordy(a),ord,(—a)} if ¢ = o is a square modulo ¢

and Vo (F) - vi—o(F) # 0,

2 ordy(q) if q is a non-square modulo ¢,
Ny = orde(q) l(JIn(édeg(P)/2 +1 | P is a type 2 irreducible factor of F),
Ns = lcm(fdeg(P) —1 | P is a type 3 irreducible factor of F).

Then b divides lem(ly,ls,13).

Proof Assume lj,ls,l35 > 1. From the proof of Theorem 4.3, we obtained
b = lem(£Mo8e(vr(F)1 ord(Ap)) where the lem runs over all the irreducible factors
P of F. Thus, b = lem(by, bo, b3) where

by = lem(£M°ecrFNT ord(Ap) | P is a type i irreducible factor of F)

for i = 1,2,3. As before, the power of £ in the lcm is just the largest power of ¢
occurring in any term. Furthermore, for any irreducible polynomial P(t) and any
root a of P(t), ord(Ap) = ordy(a) divides [F}sey(p)| = ¢de8(P) _ 1 if P(t) is of type
3, and ord(Ap) | (£—1)(¢4&(P)/2 1 1) if P(t) is of type 2 by Corollary 5.2. Tt follows
that b3 ‘ 13 and b2 | 12.
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We use Proposition 5.4 to analyze b;. Suppose first that ¢ = a? is a square in .

If vi4o(F) = 0, then the only type 1 irreducible factor of F(t) is P(t) = t — a with
companion matrix Ap = (). So by Lemma 4.2, by = £M18(ve—a(FD1 ord,(a) = ;.
If vi40(F) # 0, then set n, = ordy(a), n_, = ordg(—a), and assume without loss
of generality that n_, > n,. Then n_, = ny or n_o = 2n4, so lem(n_qy,ny) =
N_q = max{nq,,n_q}. It follows again by Lemma 4.2 that

by = lcm(érlogf(”*‘”(F))]na ,E“ng(”“”(m)]n_a) =™ max{ng,n_qo} =1l .

Finally, if ¢ is a non-square modulo ¢, then A;:_, has eigenvalues £,/g, both of
order 2ordy(q). Thus, again by = . O

Corollary 5.6 With the notation of Theorem 5.5, b divides lem(1},15,13), where
fori=1,2,1; =1 if F(t) has no type i irreducible factors; else

B (Moge(m)T(p — 1) if q is a square modulo £,
— ] 2o (ma)] (—1) if q is a non-square modulo ¢,

1, = (Meeem2l (g _ 1) lem (0382 11| P is a type 2 irreducible factor of F).

Proof This follows from the simple fact that the order of every element in I}
divides ¢ — 1. O

The bound on b in Theorem 5.5 can be sharp:

Example 5.7 We revisit Example 4.4. We have ¢ = 3 and ¢
—1 (mod 3), so ¢ is a non-square modulo ¢ that has order 2. Ps(t) = is
the only type 1 factor of F(¢t) and k = vp,(F) =2. Soly =11 =2-3-2 =12
Py(t) is the only type 2 factor of F(t), so lo = I, = 2- (31 + 1) = 8. Finally,
Pi(t) =t+ 1 and Pa(t) = t + 2 form a pair of type 3 factors, so l3 =3 -1 = 2.
Hence, b | lem(12,8,2) = 24, and in fact b = 24 from Example 4.4.

= 179
2 +1

Once again, we state a simple special case:

Corollary 5.8 Let L(t) be the L-polynomial of a function field K/F, of genus
g, and set F(t) = t*9L(t~1) (mod {), F(t) € Fy[t]. Suppose that F(t) is irreducible
over By, and let Ap be the companion matriz of F(t). Then

ord(Ap) | orde(q)(¢? +1) | (£ —1)(¢7 + 1) .

Proof This follows immediately from Theorem 5.5 or Corollary 5.2, since F(t)
is a type 2 polynomial. O

6 Genus 1 and 2 curves

In the case of elliptic (i.e. genus 1) curves, it is well-known that ordy(q) | ne,
which gives a lower bound on n,. In fact, for ¢ Z 1 (mod ¢), the Balasubramanian-
Koblitz Theorem [3] states that J[¢] C F,» if and only if ords(q) | n. Proposition
6.1 below is a slightly more precise statement than Lemma 2.1 of [6].

Proposition 6.1 Let L(t) be the L-polynomial of an elliptic function field
K/F,, and set F(t) = t?L(t™") (mod ¢), F(t) € Fy[t]. Let n, be the degree of the
field of rationality of J[¢] over F,. Then the following hold:

1. If F(t) = (t — a)(t — q/a) splits into two distinct linear factors in Fy[t], then

ng = ordg(a) | £ — 1.
2. If F(t) is irreducible in Fy[t], then ny | €2 — 1.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



158 L. Berger, J. L. Hoelscher, Y. Lee, J. Paulhus, and R. Scheidler

3. If F(t) = (t—a)? is the square of a linear factor in Fy[t], then n, | £ordy(a) |
(¢ —1). This can only occur if q is a square modulo .

Proof This is immediate from Corollaries 4.5 and 5.8. Note also that if F'(¢) =
(t — a)? with a € Fy, then F(0) = a? = ¢, so ¢ must be a square modulo . O

We point out that F(¢) is a product of 2 (linear) type 3 polynomials in case 1,
a type 2 polynomial in case 2, and a square of a type 1 polynomial in case 3. So the
above results could also have been obtained through Theorem 5.5 and Corollary 5.6.
We also note that every factorization described above can happen, as evidenced by
the example below. Here, ¢ = 5 and ¢ = 11. The first column in the table below
lists a cubic polynomial D(x) € Fs[z] so that y? = D(xz) is an elliptic curve over
F5. The second column provides the factorization of F(t) = t?L(¢t~1) (mod 11),
F(t) € F11[t], into monic irreducibles over Fy;. The third column specifies which of
the cases in Proposition 6.1 this factorization corresponds to.

| D(x) € Fs[z] | Factorization of F(t) over F1; | Case in Prop. 6.1 |

3+ 27+ 1 (t+3)(t+9) 1
23 +1 t2+5 2
P +a+1 (t+7)2 3

For genus 2 curves, bounds on the field of rationality of the /-torsion can be
found in [7, Proposition 6.2]. That source assumes that the function field has
complex multiplication by the ring of integers of a quartic CM field. Our result has
no such restriction and is an improvement on [7] in some cases.

Proposition 6.2 Let L(t) be the L-polynomial of a function field K/F, of
genus 2, and set F(t) = t*L(t~') (mod ¢), F(t) € Fy[t]. Let ng be the degree of the
field of rationality of J[€] over F,.

1. Suppose first that F(t) is square-free.

(a) If F(t) splits into four (distinct) linear factors in Fy[t], then
ng = lem(orde(a;)) | € —1
where the o; € Ty run through all the roots of F.
(b) If F(t) splits into either two or three distinct irreducible factors in
Fy[t], then ng | €2 — 1.
(c) If F(t) is irreducible in Fy[t], then ng | ordy(q) (€% + 1) | (£ — 1)(£? 4+ 1).

2. Suppose now that F(t) is not square-free.

(a) If F(t) has a quadratic irreducible factor in Fy[t], then ng | £(0? — 1).
(b) If F(t) is the fourth power of a linear factor in Fy[t], then for the root

a of F(t),
20p _ . _
ng | 0181 ordy(a) | Ee-1) Z'fe 20rt=3,
(=1 ife=5.

This can only occur when q is a square modulo £.
(c) In every other case, we have

ne | lem(orde(a;)) | £(€ — 1),
where the o; € Ty run through all the roots of F.

Proof First note that F'(¢) cannot have an irreducible factor of degree 3, as
such a factor would be a type 2 factor, which cannot have odd degree by Lemma
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5.1. Neither can F'(¢) split into a cube of a linear factor and a second different linear
factor. To see this, suppose that three of the roots of F'(t) in F} are identical, say
a=f =gq/a. Then a = g implies ¢/8 = q/a, so all four roots must be identical.
Hence the list above exhausts all possible cases.

The claim for irreducible F(t) follows from Corollary 5.8. The other results are
a consequence of Theorem 4.3, or of Theorem 5.5 and Corollary 5.6. Note again
that if F(t) = (t — a)* with o € Fy, then the coefficient of ¢ in F(t) is equal to ¢
times that of t3. Thus, —4aq = —40?, which implies that ¢ = o must be a square
modulo 4. O

Once again, each of the above factorizations can occur: in the example below,
g = 11 and ¢ = 7. The first column lists a polynomial D(x) € Fy1[x] of degree
5 so that y> = D(z) is a hyperelliptic curve of genus 2 over Fy;. The second
and third columns are analogous to those of the previous table, with column 3
specifying which of the cases in Proposition 6.2 the factorization case of F'(t) over
F7 corresponds to.

| D(z) € F11a] | Factorization of F(t) over F; | Case in Prop. 6.2 |
P+t +2d+ 22 +62+10] (t+1)(t+3)(t+4)(t+6) 1 (a)
Pttt +2?+2+6 (t2 +t+3)(t% + 6t + 3) 1 (b)
Pttt +?+a+3 (t+3)(t+6)(t> + 6t +4) 1 (b)
P+ttt +at+ar+1 th 4+ 43 + 612 + 2t + 2 1 (c)
P+ttt + a2+ +2 (t+5)2(t2 +6t+4) 2 (a)
25 +at+ 23+ 22+ 30+ 8 (t2 +t+4)2 2 (a)
P +at+d+ai+r (t+2)%(t +5)? 2 (b)
o +at+ a2+ 22+ 2+ 10 (t+2)2(t + 3)(t + 6) 2 (b)
P+t ++4 (t+5)* 2 (c)

We point out that the last line of the above table represents an example where
Theorem 4.3 (and hence Theorem 5.5 as well) do not give a sharp bound on n,.
Both theorems yield the multiple 42 of n7, whereas computations of the ¢-rank of
the Jacobian in Magma reveal that n; = 21.

7 Incremental increases in /-rank

Rather than achieving full {-rank 2g, we now turn to the question of incremental
increases in f-rank that was already addressed in Proposition 3.4. We provide an
improvement to that proposition. In particular, we will see how to achieve multiple
such increases over intermediate base fields F; C Fgn C Fgn,. We begin with some
useful preliminary results.

Lemma 7.1 Let ¢ be a prime, \ € FZ, and m € N with m > 2. Then for any
n € N, the eigenspace of the Jordan matriz Jy, \ € GL,,(IFy) has dimension 1 if
and only if £t n.

Proof The matrix J;, , has A" as its only eigenvalue, and the corresponding
eigenspace is the null space of the matrix J \ — A"I,;,. This matrix is of the form
0 A

0 0
has the form

(00 ... 0 (?))\nfl (g))\”*Q ("_))\nferi ) .

m—1

>, where A is an (m —1) x (m — 1) matrix whose i-th row (1 <i<m—1)
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Here, for ease of notation, we adopt the convention (?) =0 for j > n. Thus, A is
an upper triangular matrix of determinant (nA"~1)™~1. So A has maximal rank
(i.e. trivial null space) if and only if ¢ 1 n, and this holds exactly when the null
space of Jimn — A", has dimension 1. [l

Corollary 7.2 With the notation of Lemma 7.1, if £+ n and orde(\) | n, then
Jﬁ%)\ is similar to J, 1.

Lemma 7.3 Let P € Fy[t] be an irreducible polynomial, m € N, and Ap,
Apm the companion matrices of P and P™, respectively. Then for any multiple
n of ord(Ap), the matriz A%.. has 1 as its only eigenvalue. The corresponding
eigenspace contains a direct sum of deg(P) one-dimensional spaces, and is equal to
this direct sum if m =1 or £t n.

Proof For brevity, set d = deg(P). Then over Fy, A% is similar to the d x d
identity matrix I4, and thus has 1 as its only eigenvalue, with d linearly indepen-
dent eigenvectors. Since A% and Iy have entries in Fy, so does the kernel of their
difference ker(A% — Ig). Thus, dimg, ker(A% — I;) = d and the result holds for
m = 1.

Now suppose m > 2. Then over F;, Apm is similar to its Jordan canonical
form Ja . = diag(Jmays Jmrgs - - - Jmrg ) Where A, Ao, ..., Ag € Fy are the roots
of P(t). So Apm has d distinct eigenvalues \; € Fy, 1 < j < d, each of which
corresponds to a one-dimensional eigenspace W; over F,. Since ord,()\;) = ord(Ap)
divides n for 1 < j < d, each power J; A has 1 as its only eigenvalue. It follows
that the only eigenvalue of A%, is 1, and A%.. acts trivially on each W; for 1 <
j < d. Therefore, dimg, ker(A%m — Ima) > d, where I,4 is the md x md identity
matrix. Since A’%.. and I,,4 have entries in Fy, so does ker(A%.. — I,,q). Thus,
dimp, ker(A%,. — I,,q4) > d, and the eigenspace of A%, corresponding to 1 contains
the direct sum W = EB?:l W;.

If £ 1 n, then Corollary 7.2 implies that J::h)\j is similar to J,, 1 forall 1 < j <d.

So over Fy, A%, is similar to the matrix diag(Jm, 1, Jm,1;- - -5 Jm,1), and thus has 1
as its only eigenvalue, with d Jordan blocks. Therefore, dimg, ker(Ap., — Ing) = d.
Again, since A% and I,,4 both have entries in Fy, we have dimy, ker(A%m — Iing) =
d, and the eigenspace of A, corresponding to the only eigenvalue 1 is equal to .

O

We can now ascertain lower bounds on the ¢-rank of J,, = Jack, (Fy») for any
n € {1,2,...,ny}, and sometimes even the exact ¢-rank.

Theorem 7.4 Let L(t) be the L-polynomial of a function field K/F, of genus
g, and set F(t) = t29L(t71) (mod ¢), F(t) € Fy[t]. Let P, Pa,--- , Ps € Fy[t] be the
collection of distinct monic irreducible factors of F(t), with respective companion
matrices Ap,, 1 <i <s. Let n € N, and set
Z,={i|1<i<s and ord(Ap,) divides n} .
Then the following hold:
1. L-rank(7,) > Z deg(P;), with equality if vp,(F) =1 for all i € Z,.

i€Z,
2. Lrank(J1) > 1 if and only if t—1| F(t). Moreover, {-rank(J;) = 1 if

’Ut_l(F) =1.
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3. Suppose ord(Ap,) 1 n for all 1 <i < s such that P;(t) #t—1. Ifv,_1(F) <1
or €1 n, then L-rank(7,) = l-rank(J1).

Proof We note that an element of J[¢] is defined over F,n, i.e. belongs to
Julf], if and only if it is fixed by the Frobenius 7', acting on J[/].

Let Pim” (1<i<s,1<j<k;) be the elementary divisors of 7, ,,,. Then the
primary rational canonical form of 7y, is A = diag(4, 7”7’]‘) Thus, the n-th

of T4, has a matrix representation A7 o d1ag(A m,J) By Lemma

Tq,ny

power 7 .,

7.3, fori € Z,,, A m;; has 1 as its only eigenvalue, and the correspondlng eigenspace

deg(P;)

W;; contains a subspace that is isomorphic to I, . It follows that my, has

1 as an eigenvalue, and the corresponding eigenspace W = EBl ; Wij; contains a
subspace that is F,-isomorphic to ]Fd'", where d,, = Zz‘eIn deg(P;). Moreover, the
eigenvalue 1 results in a trivial action of 7, on W, so w?" = w for all w € W.
Hence, elements in W must be defined over F,», implying that W C 7, [¢]. Thus,
Crank(7,) > d,, yielding the inequality of part 1.

To obtain equality in the case when F(t) is square-free, note that k; = m;; =1

deg(P;) by

for 1 <i < s. Thus, each Wy is isomorphic to F, Lemma 7.3, and hence

W = ]Fd . Moreover, for i ¢ Z,, the matrix A" prin has only eigenvalues distinct

from 1, so 7y M does not act trivially on any element outside W. It follows that
- rank(jn) = d.

For part 2 of Theorem 7.4, if t — 1 | F'(t), then ¢-rank(J;) > deg(t — 1) =1 by
part 1 of the theorem applied to n = 1. Conversely, if f-rank(7;) > 1, then ¢t — 1 |
F(t) by Proposition 3.3 (with » = 1). Similarly, v;_1(F) = 1 implies ¢t — 1 | F(¢t),
and hence ¢-rank(7;) > 1. Then the same proposition yields ¢-rank(7;) = 1.

For part 3, suppose first that t —1{ F'(¢). Then neither 7, ,,, nor 7', has 1 as
an eigenvalue, so neither map acts trivially on any non-zero element of 7[¢]. Thus,
L-rank(J1) = f-rank(J,) = 0.

Now assume that ¢ — 1 | F((¢). Then Z,, = Z;. If v;_1(F) = 1, then by parts
1 and 2 of the theorem, f-rank(7,) = f-rank(J;) = 1. If (t — 1) | F(t), then let
(t—1)mi, 1 < j <k, be the elementary divisors of 7, ,,, corresponding to the factor
t — 1 of F(t). Then Ar, .., is similar to diag(Jpm,y 15 - - - > Jmy,1, B), where B is a
matrix whose eigenvalues are all distinct from 1. By Corollary 7.2, Aﬂ;rw is similar
to diag(Jmy 1, - s Jmg 15 C’) where C' also has only eigenvalues distinct from 1. It
follows that 7, ,, and m, act trivially on k-dimensional subspaces of [J[¢] and
Tn €], respectively, but do not act trivially on any elements outside these respective
subspaces. So ¢-rank(7,) = l-rank(J1) = k. O

For brevity, we henceforth refer to the tuple of /-ranks of the Jacobians 7,
1 <n < ny, as the L-rank structure of the extension K/F,. The results of Theorem
7.4, combined with Theorem 4.3 (or Theorem 5.5) can sometimes yield the entire
f-rank structure of a given function field. Before we illustrate this, we discuss a
particularly simple case.

Corollary 7.5 Let L(t) be the L-polynomial of a function field K/F, of genus
g, set F(t) =t29L(t71) (mod ¢), F(t) € Fy[t], and let Ap be the companion matrix
of F'(t). If F(t) is irreducible, then (-rank(Joq(ar)) = 29 and £-rank(Jy) = 0 for
any k < ord(Ar).
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Proof /(-rank(J,rq(a,)) = deg(F') = 2g by part 1 of Theorem 7.4. Since F(t) is
irreducible and deg(F) is even, we have t—1 1 F(t), so f-rank(Jy) = ¢-rank(J1) =0
for any k < ord(Ar) by parts 3 and 2 of Theorem 7.4. O

We revisit Example 5.4 of [2] to apply this corollary:

Example 7.6 Consider ¢ = 373, the hyperelliptic function field K = Fs73(z, y)
of genus 4 with

2 =2 +2452% + 17527 + 34025 + 12225 + 70 2* + 196 2> + 210 22 + 316 2 4 337 ,

and ¢ = 3. With the aid of Magma, we found that ((t) = L(t)/(373¢% — 374t + 1)
is the zeta function of K with

L(t) = 373*® +33-373%¢" 4 347 - 373215 — 3785 - 373 ¢° — 188703 ¢*
— 3785t + 3472 + 33t + 1 .

Then F(t) =% +2t° + 5 + 3 + 2¢% + 1 is irreducible over F3, and ord(Ap) = 41.
By Corollary 7.5, f-rank(J41) = 8, and f-rank(J;) = 0 for 1 < k < 40.

We now illustrate with two examples how our previous results can be employed
to obtain the complete f-rank structure of a function field K/F,. In fact, knowing
the L-polynomial of K will often yield this entire structure; at times, it is also
necessary to find the f-rank of 7, for one or a few very small values of n via direct
computation, for example, using Magma. Generally, it is even possible to deduce
the elementary divisors of 7, ,, using these techniques.

Example 7.7 We first revisit Example 5.5 of [2], which was already discussed
in Examples 4.4 and 5.7. Here, K = F(x,y) with y as given in Example 4.4 is a
genus 4 hyperelliptic function field over Fi79. We wish to determine the 3-rank
structure of K/Fy79, i.e. the 3-rank of 7, with 1 < n < mnz. Theorems 4.3 and 5.5
yield ng | 24.

Recall that F' = Py P, P? P, € F3[t] where

Pi(t)=t+1, Py(t)=t+2, P3(t)=t>+1, Py(t)=t>+t+2

are all irreducible over Fs3, and ord(Ap,) = 2, ord(Ap,) = 1, ord(Ap,) = 4,
ord(Ap,) =8.

By part 2 of Theorem 7.4, 3-rank(7;) = 1, and by part 3 of the same theorem,
3-rank(J,) = 1 for all odd n. Using the notation of Theorem 7.4, we obtain the
following sets Z,,:

n || 1 (mod 2) | 2 (mod 4) | 4 (mod 8) | 0 (mod 8)
7, 2 1,2y | {1,2,3} [{1,2,3,4}

By part 1 of Theorem 7.4, 3-rank(7,,) = deg(Pz) =1 for n odd (which we already
observed), 3-rank(7,,) = deg(P;) +deg(FP2) = 2 for n = 2 (mod 4), 3-rank(7,) > 4
for n € {4,12,20}, and 3-rank(7,) > 6 for n € {8,16,24}. From Theorems 4.3 and
5.5, 3-rank(J24) = 8. This leaves the 3-ranks of 7, for n = 4,8,12,16 and 20 only
partially determined.

We first analyze n = 12; this will resolve all the ambiguous cases. The primary
rational canonical form of 779, is one of

Ay = diag(Ap,, Ap,, Ap,, Ap,, Ap,) or Ay =diag(Ap,, Ap,, Apz, Ap,) .
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By considering the orders of the diagonal sub-matrices in A; and A,, is easy to see
that A}* = A3* = diag(Is, —I2). It follows that w17, ,. acts trivially on a subspace
of J[3] of dimension exactly 6. So 3-rank(J12) = 6.

Note that Fq7912 is the largest proper subfield of Fq7g24, so this implies that
ng = 24. Since A; has order 8, it follows that the primary rational canonical form
of m179 n, must be As.

Now A% = A} = (1) for all n even, and both these matrices have a one-
dimensional eigenspace. By Lemma 7.3, A;;sg has 1 as its only eigenvalue, with
a 2-dimensional eigenspace, for n = 4,8,16,20. Since ord(Ap,) = 8, AL = AF)
has a double eigenvalue —1. A3 and A3° have 1 as a 6-fold eigenvalue with a 4-
dimensional eigenspace, and —1 as a double eigenvalue. Hence, 7ril79’n3 acts trivially
on a subspace of J[3] of dimension 4. Thus, 3-rank(Js) = 3-rank(J2) = 4. Sim-
ilarly, A% = A}Di = I, so A§ and AlS each have 1 as their only eigenvalue, with
a 6-dimensional eigenspace. Thus, 3-rank(Jg) = 3-rank(J16) = 6. This yields the
following 3-rank structure for K/Fy79:

n 3-rank
odd 1
2, 6, 10, 14, 18, 22 2
4, 20 4
8,12, 16 6
24 8

To check our results, we used Magma to compute the 3-Sylow subgroups of 7, for
all proper divisors n of 24, and for a few other values of n, and found

Syls(J1) = Syls(J3) = Z/9,

Syl3(J2) = Syls(Jho) = (2/9)%, Syls(Je) = (2/27)?,

Syls(Ja) = Sylg(J20) = (2/9)4’

Syl3(Js) = Syly(Ji6) = (Z/3)* x (2/9)",  Syl3(Jha2) = (Z/3)* x (Z/27)".

We were unable to compute Syls(Ja24) with Magma due to limited computer mem-
ory.

Example 7.8 Consider ¢ = 149, the hyperelliptic function field K = Fy49(z, y)
of genus 4 with

=2 +4328 +352" +112° + 2225 + 382 + 7523 + 2822 + 61z +5 ,

and ¢ = 5. With the aid of Magma, we computed the L-polynomial L(t) of K/Fq49
and obtained F(t) = t8L(t~!) (mod 5). We found that

F(t) =% + 417 + 3% + 267 + 2¢* + 3¢3 + 3> + t + 1 € F5¢]
factors as F' = P, P, PP, Ps, where
Pi(t)=t+4, Po(t)=t+1, P3(t)=t+3, Pu(t) =t>+t+2, Ps=1>+2t+3

are all irreducible over F5. One easily verifies that ord(Ap,) = 1, ord(Ap,) = 2,
ord(Ap,) = 4, and ord(Ap,) = ord(Ap,) = 24. Both Theorems 4.3 and 5.5 imply
ns | 120.

As in the previous example, we deduce that 5-rank(7,) = 1 for n odd and
obtain
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n || 1 (mod 2) | 2 (mod 4) | 4,8,12,16,20 (mod 24) | 0 (mod 24)
1, {1} {1,2} {1,2,3} {1,2,3,4,5}
By part 1 of Theorem 7.4, 5-rank(7,) = 1 for n odd, 5-rank(7,) = 2 for n =
2 (mod 4), 5-rank(J,) > 3 for n = 4,8,16,20 (mod 24), and 5-rank(J,) > 7 for
n = 0 (mod 24). Also, from Theorems 4.3 and 5.5, 5-rank(J120) = 8. This leaves
the 5-ranks of 7, for n =0 (mod 4) with n < 120 only partially determined.

The primary rational canonical form A, of 7149, is one of

Al = diag(Apl ) AP2> AP3> AP3> AP4> AP5) or
AQ = diag(APl,APQ,Apg,Ap4,Ap5) .
Hence, ns = ord(4;) = 24 or ns = ord(Az) = 120.
We consider multiples n of 20 less than 120; note that ord(Apz) = 20 by Lemma
4.1. For such n, we have A} = A} = dlag(LL,APAl,AP%), and AP and A%, do not
have 1 as an eigenvalue. It follows that 7{yg ,,_ acts trivially on a subspace of J[5]

of dimension exactly 4. So 5-rank(7,) =4 for these n.
Note that by Lemma 7.3, A‘}Dg has 1 as its only eigenvalue, with a one-dimensional
3

eigenspace. Also, A‘};4 and A‘}DS do not have 1 as an eigenvalue. Hence, 5-rank(Jy) =
4if Az, .. = A1 and 5rank(Jy) = 3 if Ar,,, = Aa. At this point, it is unclear
how to resolve this ambiguity, so we resort to Magma to determine 5-rank(7;). We
obtain 5-rank(Js) = 3, so Ar,,,,. = A2 and ns = 120. This resolves the rest of
the 5-rank structure completely as follows.

Since 7 < 5-rank(J7,) < 5-rank(Ji20) = 8 for n = 0 (mod 24) and n < 120,
we have 5-rank(J,) = 7 for such n. Also, for any multiple n of 4 not divisible
by 20, A% has 1 as its only eigenvalue, with a one-dimensional eigenspace. So
5-rank(J,) = 3 for n = 0 (mod 4), n #Z 0 (mod 20), n # 0 (mod 24). This yields
the following 5-rank structure for K/Fyy9:

Congruence class of n, 1 < n < 120 5-rank
n =1 (mod 2) 1
n =2 (mod 4) 2
n =0 (mod 4), n # 0 (mod 20), n # 0 (mod 24) 3
n =0 (mod 20), n < 120 4
n =0 (mod 24), n < 120 7
n =120 8

Again, we used Magma to compute J,[5] for most of the divisors n of 120, and
found

5-rank(J;) = 5-rank(J3) = 5-rank(J5) = b-rank(J15) = 1,

5-rank(J2) = 5-rank(Js) = 5-rank(J19) = 5-rank(J30) = 2,

5-rank(Jy) = 5-rank(Jg) = 5-rank(J12) = 3,

5-rank(J20) = 4,

5-rank(Jaq) = 7.
We again could not compute 5-rank(7,) for n = 40, 60, 120 using Magma because
of limited memory.

8 Conclusion

For any function field K/F, of genus g, we have provided several tools for
analyzing the ¢-ranks of the Jacobians of constant field extensions K, /Fyn, with
n € N and ¢ a prime not dividing ¢q. This includes the determination of the field
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of definition of the absolute ¢-torsion, or at least an upper bound on the extension
degree of this field over [Fy.

Our investigation extends the previous results of [2]. Of key importance is
the factorization of F(t) € F,[t] into monic irreducibles over F,, where F(t) =
t29L(t~1) (mod ¢) and L(t) is the L-polynomial L(t) of K/F,. Assuming that L(t)
can be computed, our method can often determine the entire ¢-rank structure of
K/F,. This is always true if F'(t) is square-free, and also in some other cases when
F(t) only contains small and few powers. In fact, oftentimes, our approach is able
to identify the elementary divisors of the g-th power Frobenius, which in turn yield
the complete f-rank structure. At times, when F(t) is not square-free, it may
additionally be necessary to determine the ¢-rank of J,, for one or a few very small
values of n.

Apart from the L-polynomial, all the ingredients of our method stem from basic
algebra and linear algebra. Obtaining L(t) can be difficult and represents the main
practical and computational obstacle to this approach. Magma computes the zeta
function, and hence the L-polynomial, of a hyperelliptic function field of moderate
size reasonably efficiently. For small ¢, it can also find the ¢-Sylow subgroups of
an Abelian group quite quickly. Thus, our approach is very suitable for not too
large base fields IF, and small values of ¢, and is especially fruitful for hyperelliptic
curves. Unfortunately, it is unclear whether it is possible to obtain F'(¢t) without
computing L(t), or to ascertain the elementary divisors of the Frobenius via some
other means.
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